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PREFACE. 



The researches of mathematicians who, since the time of the im- 
mortal Newton, have contributed to improve the science of physical 
astronomy, are described in the fifth volume of the Mecanique cSleste^ 
in the introduction to the Thtorie analytiqiLe du systeme du monde^ 
and in the Essai historique sur le probleme des trois corps. I shall 
therefore briefiv state in this introduction, wherein the methods of 
this treatise differ from those previously employed. 

The analytical investigation of the theory of the moon was un- 
dertaken nearly at the same time by Clairaut, D'Alembert, and 
Euler, towards the middle of the last century. Laplace adopted 
the method of Clairaut, and carried the approximation much further, 
so that his coefficients agree far better with observation. The ap- 
proximation has since been pushed to an almost incredible extent 
by M. Damoiseau, without any alteration, however, in the method 
employed. 

Laplace insists particularly upon the necessity of having recourse 
to the equations in which the true longitude is the independent va- 
riable ; but notwithstanding the respect which is due to so great au- 
thority, I am convinced, after much reflection, that the method which 
I have submitted to the Royal Society, and which forms the ground- 
work of this Essay, is on many accounts to be preferred. According 
to this method, the expressions for the parallax, and the true lohgi- 
tude obtained by the reversion of series in the method of Clairaut, 
are arrived at directly. The differential equations which I employ, 
and in which the mean longitude is the independent variable, are 
far more simple than those in which the true longitude is the inde- 
pendent variable ; and I avoid the substitution of the true longitude 
] of the sun in terms of the true longitude of the moon, which is 
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necessar in the other method. The coordinate z of the moon may 
be obtained directly by means of the equation 

This equation is not complicated, but the latitude may, I think, 
be arrived at more easily, as hitherto, by the well known method 
employed by Laplace. 

Many of the developments which are required may be formed with 
facility by means of a Table which I have given for the purpo^ in 
the Appendix. This Table may be used with equal advaijj^^e in 
either method. 

In order to give various examples, I have shown how certain 
coefficients may be found ; but even with the advantages which this 
method possesses, to determine the coefficients of all the inequa- 
lities with that degree of accuracy which the present state of astro- 
nomy demands, will require great labour, and the sacrifice of more 
time than I can devote to this subject; nor must it be forgotten, 
that if the method originally proposed by Clairaut has at last been 
brought to peiiection, this result has been obtained through the 
efforts of the greatest mathematicians, continued for more than half 
a century. The accuracy, however, of the Lunar Tables is a matter 
of such extreme importance, and the calculations required in order 
to deduce from theory the numerical values of the coefficients of the 
inequalities are of such prodigious complexity, that no method of 
verification should be neglected by which the exactness of the coeffi- 
cients now in use can be ascertained, or any new inequalities can 
be detected; and although, indeed, the identity of solutions of the 
same problem obtained by different methods can be anticipated 
d priori^ yet it is always interesting and advantageous to trace their 
coincidence. 

It seems, moreover, desirable to compare the theory of the pertur- 
bations of the moon with that of the planets, to show distinctly where 
the analogy ceases, arid to introduce into the science of physical 
astronomy a uniform system, by employing, as far as is possible^ 
methods which embrace the motions of all the heavenly bodies. 
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With this ^lew I have endeavoured to explain bow the perturba- 
tions of the planets and their satellites may be obtained from the 
equations employed in my Theory of tlie Moon. 
The following are the chief sources of dissimilarity : 

1. In the planetary theory the terms depending upon the square 
and the higher powers of the disturbing mass are generally insen- 
sible; in the lunar theory, on the contrary, many terms of this na- 
ture must be taken into account. 

2. In the planetary theory the higher powers of the ratio of the 
semi-axis major of the inferior planet to that of the superior planet 
must be retained, whereas in the lunar theory, the ratio of the 
noon's distance from the earth to that of the sun is a very small 
qnanu^. 

3. In the lunar theory the quantity Cy may be considered equal 
to unity ; or, in other words, the mean motion of the earth's peri- 
helium may be neglected. If the same methods are applied to the 
theory of the planetary perturbations, the mean motion of the peri- 
helium of the disturbing planet is of the same order as that of the 
planet whose motion is considered, and cannot, of course, be neg- 
lected. 

The analytical character of these problems is not, however, essen- 
tially different owing to these considerations ; and it seems to me 
that the method of indeterminate coefficients is complete, so that 
the time may be got rid of in the expressions for the radius vector 
and for the latitude of the planets by methods similar to those em- 
ployed in the theory of the moon. 

When the square of the disturbing function is neglected, the 
table in the Appendix may be used in the planetary theory, both in 
the solution of the differential equations and in the development of 
the disturbing function. 

I obtain the inequalities of the reciprocal of the radius vector, by 
the method of indeterminate coefficients^ from the well known equa- 
tion 

d^r^ . 



2d^ 



S.4-^+£/dK+.(if)=0, 
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without the intervention of an auxiliary variable, as in the Me- 
canique Celeste^ vol. i. ; and I obtain the inequalities of longitude 
from the equation 



"^'=^{■-1/11'''}^'. 



(in which X' signifies the longitude reckoned upon some fixed 
plane, and r' the projection of r upon the same plane,) instead of 
the equation 

2rd.Sr-f §rd 



5. ^ d^ndt 

A = 



-%^»{5^d<dii../.(^f)a,} 



^/T=: 



e 



» 



employed in the Mecaniqu£ Cileste^ and in other works where the 
same methods are adopted. 

I have shown how the development of the disturbing function 
may be obtained in a more simple form than that given in the 
Mecanique Cileste^ through the binomial theorem. The expression 
which at first results is very complicated; but admits of simplifi- 
cation, in consequence of equations of condition which obtain be- 
tween the quantities of which the general symbol is b. This me- 
thod is not readily applicable to the terms which are multiplied by 
the higher powers of the eccentricities ; but I have given another 
method, according to which, the terms multiplied by any given 
powers of the eccentricities are obtained in terms of those of the 
inferior orders, and which is peculiarly advantageous in the lunar 
theory. Numerous equations of condition arise in the latter me- 
thod, between the coefficients corresponding to different arguments 
in the disturbing function, which I think have not before been no- 
ticed. 

The stability of a system of bodies in motion subject to the law of 
mutual gravitation which obtains in nature, is a question of great 
interest. It appears to me that it may be established through 
considerations different from those hitherto employed, namely, by 
observing that the quantities which have been called c and g in the 
lunar theory are rational^ so that no imaginary angles or expo- 
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nentials are introduced in the expressions for the coordinates of the 
body in motion, which are thus functions of periodic quantities. In 
the theory of the moon I apprehend this theorem is certainly inde- 
pendent of the direction of the moon's motion. Moreover, the 
distance of the moon from the earth (r), and the tangent of the 
latitude (5), are expressed by convergent series, so that these quan- 
tities do not increase indefinitely* 

Some of the terms in the lunar theory due solely to the first 
power of the disturbing force are the most sensible, and can be ob- 
tained very easily without tedious arithmetical calculations. These 
serve to illustrate the theory of the perturbations, and they might, 
I think, be introduced with advantage into the elements of Dyna- 
mics, where the elliptic theory has long found a place. The com- 
binations which concur in the formation of any term, increase with 
appalling multiplicity, in proportion as the approximation is carried 
to higher powers of the disturbing mass. 

Since the publication of the former edition of this treatise, M. 
Plana's work, entitled Thiorie du Mouvement de la Lune^ has ap- 
peared, which has changed the state of this problem, in consequence 
chiefly of the form which M. Plana has given to the expressions. 
Agreeing with M. Plana in the importance of this modification, and 
in the necessity of retaining all the terms of a given order when any 
are taken into account, I have published this new edition in order 
to pursue the same plan, to arrive at some few terms at least which 
occur in the earlier approximations, and to offer some comparisons 
with M. Plana's final results. In the majority of instances I have 
the satisfaction of obtaining by my methods (which differ entirely 
from M. Plana's) the same results ; in those where this is not the 
case, the details which I have afforded will assist in deciding to what 
circumstance those discrepancies are to be attributed. 

The change of form in the expressions alluded to, due, I believe, 
to M. Plana, and at all events adopted by him, consists in deve- 
loping the expressions in terms of a certain quantity m^ which de- 
notes the ratio of the observed mean motion of the sun to that of 
the moon. The coefficients of the difierent powers of m in these 
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expressions, generally fractions in their lowest terms, are definite. 
The expression in this form for any inequality is generally com- 
posed of various terms, depending upon powers of m^ the eccen — 
tricities, &c. ; but the coefficient of each of these terms being de— 
finite, each can be verified separately. This consideration is highly^ 
important as regards the accuracy of the final results (without^ 
which they can be of no practical utility), because if expressions^ 
similar, and which ought to be identically the same, are obtained, 
by any separate and independent method, the points of comparisom. 
are by this plan greatly multiplied, and the detection of the source 
of any discrepancy is greatly facilitated. 

Recently, also, M. Poisson has published a very important Me- 
moir upon this subject, in which he employs the method of the va- 
riation of the elliptic constants. This method is peculiarly appli- 
cable to those terms of which the coefficients are lowered bv sue- 
cessive integrations, as may be seen by the very instructive exam* 
pies which M. Poisson nas chosen, and some others, which I have 
given in this treatise. The development of the disturbing function 
in terms of the mean longitudes, which results from the substitution 
of the elliptic values of the coordinates, is the foundation of that 
method, as of the other, which is more properly the subject of this 
treatise, and which seems to me to be generally preferable. 

29, Eaton Place, 
Nov. 15, 1834. 
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ON 



THE THEORY OF THE MOON, 



AND ON 



THE PERTURBATIONS OF THE PLANETS 



!• Let x, ^, z denote the rectangular co-ordi-" 

nates. 
r •..••••.. distance from the sun 
r' distance From the sun 

projected upon the 

plane x y 
*A longitude reckoned ^ of a planet. 

upon the plane of 

its orbit 
x' longitude reckoned 

upon the plane x y 
s •.•••.••• tangent of the latitude 
m ••••.. the mass 
M •••••• the mass of the sun. 



\/5 = - 



R 



= m 



r cos x\ y = r sin X\ 



Z =s 



1 



-^f+(^-2/,r+{^ 



-^w 



*- Laplace uses the letter v to denote longitude, u the eccentric anomaly, and 
^ the inclination of the orbit to a fixed plane ; but as v is very frequently used to 
signify velocity, and ^ geographical latitude, and as the letters of the Greek alpha- 
bet are generally used for angles, I have taken the letters 7i, t;, and / for these 
quantities. The letter R is used throughout this treatise in the same acceptation as 
in the Micanique Celeste, I have used the grave accent to denote projection. 

B 



"" {r^(H- s*) - 2 / r^ {cos (A*- a\) + s*,} + r'* (1 + 5,')}+ J 



I 



r\^l+«,* ^J-/ 



+ r-^sfl +Scos(2X'-2V) + 12ss,cos(V-x;) -2*»} ; 



= -W/S 



+ ^4{3(l-4s«)cos(x'-x;)+5cos(3x'-3x;)} 



8r 



.M 



+ rT 



^ {9 + 20 cos ( 2 V— 2x;) + 35 cos (4 X* — 4 X/)} 



+ 



64r;5 

r'(l + 5») - r;{cos(x'- x; + 55,} -J 

{r^(l +5*)-2rV,^ {cos(x^-V) + 55,} +r,^(l + «,«)}*/ 

/dR\_ r r'sin(x'-V) 

\d X7 ~ ' \. r,^ (1 + 5**)* 

r r/sin(x'— X,') ^ 

"" {r'«(H-5«)-2rV,'{cos(V-V)+55,} +r,^(l +«,»)}* J 

/d_R\ _ f r's, 



+ 






Jr^(l + s«)- 2rV; {cos V-x;)+ w^} +r^ 



/^0+5;)}f} 



The following are the fundamental equations, which serve to de- 
termine all the circumstances of the motion of the body m. ' 



dV« |x« /AR\ _^ 

d^* r* Vd^/""* See Micanigue Celeste^ vol. i. p. 254. 

These equations admit of various well known transformations 
which it is necessary here to recapitulate, for the sake of future 
reference. Multiplying the first by x^ the second by y^ the third 
by fir, and adding together the results, 
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Multiplying the same equations by , ., -^, -p^, adding to- 
gether the results, and taking the integral of the sum, 

d R denoting the differential of the disturbing function R with re- 
gard only to the coordinates of the body m. 

Adding together the two last equations, the following is obtained : 

I propose to show hereafter how, by means of this equation, the 
inequalities in the expression for the reciprocal of the radius vector 
may be obtained. 

The equation 

d<« ^^\dx) *^Vdy " 



d r^— 
gives dt ^ /dR^ ^ ^ 



dt^ 



The integral of this equation is 



h being a constant. I shall hereafter employ this equation in de- 
termining the inequalities of the longitude x\ 

The following equations may also be deduced from the equations 
of motion without difficulty. 

r^dx^ + dr^^(l+5")+gr 5dr d5 + r^'d5^ 



r (1 + 5'F a c/ 



r« 






d^^ 



— ^ + ■- + 



^ +i>/d/e = o 

a J 



* This equation is given in the MScanique CelesfCy vol. i. p. 255. 

b2 






r' d* r ' - r^d a;* f«_ 

d J!*' ■" ■*■ r (1+ «* 

r'»d»5 + 2r dr ds-r^sdX 



d^' 



.%(„^(^)_..(-«).0 



d« . r'^ (1 + s^) __fi_ . f* , oAlffj.r'^'^^^-O 
2d7 r {I + s')^-^ T + V ^^^'^ \d-r') -^' 

Making x' the independent variable instead of /, 

.dV_ clrM^_ .,dV« _j*_ , ^«C1K\ /d^\_ 
d/" d^"* d i* + /(l +««)++' VdrV Vds/~ 

r * -j— 5 = A* — - / '■** ( -j— i ) d x', A being the same constant as before^ 

These equations are identical with the eouations (L) of the Me- 
canique Celeste^ vol. i. p. 151, and those of the Mechanism of the^ 
Heavens^ p. 425, observing that 

AR ARAu AR Ar AuAr r^Au 



+ 



dr'dwdr"" r'^Au' Ak'^Ax^Au" d X^ ' 

In the latter work, the letter R represents the same quantity as '\ 

in the Mecanique Celeste^ but with a contrary sign. i 

/IT . * I' 

If d / = v/ — /• d u, and u be taken for the independent variable," ^.i 



V ( 



r d" r __ »• d^ r »• d r d^ / 1 

cl/^"" d/« "" "d^-* • \ 



\ 



t \ 



( 



The equation 



d»r» 



2df 



^ r a %/ d r 



gives 



d« 



ji'f' 



dR + r 



O}- 



In the elliptic theory, that is when the disturbing force is neg- 
lected, the following equations obtain : 

d«r 



atr 

d.-^^ =0 






u being the eccentric anomaly. 



f* _ 



dX^« ^ / A2(» +5V 



= 



d«5 



dx 



^ + 5 



of which the integrals are 

r = a { r — ^ cos (u — a) } 

r^dx^ = Ad/ ■ i^=:(i^{(l+52)* + ^cos(A^-«r')} 

s = tan I sin (x' — v) 

1 __ 1 + e cos (X — «j) 
7""" fl ( I - ^2) • 

In order to complete the elliptic theory, it is necessary to obtain 
the equations of condition which obtain between these constants, 
4, a, ^, ^, fir, y, «;', &c, 

d y*^ d y* 
Making 5 = 0; x' = v, r" =z r, -j— = -r— , and the equation 

of p. 3, line 20, gives 



k^ 



2|x fjL 



^4- 



= 



a 



djrf 

d ^ r® cos *i 

dr ^ dr du 
dT""'di7 d7 

o- sssaa ((1 -" e cos u) ( 1 + e cos 0) — e^ sin^ u} 

cos I *• 

= a ft { 1 — ^2} 



8 






9 4 

-h — - €^ cos 3 f + ~ e* cos 4 J 
8 »i 



a2 - ^ + 2 



-2^(i-4)^^'^--¥('""T)^^'^f 



e^ .. e* 



— -jcos 3 g — -rr cos 4 f 



^= 1 + 3^2^1 +-^)- 3^(1 + -le^jcosf 

+ -rr e* cos 2 { + — cos 3 J + -— COS 4 S. 
o 00 



— j= 1 + 5^^ — 4e cos J + e^ cos 2 f . 



a4 



The constant or non-periodical portion of powers of r in terms of 
the mean longitude can easily be found in finite terms, as I shall 
now show in the case off* and r~^, which expressions will be useful 
hereafter in the Lunar theory in determining the jconstant or non- 
periodical portion of the disturbing function. 

T T ^ 

ndt = — do nr*d^= — dv 

a a 

r^ = a^ { 1 — 3 ^ cos V + 3e^ cos^ i; + ^ cos^ u} 

= a^-<l+ — ^2^a series of cosines of multiples of w > 

Let r* = a* {-4 + B cos f + Ccos 2 f + &c.} 

A -f- JScosf + Ccos2f + &c. 



= \ 1 -h — ^ + certain cosines of multiples of u > d u 

A S + SL series of sines of multiples of ^ 

(3 ^\ 
1 = -^) V -h a certain series of sines of multiples of u. 

Making^ = 180° andu as 180° which is allowable, I find 

I now proceed to find the constant or non-periodical portion of r~'. 
Since i^dx= a^n \^i — e^ dt 



dx _ a^n \^1 —e ^ 



dt 



"" f -f ^ cos (X - w) 



{1 +gcos(X~tir)}dX __ gg nV'l-g^ , 
a(l-e^ - r» 

Integrating this equation after supposing 

r-» = a-3{^+ 5cosf + Ccos2f + &c.} 

X — -Br + ^sin(X — -Bj) = ^ {1 — ^}^ H- 5fiinf -f- &c. 

Making ^ = 180° and x — 'sr = 180° at the same time, which is 
allowable, I find 



3^ 
4 



w<-|-f = X — 2^sin(cX — isr)-h-3^^ sin(2cX— 2«r) + 8cc 

5 



X = n^ + 6 -f 2^ 



{,_:^}sin^ + |.«{l-ii4sin2« 



1 ^ lOS 

+ -^sin3{ + ^e*sin4f + 8cc. Seeilf^c.C^/.tom.i.p.l81. 
tan (V — v) ss cos I tan (X — S) 
VsX - g + V - ;— sin (2X - 2 g) + &C. 

Hence, by Lagrange's theorem, if ij = g « / + e — g, g being equal 
to unity in the elliptic theory, 

iin(2x-2g) = (l-4e*)sin2ij-f2<rsin(J-2ij) + 2^ sin (£-f Sij) 

c 



10 



- ^ ^ sin (2 £ - 2 ij) + -^ ^* sin (2 i + 2 
4 4 



X'=s«/+f-S + v + 2e^ 1 — — j^sinf 



r, 11 aT • -.>. 13 „ . ^^ 103 , . 

l^ ~so^ /^'"^^■''T^^^'"^^'*" 9d '" 

-^(l-40sin2i,-^sin(f-2),)-i|^sin(? + ^ 



4 

.2 



5 = y (1 — ^) sin )j + y ^ sin (J — ij) -f y ^ sin (f + n) 



+ ^sin(2f-),) -f — yi?2sin(2? + )j) 
cos w = < 1 — r- ^^ r COS (w / — tar) — — 



3 



cos'sr 



+ — cos (2 n ^ — 2 «r) + ■-- e^ cos (3 « / — 3 tsr) 
2 8 

sin u = < 1 — — y sin {nt — ^) 

e 3 

+ —sin (2 n ^ — 2 isr) + — ^^ sin (3 « / — 3 isr) 

COS (w -I- w) = COS u cos -BT — sin u sin -or 

^ 3 

+ -2rCOs(2n^ — tar) + — ^^cos(3»^ — 2cr) 
2 o 

sin (u + w) s= sin u cos «r + cos u sin cr 

= < 1 — — > sin w / — — sin «r 

e 3 

-f — sin(2n^ --«r) 4- -3-^sin(3«/ — 2«r) 

r cos X = r cos (A — «r) cos «r — r sin (X — -bj) sin «r 

= a {(cos u — e) cos «r -^ (1 — e^)^ sin u sin cr} 
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r sin A = r sin (A — w) cos ct -f '* cos (x — w) sin «j 

= a {(1 — ^)* sin u cos w -\- (cos u — ^) sincr} 

fcosA r/, e*\cos, . cos , ^^cos, '1 

r sin A L \ 4 / sm ^ ^ sin — 4 sin ^ M 

Let nt — n^tbe called t ♦ 

cn^ — w f 

c^n^t'-Wf f^ 

The quantities c and g are equal to unity in the elliptic theory : 
the difference is of the order oF the disturbing force, as will be 
shown hereafter. 



cos, . r/, e^ ^i*\cos 
rr, ' (A — A,) = a a, -< I 1 — ^- J • t 



3 cos, ^. , e COS. ^, 

e. COS , w X 3 COS . ^ . e^ cos . _ ^. 
. +isin ('■- ^') - T^'sin C'- + f/) - "Fsin ('^ " «« 

. ^ ocos. . ,. wv 3 cos, ^ ^. 3 cos, . ,. . vx 
, 9 cos, ^ ^. ^e.cos, V vx 3 oCos, ^^. 



4Zi'*-li} 



This expression will be useful hereafter in obtaining the develop- 
ment of J? ill the planetary theory. 



2, I now revert to the equation 



d7«-« + ^ + 



7{!/"-fa7)} = °- 



When the disturbing force is neglected, the integral of this equa- 
tion isr = a{l — <? cos (u — a)}, w being the eccentric anomaly. 



* In the Philosophical Transactions I have called these quantities t, x and z, 
in order to agree with the notation of M. Damoiseau. So much inconvenience^ 
however, arises from using the letter t with two different signiiicationSi that I have 
relucjantly here adopted other letters. 

C2 
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w/4-« — '5r = w — a — fsin(u-^a) 

tan -— — = < y tan— r— . 

If Q be put for the quantity— {^ /*d /J + r (^)l^ and the 

constant a, which may afterwards be replaced, be omitted for the 
present, 

r = a { 1 — e cos u} — sin u / Qcos w d u -f cos y / Qsin u d u 
(1 / = \/ — -< a {I — e cos u} — sin u / Qcos u d u 

+ cos u/Qsinudu>du 
«^-|-« — «r = u — tfsinu < /Qdo — cos v / Q cos u d u 

— sin /^Q sin u d u v 

If u = f (n^ + 6 — «r) in the elliptic theory, then neglecting the 
square of the disturbing force, 

r/ . N d.f(w/ + g — w) 1 r /»^, 



COS 



u / Q cos u d u — sin / Q sin u d u l- 



If 8 u, 8 r denote the values of these parts of r and u which are 
due to the first power of the disturbing force, 

8v = ^s / Qdu — cosu / Qcosu do — sinw /Qsin odu > 

8r = a(?sinu8u — sin u / Qcos wdu + cosu /Qsin wdu 

sin V /»^ r , J ^ — cos u /Vw . 1 
= / Q{^ — cosyjdo — , /Qsinudu. 

1 — eCOSOc/ 1— ^COSOc/ 

In the elliptic theory, 

, ndt cos u — e ^ sin u (1 — e^)^ . ^ 

dv:=' , -; =cosA, -- — ^^ ^ = smX 

1 — ^ cos u I — e cos u 1 — f cos u 



IS 
Therefore, 



5 r = a « cos A /r sin A 4 e /cl /J -f r (t^)T d t 

— ansin^ / rcosxJ 2 /diJ + rf -j— 1 ^d< 

which is the equation X. of the Mecanique Celeste^ torn. i. p. 258, 

Multiplying the equation of p. 3, 1. 14, by — y. — , and inte- 
graung, -^j^ + s/r^ (^.) d X = KK 

If A' = Aq* — 'Jr^ (dT/ ^ ^'' * ^i"g variable, and Aq the value 

of A at a given epoch, hAh= — r"* (-rr-v <1 ^\ r*d x" = A d /, 
and making x' the independent variable instead of t, 

2r'd/dx' = dAd< + Ad'/ 



'i?~~i^ ai^ + ^OT?)* ■*■ '■ VdTV " * Vdlj = ° 

,/d«r^ r'dr'dA gr'^dr'^dx r'«dx'« ft 

.5 1 

dx-* + r^ A»(l + s»)* A» l*^ Vd rV * \ds/ 

In order to obtain the variations of the elliptic constants, these 

constants may be supposed to change, subject to the condition that 

they still satisfy these differential equations, and that the form of the 

fl 1^ As 
first differential coefficients t--^, t--^, &c. remains unaltered, 

G X Q X 

So, for example, since 5 = tan i sin (x' -^ v) 
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d 



sin (a' — v) ^ — tan « cos (x' — v) d i* = 



cos ( 



, --a-a-i)(a^j)}-'=» 

whence by elimination, 

The theorems of Newton with respect to the motion of the moon's 
node and the change of the inclination of her orbit, may be deduced 
without difficulty from these expressions, as will be shown hereafter." 
The general expressions for d e^ and d «r' may be obtained in a simi- 
lar manner, but are more complicated. 

In order to obtain the expression for d ^, I revert to the equation 

d^r 

-1-5 — « + r 
d u* 

The integral of this equation in the elliptic theory is 

r = a { 1 — ^ cos (u — a)} 

If the constants in this elliptic integral are supposed to vary, sub- 
ject to the condition that they still satisfy this differential equation, 

d 7* 
and that the form of the first differential coefficient r— remains un- 

d V 

altered, 

rd^r rdr^ r d r d^ ^ 



- "/ {t/o « - a} = " 



d«/ = ^-7=+ \/~drdt;, 



dt^ " dl^ dfi 

dV 



— a + r -h 



orf /d /J\ drda _ 
ft \ dr / 2adu^ ^ 



dt;2 

(^\ — € cos (u — «)) da " a cos (u — a) d ^ — ae sin (u — a) d a = 
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f sin (u — a) d a -f a sin (u — a) d ^ — a e cos (u — a) d a 

+ — (j— )du + sin(u— a)d/i=0 

jM. \dr/ |x '^ '^ 

dfl = d/J 

de = — {2^ — 2 cos (u — a) — tf sin (u — «)*} d R 

--sui(«-«)^^jd« 

^(/a = — sin (u — a) {ecos (u — a) — 2} d JR 

/» d / 4- 6 — -BJ = u — a — ^ sin (u — a) 

d« — d«r= — da — sin(u — a)dtf + ^ cos (u — «) d a. 

The equations of p. 13. are susceptible of simplification when the 
square and higher powers of the 'disturbing function are neglected- 
In this case, if the orbit be supposed to coincide with the plane x y^ 
tan f s= 0, 

i = -g{l + ecos(X-t!r)} 

A>? ^ r h^ h^\''\Ar) rVdx/dx/"" 

- 2 { 1 -f ^ cos (A — -cr)} hdh -{■ h^ cos (X — -cj) d ^ 
4- A* e sin (X — «j) d «r = 

2 esin (a — -bt) A d A — A^ sin (A — cr) d £r + A^ ^ cos (A — w) d cr 

de+ {2cos(A — fsr) 4- ^ -I- ^cos2(a — -cr)} ^^("j— )^^ 
. ,3 9 sin (A — -cr) /d JB\ , ^ 
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- h^r^cos(\ - tsr) (^^ d A = 
In order to give a very simple application of these formulae, sup| 

■ft = -^, then-r- s* ^', ^— =s 0, dA = 

r dr r^' dx 

d ^ ^sin (a — -ct) d A = 

ed'sr -f- -^ cos (A — -Bj) d A = 
ft 

sin^d ^ + e cos 'Old 7X1 -\ ^ cos Ad As 

cos crd^ — ^sinwdw ^sinAdAsO 

Integrating 

^f . 
e sm tar = * sm A 4- constant 

e cos w = — — -'cos A -♦- constant 

f = ;J{l+^cos(A-tn)} 

= -p { 1 -f ^ (cos A COS to" 4- sin A sin or)} 

if TET = when A = 0, 

€Sinm=i •' sm A. e cos w = cos A -f ie) -\ ' 

(e) being a constant. 

which agrees with the known form of the result. 

When I = 0, as before, by the equation p. 5, at foot, |x a (1 — 
= h^ ; also e = el. 

d ^ = — {2 <r — 2 cos (u — *) — ^ sin (y — uf) d R 
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dR 



R 



t" . , (dR\ , 

sm u — a) ( ^— . I d u 

jx ^ \dr ) 

e d a = — <e cos (u — a) — 2 > sin (u — a) d 

H cos u — a) I -T— I d u 

ft ^ \ d r / 

/w d^ + s — "CTsu — a — esin(u'-a) 
de — d«j=s— {1— ^ cos (u — a} d a — sin (u — a)d ^ 

(1 8 - d t!r = — i== d tsr- < — r-^^ — ^. + 1 > sin (t; - a) d ^ 

*!_ 

^^- = « ( I — ^ cos (o — a)} 

1 + ^cos(A-t!r) ^ ^ '^ 

de= - ^-""-/iiLiecosCx-tirj + ^ + ^cosCx-isr^^} (^) 
avl — ^ \UA/ 



sin 



^"^ = "" a^l-e^ ^^ "^ ^C0S(A- ^)} Sin(X -^) (^-j^ j 



_|_ COS 



(-»)edf) 



The two last equations, obtained indirectly, are given in the Me-- 
canique Celeste^ vol. i. p. 347, and in the Mechanism of the Heax)ens, 
p. 226. 

/ -^j 2a^ n(\ ^^)dt /dR\ 

ft { 1 + ^ cos (X — ^)} \ d r / 

The last equations serve to determine by the method of quadra* 
lures the peturbations of a comet. 

Let (A e)a be the variation of any element e during the variation 
A f of u at any given epoch w, then neglecting the square and higher 
powers of A w, 

If the values of (A e)^ be calculated for the epochs 0, 1, 2 ... m 
corresponding to the values u, u + e A y, w H- 2 / A w, &c., differing 
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from each other by i A u, then the whole variation (8 e) of e corre- 
sponding to the variation lAvofv 

= i {(A ^)o + (A ^)i + (A e)„.,} 

+ ^{(A^)^-(A£r)o} 



2 



- ^''""\^it-"^'^ {(A«.).-(A«.)o} + &c. 

='mAi^\ -i^)..}-' 

When the interval A u is indefinitely diminished, / A t^ is still 
equal to the variation of u between the epochs for which the quan- 
tities ( J— I • ( -1— I &c« are calculated, and 

rim.- a:)j-^{- d-:).- - (^).}--'} 

If the radius be taken for unity, and ^ A u is the mth part of the 

circumference; i A v = , or, in other words, the result- 

m 

ing values of S ^ and S a in the equations given above must be multi- 
plied by 2 X 3*14 1 59j and divided by 360° expressed in the same 
unit as i A u. 

n is equal to the angular circumference divided by the periodic 
time expressed in the same unit as ^ ; so that if a decree be taken as 
the unity of angular circumference, n = 360° divided by the periodic 
time expressed in the same unit as t. 

The preceding series, which is to be found in the Mecanique CS" 
lestCf vol. iv. p. 206, is substantially identical with that given in the 
Traits eUmentaire de calcul diffBrentiel et de calcul integral of La- 
croix, p. 578, 

In order to take a very simple application of this series, let^ = a a-, 



le 



+ 
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Pj Pg = A = 1, and suppose it were required to determine by qua- 
dratures the area of the triangle O P^M,,, =: — . 




f* 



According to the preceding expression 
y d j: = P^ Ml + Pg M^ Pm-iM«,_i 



P,«M. 



a 



constant = -— : and 

12 



*" *" - -- 4- constant 



a 



yi d j: = Pi Ml -h Pg Mg + P^, 1 M^.i 



+ - 



P«.M 



m '*-'*m 



2 



= a {OTl + Xg 



"T ^m- 



m-1 



+ 



X, 



m 



Suppose O P^ = 4r^ = 4, then 



= 8a = 



a a:* 



In the same manner if y = a a:% after determining the constant, 
and between the same limits as before 



64 a aa^ 



d2 
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The expression 

hXy =yjd^ ^hAy^ h^ J5^ + A^ C^ + &c. 

is of very extensive application. The quantities A^ B, C, &c., may 
be determined directly from the equation itself, by taking ^ = ;r* and 
making ^ = 1 = /z after integration, because then the term Sy va- 
nishes. 

By makings = or, ^ = ^, j/ = a:^, &c. successively, we get 

1 + ^ = 

— -r A + 3B + 3.0.0=0 
4 

4- + ^ + 4J3 + 4. 3C+ 4, 3. 2D = 
5 

whence ^=— -5-, J3=— , C-:0, Z)= — 



720 



The preceding methods are used to determine by quadratures the 
perturbations ot a comet. When, however, the perturbations are 
required through only a short interval, as during the time of its ajh 
paritio?iy then the equations which I have given (On the determina* 
tion of the distaiice of a comet f 70m the earthy p. 40,) present advan- 
tages. By means of these equations the peturbations of tlie rectan- 

d kT d 2/ d ^ 

gular coordinates, Ix^ ly^lz, and I -j-, 8 -ry, and 8 -1— are ob- 
tained; and from these the changes in the elements of the oscu- 
lating ellipse may be easily found, if required. 
In the elliptic movement or first approximation 

A = w/ + 6 + a series of sines of arcs multiples of w ^ , &c. 
\^ = n^t ^\^€^^\■ a series of sines of arcs multiples oin^t^ &c. 

— = constant -+- a series of cosines. 
r 

5 = a series of sines. 

5^ = a series of sines. 

These values being substituted in the proper equations give 

A.e dA J di , ,^ • /» • , d 'cj dv , 

J— X J— ^ and -i—^ each equal to a series 01 sines, and -r- r, -1 — v and 
aXdA dx ^ dxdx 

T — X each equal to a series of cosines + a constant quantity. ^ 
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If the sun or primary be a spheroid, eo the anele which the plane of 
:he sun's equator makes with the plane of the orbit of the planet ; and 
if the longitude be reckoned from the line of intersection of the sun's 
equator with the orbit of the planet; R is increased by the quantity 

{3sin*»sin*A— 1"! , . ^ ^ ^ j . , 
-g >, c t)emg a constant dependent upon the 

figure of the sun; but the partial differential coefficients of this 
quantity, which are introduced into the values of d e^ d t7, &c., do 
not change the form of the expressions for those quantities. 

If the planet move in a medium which resists according to any 
power q of the velocity, if p be a constant and v the velocity, the term 

2p />+» d t must be added to 2/d JB, 

in the equations of p. 4. 

If the orbit of the planet be supposed to coincide with the plane 
xy so that 5 = 0, 

^_ ^a(l H-gcosu) 

1 — ^ cos V 

and the following equations result after many reductions which may 
be compared with those given by M. Poisson, Traiti de MecaniguCi 
vol. i. p. 443, by making y = 2. 

= - 2 p a f-^V"^' r\±ecosv-Vn- (LzL^SSi^ d « 
\a / LI— ^ cos u J n 

\a/ LI— ^cosuj \ n / 

= — 2 p I -^ I -< ,- r sm u d u 

^ \a/ LI — ^cosuj n 

= 2 p i^T'' ri+gcos»\S^ {V - e^ cost, -^rzr^} ^j^ ^ J ^ 

^ \a / Ll— ^cosuj ne 

The form of these equations differs from that which obtained be- 
ibre, now the variations of 'cj and s are periodical, while those of 
% and e have terms which vary with the time, and as the periods of 
the periodic inequalities of all the elliptic constants due to the action 
of the resisting medium are fractional parts of the periodic time of 
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the planet, the longitude of the perihelion is the same after every 
revolution. 

Making j' = 2, retaining only the first term and integrating, I get 

8a = —Q.pa^u 8^= — 2p«sinu 

^ 8 •GT = £ p a cos u 86=r — pae cos u 

which results agree with those of M, Poisson, p. 44*4*, exc^t the 
last. 

3. The preceding equations, which obtain in the planetary theory, 
are also applicable to the theory of the moon, provided 

The mass of the sun = iti, 

The mass of the earth + the mass of the moon . • = /x 
The distance of the moon from the earth . . . . = ^• 
The distance of the sun from the earth . . . . = r . 

The longitude of the moon = X 

The longitude of the sun =^ ^/ 

The tangent of the moon's latitude s= $ 

I shall now proceed to consider particularly the theory of the 
moon's motion round the earth. 

I show first how the development of jR may be obtained in terms 
of the mean longitudes of the sun and moon, and I give this deve- 
lopment as far as quantities of the order of the fourth powers of the 

eccentricities. The developments of d /i, — i — and -j — are very 

easily deducible from that of R, in the first approximation, and do 
not require separate consideration. The method of developing the 
disturbing function here given has the advantage of detecting nu- 
merous equations of condition which exist between the coefficients 
of the different terms, all of which may of course be employed in ve- 
rifying the result. Whether the differential equations be treated 
by the methods proposed in this work, or whether the method of 
the variation of the elliptic constants be adopted as suggested by 
M. Poisson, this development of the disturbing function is equally 
useful, being the foundation of either method. 

I next give examples of the determination of terms in the recipro- 
cal of the radius vector due to the first approximation, by means of 
the equation 

9.ar r a J dr 

and of terms in the longitude due to the first approximation by 
means of the equation 

dx' // \ PAR 



At 






I 



The inequalities of tlie latitude may be obtained in a similar man- 
ner by meansof the equation 



dC 



+ 7-+(di)=° 



Here, however, it seems to me better to adhere to the meihod of 
Clairaut, and to employ the equation 

(d^-X-IZ-Cd^)-! 

Having obtained the terms in the reciprocal of the radius vector, 
in the longitude, and in the latitude of the moon which are given by 

the first approximation, the developments of d R, -, — , &c. may 

be carried further, and terms depending upon higher powers of m 
may be successively obtained, m being the ratio of the sun's mean 
motion to that of the moon. 

In future I shall distinguish the arguments by the numerical in* 
dices which are contained in the first column of the following Table. 
The numbers in the second column are the indices of the arguments 
in M. Danioiseau's Memoire sur la theorie de la lutte. 
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31 


2E+S, 


46 




2r+3J-4 




30 


3»» 


24 


S3 


2T-25-i 


47 




2J-)-2J, 




1 


i 


25 


54 


2r+aj+i 


4» 


75 


2.-31-2 E, 




31 


a-r-u 


36 


SO 


2 £-6 


49 




2T+2E+gi 




39 


2.+J 


27 


51 


2^-aHS, 


50 




21-21 




Jfl 


11 


2S 


52 


2T+2i-|, 


51 




3._2H-2i 






2T-t 


29 


S3 


5+2 J. 


52 




3.+21I2I; 




34 


2^+1; 


30 


59 


2.4-2S, 


53 




1+31, 




3 


3E 


31 




2T+S+3i, 


64 




2r-?-3 5, 




35 


2.-25 


32 


22 


l-^l. . 


63 




2t+H3|, 


10 


36 


2^4-2 5 


33 


61 


2T-E+2i 


56 




1-31 




19 


Z+l 


31 


60 


2T+?-2t 


57 




3'-e+3t 




41 


2— l-i 


35 




3S, 


58 




3r+S-3i, 


13 


43 


ST+l+i, 


3e 




2T-3t 


59 




4& 


u 


18 


l-% 


37 




2T+3S, 


60 




2T-4 5, 




39 


2r-S+E, 


3H 


9 


4E 


61 




2r+4i, 




40 


S'+l-S, 


39 


67 


2r-4 5 


62 


3 


2b 


17 


17 


2i 


40 




2r+4E 


63 


37 


2.-2, 


18 


43 


2.-2E, 


41 


27 


3|+i 


64 


38 


2T-I-2, 


19 


44 


2.r4-2e, 


42 


73 


2.-3£-t 


65 


S 


1-2 „ 


» 


4 


3£ 


43 




2-+3?+i 


66 


6 


1+3 •> 


91 


45 


2t-3S 


44 


26 


3i-l 


67 


49 


2T-J-2- 


39 


48 


2^+3 5 


45 




2'^-3 5-t-?, 


— 


47 


2.-H2« 



C9 


i 


8 2^+1-3, 


109 


92 


"+1+1 


148 




2r+,, 


70 




« 2t+E+2b 


IIO 


89 


'-E+6, 


149 




E— 


71 




A E,-2« 


111 




T+l-t 


150 




I+- 


72 




■5 1+2 « 


113 




— 2i 


151 




3t-E-. 


73 




7 2,-i,-2« 


113 




'+21, 


153 




2T-I+,, 


74 




6 3r~|,+2» 


114 




»-2, 


153 




3t+S-„ 


75 




5 2.+l^2n 


lis 




T+2,, 


154 




2.+E+. 


76 




8 a4i+2. 


116 


I'ob 


3t 


155 




6-- 


77 




7 2{32T 


117 


10! 


3t-| 


156 




l+n 


78 




8 2E+2« 


118 


102 


3r+E 


157 




K-S,-, 


79 




£ 3r-2J-2, 


119 


103 


3T-t 


158 




S^r-l+n 


SO 




3 a^-2E+2. 


120 


104 


3'+i 


159 




3'+E,— 


81 




U 3T+3E-3, 


131 




3.-2E 


160 




2 ■.+£,+» 


82 




. 2r+2|-h2« 


122 


... 


3t+3E 


161 




3jl, 


S3 




. £+t-2- 


123 




162 




2E+. 


84 




- S+t+2B 


124 


::: si+Ul 


163 




3r-2E— 


86 




. 2T-J-i-2, 


125 


... 3.-£+t 


164 




2»_2E+» 


86 




. 2r-5-i,+2„ 


126 


... 3,-+e-E, 


165 




2r+2E-. 


87 




. 3H-E+£,-2„ 


127 


... 3^-2i 


166 




2^+3 £4-, 






. 2^+S+S,+2. 


128 


... !3^+2i 


167 




l+l-" . 


89 




■ 5-t-2» 


129 


... !3t-2b 


168 




K+i+1 


00 




■ E-£,+2. 


130 


... |3t+2. 


169 




2.-J-i-, 


8i 




. 27lE+i-2. 


131 


130 


it 


170 




a.-^-l+n 


S2 




. 3r-E+i+2» 


132 


121 


4T-i 


171 




3'+e4-. 


93 




. 2t+E-E,-2, 


133 


122 


i-r+i 


173 




2'+E+E,+. 


S4 




■ 2H-E-1+2, 


134 


123 


i—l 


173 




i-L—i 


95 




. 2E,-2, 


13S 


124 


i'+i. 


174 




k-i+« 


96 




■ 2i+2,, 


136 


125 


4r-2i 


175 




2t- +E,-- 


97 




. 2.-2E,-2n 


137 


126 


4 T+2 J 


176 




2'- +E,+' 


9S 




. 2T-2t+2. 


136 


131 


i'T-i-^ 


177 




2'+ -1,-" 


99 




. 2»+2E,-2, 


139 




4 T+E+l, 


178 




2'+ -i-f. 


100 




. 2»+2E,+2n 


140 


129 


4»-J+i 


179 




2i- 


101 




» T» 


141 




4t+E-I> 


18U 




2E,+» 


102 




1 r-E 


142 




4.-2E, 


ISl 




2.-2E,-. 


103 




t2 '+ 


143 




4r+2i 


162 




9'-2l;+. 


104 




B r-i 


144 


127 


4r-2« 


183 




2r+3|,-, 


105 




W *+i 


145 




4^+3, 


184 




3*+3E,+, 


106 




» r-ai 


146 






185 






107 




16 H-2i 


147 




3T— 1 


186 




Wo 


■OS 




1 :ij-i 















62t = — cos4t 
[131] 



PI 



cos2TCOsf ss— cos(2t + £) +-^cos(— 2t + £) 
(4] ' [-3] 

Hence the argument LSI is produced by addition through 
square of the term corresponding to nrgumenC 1. Similarly 
argument 4 is produced ly addition through the multiplication 
argument I by argument 2, and the argument — ."i by siiblracliot 
These results, extended through all the arguments, are exhibi 
• Parallactic inequality. 



^5 . 

in tbe Table at the end of tiiis work, by means of which any multi- 
plication of one series by another may be effected, and any coefR- 
cient obtained at pleasure, when the approximation is limited to 
those terms which the Table reaches, as will be shown by repeated 
examples. By means of this Table all the developments which are 
reouired in the theory of the moon may be obtained. 
This Table may also be used in forming the developments re- 

3 aired in the method employed by MM. Laplace and Damoiseau. 
'or this purpose it in merely necessary to maxe 

T = a' — x^ instead of nt — n^t 

f = cA' — w cut -^ V 

f ^ = c X^ — w^ Cln^t — Vf 

and ij = gx'— V gni-^ V 

tke indices remaining the same. 

j^_ r rV,cos(x-X,) I \ 

" ^L r/ {r«-2r>^cos(x^-\) + r,«H/ 



^m,J 



r^ 3 {gr r^cos(x'-X^)-r^}^ 
'^2rp 8 r^^ 



15 {2rV,cos(x^-\)-r^}n 
18 r/ J 



fir* 3 r^r^ . . .^ 



+ |"-^'cos(x-x,)-A!-Zlcos(x^ 
= «/{-^-^{l + 3cos(2X^-2X,)-25n 

-^{3(1 -4s2)cos(V-X/)-|- 5 cos (3X^-3 A/)} V 

Let fi = m,{Ro+ J?, cost +eR4C0sf+c iZa cos (2t — f) + &c.} 

[I] [2] [3] 

r-' = 1 + f (l — j) cos? + e^(l- y) cos2f 

[2] " [8] 

E 



2© 

9 4 

+ -g-e*cos3f + — c*cos4^ 

[40] [35] 

^ = e-(l-|.«)cosf-if(l-^)cos2? 

[2] [8] 

9 4e^ 
— ^ ^ cos 3 f 5- cos 4 

[20] [35] 

[0] [2] 

[8] 

— ^e^ cos ^ f ~ 04. ^ ^^® "^ ^ 
[20] [35] 

[2] [8] 

+ — ^*sin3g + -2x^sin4g 
[20] [35] 

d^ ^ dr d^ dA d ^ 

_ rdR dr djgdx 
"" dr rd^ dA d ^ 

rdJR adR dR dR ^ .-,* ^,, , . 

-3 — = —3 — -j-r = -T— • See ilf A:. G?/. vol. 1. p. 267. 

dr da dX dr ' 

a^ r d 72 
Considering the terms in JR multiplied by —5, — | — = 2/2 

3 a' 5 ^8 
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Multiplying by means of the Table, neglecting the squares of the 
eccentricities, I find 

*"" da ""Sfl? 

^ 2d a * Aaf 

Neglecting the cubes of the eccentricities, we have 
fldiZo SadJRo a* 



1? __ ^.il±lS — 

»"" 2da ^Aa "^ ^af 

OP- fld jgg ^ ,, SadiRi 5.2 jgt 15 a« 

1? ?A:^ . o I? 3gd.fl^ 5.2jBi ^ a* 

2da ^ 4da 4 2a^* 

These equations may be formed at once from the Table by in- 
spection, taking care to write R with the sign + in the term multi- 
plied by -1 — when the index is found in the upper line in the Table, 

as in the case of the argument (10); and with the sign — when in 
the lower, as in the case of the argument (9). The term multiplied 

by --5 — always takes its sign from the factor arising from -t— • 

By means of the Table, any term in 22 depending on the eccen- 
tricities may be found at pleasure, and the development, PhiU Trans. 
1831, p, 263, may be verified with great facility ; thus, 

. P^__ _ a d 2Zgo SaAR^ llaAR^ llaAR^ 
^"^ 2da 4d« 16da MAa * 

1 find, on reference to the development in question, 

whence 

^d^_ a^ aAR^ _ a^ aAR^ _a^ aAR^ ^ 

da "" 8 fly® da ^a^ Aa '^ a^ da "" 2a^ 



* ~ L2 . 8 4.4 16 ■'■24 . 2 J a^ 24 a^ 



JtfOQ SS 



a« 



E 2 
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The terms depending upon the inclination of the moon^s orbit 
may be obtained in a similar manner. 

If R be considered as a function of r, A' and 5, 



dR_dRd>: dRds 
dy""dx'dy ds dy* 

In this case 

dfl 

ds 






A<X *•" 



273 + 4p{i + 3cos(2A-2x,)} 

9 3 9 

— — ^cos(^2t — f) 4-~^cos(2t + f ) -h — ^^cosf^ 

21 S S 

4- g-^,cos(2T-f/)— y^,cos(2T+0,) -— e«cos2f 

+ ^e2cos(2T-2f) + |-^2cos(2t -h 2g) - |-^^^cos(J + g,) 



63 _ .V 3 



— ee^cos(2T- -f,) -. — ^e,COS(2T + ? + ?,) 

9 9 

- — e^^COS(g - f;) + — ^^/COS (2 T - f + f^) 

+ ^ee,cos(2T + f-f,) + ^c;cos2f, + ^e,«cos(2T-2f,)[ 

The following expression for t — is easily deduced from that for 
a", given in p. 10. 

j~=--|-(l -4.^^)sln2ij-y^sin(g-2i2)-y^sin(f + 2i,) 

[62] [e5\ [eel 

+ |-y^^sin(25--2i,)-^y^«sin(20 + 2,,) 

[77] [78] 
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T — = -^ — -^ (1 — 4 ^) cos 2 ij + y f cos (5 — 2 ij) — y ^ cos (f + 2 ij) 

Q y tS 2 

[62] [65] [66] 

— — y^'cos(2f — 2ij) — — ytf'cos(2f + 2ij) 

[77] [78] 

^^" l"472""4T2j"^""""4^ ^^ea---g^ 

3a« 



o D /3 • 1 3 . 1\ fl2 
^^=1472-472/^=^ 

gp _ f 8.1 8 3.1 8\fl» _ 8fl 
^^^"L 4.2'*'4 4.2"^ 4Ja^8""4a; 



i?«Q = 



« ^ " 8 a » 

It follows immediately, from the preceding method of develop- 
ment, that when a term in the disturbing function vanishes, such 
as R^j corresponding to the argument 2 r + 2^p all the terms cor- 
responding to arguments which result from any combination of this 
quantity with any multiples of ^ and i) must also vanish, which 
seems to me to constitute a remarkable theorem on account of its 
extreme generality. Thus, Ri^ being equal to zero, R^^^ £33, U^^, 
iig,, R^ and R^qq are all of necessity equal to zero likewise. So 
again, smce Rq^ is equal to zero, it follows of necessity that R^^ and 
Kj^ are also equal to zero. I have shown in the PhiL Trans, that 
the term vanishes in the disturbing function corresponding to the 
argument 8 r + 80^, and it follows therefore of necessity that all the 
terms corresponding to any combinations of this quantity with any 
multiples of ^ and 1) are also equal to zero. Amongst these occurs 
the argument 8t — f + 3^^ — 2ij*, important on account of the 
small divber which would be introduced by integration in deter- 
mining the corresponding inequality. M. Poisson first ascertained 
by a mfferent process that the coefficient of the corresponding term 
in the disturbing function vanishes, and moreover he has snown, 
by means of the tneory of the variation of the elliptic constants, that 
the first term in the corresponding inequality in the moon's longi- 
tnde depends upon the coefficient in question, and therefore also 
vanishes. 
By proceeding in the way explained above, all the coefficients in 

* This is the argument noticed by Laplace, MScanique Celeste, vol. iii. p. 178 : 
"Cette in^galit^ dont la p^riode est de 184 ans, depend du produit de ces quatre 
^uuitit^s, le caiT6 de rinclinaison de I'orbe lunaire a I'^cliptique, rexcentricit^ de 
eet orbe, le cube de I'excentricit^ dc I'orbc solaire, et le rapport do la parallaxc du 
Boldl k celle de la lune : elle parolt ainsi devoir 3trc insensible ; mais Ics grands 
diviseurs qu'elle acquiert par Ics integrations peuvent le rendre sensible." 



I 
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the development of 22 are made to depend ultimately upon 72^, JBp 
JRioif &c. This method is far more simple than that wnicb I formerly 
employed in the Philosophical Transactions^ 1832, for the develop- 
ment of ^ in the lunar theory. 

Finally, the following development results, arising from the sub- 
stitution in the disturbing function of the elliptic expressions for the 
coordinates of the sun and moon. 



^=„/_i-i.{,.i 



I-,- + 1 «■ '? + V' 



3a 9,„ 999,3, 9a«"la« 

[0] 
4 1. 2 2 ' ^ 16 ^ 4 ' 

[1] 

+ -:^ -s 1 — :r + -^er — tt y + r. — s r — «« cos? 
^2\ 82' 2'8 afS af 

[2] 

-»-TV-24^-¥^' -2+9</^3^cos(2r-?) 

[3] 

[4] 
3 r, , 3 „ . 9 J 3 g 35 an a« ^ 

[5] 

21 r, 5 , 123 J y'. 1S«*1«* /o >x 

--8 V-T^ -16^' -2 +28^«|^3^,cos(2r-f,) 

[6] 
. 8 r i. «_£^«_y!_5an «« 
+ TV 2*8 2 4a,Va,3*'*^°**>^'^ + ^'^ 

[7] 



2 7 

•cos ^=l-Z-4-__y4_,&c. 
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[8] 

[9] 

[10] 



91 



168 



[11] 



123 
56 



[12] 



DardocB 
or A. 



[13] 
[14] 
[15] 
[16] 
[17] 

-?{* -4 ^ - W '''-!} ^'-^ ¥^3-'*«'^(2^ - 2?-) 

[18] 

l+^g|«»cosS5+^c8cos(2r-3?)-||^e3cos(2T + 35) 
[20] ' [21] ' [22] 

[23] ' [24] 



jelopmcn. + |.^J^9^^ COS (2t + 2g + g,) + A iL^ ^9 ,,, COS (2 g - g,) 

[25] ' [26] 

[27] ' [28] 

+ |.^3^e,«cos(? + 250 +^^3^^-'cos (2t - 5 - 250 

[29] ' [30] 

+ |- ^^'^/'cosC? - 250 - f |^«^,'cos(2t + 5 - 25,) 

[32] ' [34] 

-32^8^' *=°'^f'- 6473^' ^^^'^^^-^^'^ 
[35] [36] 

[37] [38] 

+ 64 5? ^ *=°' ^^ '^ - * ^) ~ 3^ ^8^ ^'^^ (^ '^ + * ^) 

[39] ' [40] 

[41] 

[42] ' [43] 

[44] [45] 

[46] [47] 

-^eUf cos(2t - 25-250 +^^3*'''?' cos(25- 250 

[48] ' [50] 

-^^e«^«cos(2T + 25-25) + ||^8«^/'cos(5+S50 

[52] ' [53] 



\ 
\ 



I 



S3 



[54] [55] 

53 a* 3 a^ 

[56] ' [57] 

45fl« 591 ^2 

^64^3'^' COS (2 r + ? - 3f,) + -g^ -, e*cos4f, 

[58] ' [59] 

2*S3a« . ,„ , ^, 741 a« . ,„ 
■■i28;i7^'*=°^(2r-4J,) + — ^./cos(2r + 4f,) 

[60] [61] 

[62] 

[63] 

+?^r'^ cos(f - 2i}) - |- p y* ^ cos (?, + 2.J) 

[65] ' [66] 

,3 a' 3 a* 

+ 8"^y'«COs(2 T - f - 2.)) + — ^y«ecos(2r + f - 2.)) 

[67] ' [69] 

■ 9 a* 9 a* 

T6^8y*^/Cos(?,-2,)--- 

[71] [72] 

21 o» 3 a* 

"ieTsy '/<^os(2'--?/ - 2^) + jg^y«e,cos(2T + f, + 2i}) 

[73] ' [75] 

■r6$y'^'=°s(25,-2,)-|-^/««cos(2f + 2,) 

[77] ' [78] 

[79] ' [81] 

27 o' 9 a* 

■*" is ^y* * ^' *^°* ("^ "^ ^' "■ ^ '^ ~ Te ^ ^' ^ ^' *^°* ^^ "^ ^' ''" ^ ""^ 

[83] ' [84] 

F 



^^"8y*^/Cos(f^-2)j)--^^ 7^^^cos(f, + 2n) 



.34, 

rS^" +|l2ly*^^^cos(2T-f-f,-2,) 

[85] 

~ 16 Ij8 '^ ^ ^' *^°* ( ' '^ "•■ ^ '•' ^' ~ ^ ""^ "•" 16 Is ^' ^ ^' *^°® (^ ~ ^' ~ ^ 

[87] ' [89] 

- 16 jgy'-^^/COS (?- ?,+ 2.)) - — |^y'e^,cos(2T - g + g,-S 

[90] ' [91] 

+ 16 ^«y'^^''^°'^^'' + ^ - ^' - 2l) - 1^ ^s/^/'cos (2f, - 2: 

[93] ' [95] 

[96] ' [97] 

[101] [102] 

+ 16 ^^^*=°' (^ + ^)- T ^^'*=°' (^ " ^'^ " Y^f''''°' ^'^ + ^ 

[103] [104]. [105 



64 aj* 64 fl!; 

[106] [107] 

+ IQ ^««( cos (t - i? - ?,) + jg ^ec^cos (t + ? + ?,) 

[108] ' [109] 

15 a^ / fc.n 9a^ ,.v»v 

110] ' [111] 

159 o^ , , «,., SSflS J / , o>.x 
"■64a7"' *°'^'"-^^'^-64^*''*'°'<^ + 2^'^ 

[112] ' [113] 

-^$y'*=°'('"-^''^-i^$y'*'°'^^ + ^''> 

[114] [115] 

_|.{l_6^-6./-|-y«}^,cos3r-,l|^,.cos(3x- 

[116] [ll?- 
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- 16 ^4 « cos (3 T + f) - — — ^ <"/ cos (.'3 T - I) 

[118] ' [119] 



5 (^ /Q , t X 285 a3 

[120] [121] 



^M mm ^y W% 'b mm 

+ T ;r4 ^i COS (3 T + f J - -_ ^. ^ ^« cos (3 T - 2 f ) 



75 ^ o ,^ , ,, ., 225 a^ , , V ». . 

^ 64 ^ ""^ ^ "■ "^ ^^ ~ T6 ^4 ^^/Cos (3t - f - f,) 

[122] ' [123] 

15 (j^ 45 ^3 

■^ 16 5;^ ^ ^' ^^^ ^^ "■ "^ ^ "^ ^'^ "■ 16 ^ ^ ^' ^^^ ^^ "■ ■" ^ "^ ^' ^ 

[124] ' [125] 

- Ig ^^^i cos (3t + f - f,) - — -^ ^/'cos (3t - 2?,) 

[126] ' [127] 

[128] [129] 

The equation for determining the coefficients of the terms in the 
expression for the radius vector is 

d^ r« a r a ^ r. r. d U 



2d^^ 



raj dr 



From this equation any power of r might in fact be determined 
b; the method of indeterminate coefficients. I propose to obtain 
^~^ as this appears to me the most convenient proceeding. The 
horizontal parallax results immediately from this power oi the ra- 
dius vector. Comparatively few terms would be sufficient if this ex- 
pression were only wanted to obtain the parallax with sufficient pre- 
cision, but r~^ enters into the differential equation from which the 
longitude must be determined, and r~* is obtained immediately by 
squaring r~^ In integrating the equation above, r""^ is to be consi- 
dered equal to a series of cosines, of which the arguments are de- 
tailed p. 23, f and ij being equal tocw^ + g— -or and gnt •\- ^ — '^^ 

If the elliptic value of r be called r, and the part of — due to the 
perturbations be called I — j 

T 

F 2 
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^2 Y^ d'.r^S— Sd^.r^^S-iy 2d«.r5^a±y 

I denote the coefficient corresponding to the w^ argument in the 

expression for «8 — by r„; and by r,,, that part of the coefficient of the 

1 3 / 1 \* 
n^ argument in the developmentof the quantity r^S "o"^!^ — ) 

4- &c., which is independent of r„ with a contrary sign. Consider- 
ing the terms in R multiplied by — g- only, 

dr 
Considering again those separately which are multiplied by-;;-^, 

rdR 



«/ 



dr 



= 3/?. 



I denote as usual by m the ratio of the earth's mean motion to that 
of the moon, so that 

^ = -¥ = — ^ • 

I now proceed to obtain successively the inequalities of the reci- 
procal of the radius vector from the equation given above by the 
method of indeterminate coefficients. 

dr 0^2' 

ri| |l + 3e«^l + y)} {2-2m}^~ 1 j =(2-.2;;i)«ri 

-2J^ X — ^- + 1 y -' aR, -f r> s— n —aR\Y 



* More properly — ^, as will be hereafter explained. 

|t*a/^' 
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The term multiplied by R' is throughout insensible in the first ap- 
proximation. Expanding according to ascending powers oF m, when 
all the terms but the first are neglected; and to the same degree of 
approximation r^ s= m^; 



3 3 

L = 3 Tn to ^-rrrr? t4 = -;r w* 



*'3 



r5 = o r(j = o r7 = o 



I {1 + 3 ^} {2 - 2 m — c}* — 1 1 = (2 - 2 w - 



c^r, 



3 



-K 



2 — c 



a — 2»» — c 



+ 1 



s ^ 



i?s + 



(2 



— 2 w — c) ft ^C 



It will be shown hereafter that c =s I — -m^ 
1 2.2.9 15 

^4 {{1 + 3^^} {2-27» + c}«-l j = (2-2w -hc)'r4 



-2 



{2 -^2 m + c + ^} ?«^^+ (2 - 



2 W2 + c) ft 






9 2.3^ 33 a 

^^=¥'^* + ?T*'» =16'" 



{{1 +3 e^} »»«- 1} = m»r,-2 {^afl, + 7 « «'«} 



2.3 o 3 J 



|{l + 3 e«} {2 - 3 w}« - 1 1 = (2 - 3 mf r< 



— 2 



Id 



4 
^6 = y te + 



3?w 
2.2.2 






(2 — 3 w) ft 



3.8 



wi* = -^ w^ 



2 
2 



r;|{l + 3e^} {2-mr-l}} = (2^;;0'r7 
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-, /. 



12 — m 



+ 1 



1 ^"' » 



+ 



m m 
(2 - m) 7^ 



■ '^ ^7 r 



»-7^ 


= 


4 
3 


^7 


— 


2.2.3 

3.8 


tg 


=: 


3 
2 


^3 


= 


75 
16 


m 


hi 


ss 


3 
2 


■^6 






9 , 
"4^ 


ha 


= 


3 
2 


^7 


= 


— 


3 , 
4^^ 


ri5 


^ 


3 
2 


''t 


= 


— ■ 


4 






99 « 

rio= — ^4 = ^77; w' 



3 
2^^ 



9 



13 



3 
2 



32 

21 



r,o= — rfl = — w^ 



^14-2"^^"" 



m 



9 



3 21 , 



r,7=o 



17 



r,8 = o 



r,9 = o 



r. 



/{I + 3e«} {a -2»n -2c}«- 1 ]►= (2-2»j- 2c)* r. 



^ ^ f 2 — 2c , ,~1 m,a 

~®i\2-2»i-2c'''V I* ""'■(2- 



2m -2c) ft " "9C 



15 5 



10 



-[{l + 3e«} {2 -27w4-2c}«- 1 }• = (2- 2w + 2c)%p 



— 2 <^ 



2 + 2c 



2m + 2c 



+ ij-T" ^io + (2-:_-o„r+2-7) ^T'^ ^'lo 



r,n = 



16.99 a 2.2.3 2 7 o 
^16.4 2 



*°"~ 15.32 



ni{{l +3^«} {C+7W}«+ ij- =(c + 7?2)«ru 






+ 1 



}>«,. 



772 772 



(c + m) 



^'«7?',.| 



»"ii = 



() 2 '^ 3 

- — m — ~- m 

2.4 2.4 



21 



I 



39 






, 21 2.2.63 35 

'^«=~ 6724 "+-678- '" = ¥'" 



'•i3|{» + 3c«} {2-OT+c}«- ll. = (2-»i+c)*r 



la 



1 L2-WI 



+ c 



J I* '3 ^ (2 - >» + c) I* '8 J 



9.3, 2.2.3, 33, 

rM|{l+3e»}{c-».«}- l\=(c-m)*r,4 

1 Lc-»» J j* {c — m)fi. '*j 

9 2.2.3 21 

'■"=2T4"'+^7r'" = -8"" 

'•is-[{l + 3«*} {2 - m -c}* - l\ = (2 - »J - c)»r,5 



-{{ 



2— c 



2 — i» — c 



+ 1 






-^15 + 



(2 






S 2.2.9 15 



2.4 



16 



4^{1 + 3^^}{2-3m+c}^- l\ = (2-3w + c)« Tie 



^ L2-3W+C ^ J [^ 



-BiflH- 



Wi 



(2 — 3m + cj ft 



i2' 



16 



9. 21 « . 2.2.21 



16 



8.4 



8.8 



m* = 



231 
32 



m^ 



.,,{{1 + 3 ^}{4m^- i}1.^^3^.^^.2{-^i2i6 + |^ai2\7} 



40 



»-.7=-ir'«' 



i9\{^ +3e«}{2- 4j»}«- l\ =(2-4»0*r 



18 






2.2.51 17 o 
r,Q = — ; — - — == -— m* 
^® 3.8 2 



The preceding examples will serve to show how the inequalities 
of the reciprocal of the radius vector may generally be determined ; 
in some cases, however, even to obtain the first term it is necessary 
to carry further the development of the disturbing function. 

Thus, 



r65{(c - 2g)"(l - 3ro) - 1} = (c - 2gfVe5 - 2 .S.^^/fg^ 
3 m^ 3 3 



m^ 1 

r„ = ^ i?65 = f + 2-'-65 (c-2g)»(l-3ro)=l + 4f»' 



3 2.2/9 , 1 \ 



5 

So that, although the elliptic value of — contains no term mul- 

r 

tiplied by y% there arises in — the term 

-■^^/cos(f-2ij) 

independent o{m. 

Again, in determining r,05, which multiplies cos (t + f^), it is 
necessary to take into account the term 



2^3no5Cos(T + f/) 



m 

J 
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in the development of R^ which gives in 

2^d R + ^— , the term — ^^ ^105 cos (t -f f^) 

and the equation for determining v^q^ is 



;w^ 



riQ^{l'-Sro-{-2m^} =: — 7n^-^ ro = -g- 



''lOS — 



5 a 

4a^ 



r,o5 corresponds to the quantity /* of the Mec* CeLj vol. i. p. 279, 
T •\- Zi being equal to w ^ + » — "OTp when c^ is made equal to unity. 
The expression for the longitude (x") may be found from the 
equation 

d/ ""r^ r^y dx^" 
See p. 3. 

1 — 5 = -T— . See Mec. Cel.y vol. i. p. 267. 

d \ ar 

Neglecting y' and the higher terms, and also certain constant 
factors, which may afterwards be replaced so as to preserve homo- 
geneity, 

9 m^ 

— yW»*^cos(2T — f) -i-— ^cos(2t -h f) 

21 3 

-f — i»*^^cos(2t — fj — — 7W* ^^ cos (2 T -I- f^) 

-.^wie®cos(2T-2f) + 4-^^^'cos(2t + 2f) 

— — m*^^;COs(2T — f — fj — — ^^^cos(2t + f + f <) 

9 7 

+ -— Tw^ ^ ^y cos (2 T — — f i) + -- m* ^ ^^ cos (2 T + f — JJ 

4 4? 

+ ^JB«C«COS(2T-2f,) 
o 

^= 1 + — -f 2^cosg + -|-^cos2f + &C Seep. 8. 
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Expanding according to ascending powers of m, retaining only 
the first term, the coemcients corresponding to the n^ argument in 

the expression for X being called X„, and in — / t— - d^, IBn; 



TO* 



(2 — 2»» + c) 



rsS , , 4 , »»« 3 ,\ 1 17 



Wl® 



Xc = — ^ = — 3 w 



7? 4 



TV? 



Xo = {2rn 4- ro + Jfto + Jfto} -f-: -^ -— , = 0. 

^ ^ 9' 31 9 3^(2 — 2W — 2 c) 

The first term in Ag depends upon a further approximation. It 
can be obtained very easily by means of the expressions for the 
variations of the elliptic constants : 

^10 = {2r,o + r4 + rj + ^^^ + »4 + 45^1} ^ 



4 ^^(2 — 2ot + 2c) 



iti? 



1 21 

'^is = {2 r,3 + r, + »,3 + »,}^^_l-_-^ 

r 33 , m« TO» 3 ,"l 1 17 

= 1-16"'— 2 -T-¥'»/T=-l6 



rt^ 
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^16 — 



187 2 
nr 



(2 — wi — c) 4 

r^^^ « . 7 2 . 7 . 21 2\ 1 119 , 

Ai7 = -i^ = --m 

" m 4 

^9={2ric, + »i9}-i-=0. 

These examples will serve to show how the terms given by the 
first approximation in the expressions of M. Plana may be succes- 
sively verified. 

The inequalities of latitude may be determined by means of the 
equation 

d^*"^ /^ ■*"{r«-2rr^cos(X^-\) + r^2|4-^ 

d^ z iu_z lYifZ 3m^%r r cos (x' — X) __ 
d72+ ^ +^ + —^ -^• 

This equation is apparently not complicated ; but it will be found 
that it is far simpler to determine the inequalities of latitude accord- 
ingto the method of Clairaut, to which I shall therefore adhere. 

The following is the differential equation employed : 



{&-}{' -|./4?-4 



+ 






Substituting in this equation in the terms multiplied by m^^ for s^ 
ysin(g\* — v), and for y- », y cos (gx' — v), neglecting the square 
oithe disturbing force and the cube oi s, I obtain 

g2 



^3/sin(2X - 2X, -gx + y) - sin(gX - v)\. 
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- s¥T4\j2^os(\ - X, - g X + v) + — cos(x - \ + gx - v) 

4- 9cos(3X — 3X^— gX + v) -f 6cos(3x — 3X; +gA — v)\ =s 0. 

The simplest method of substituting for X^ in terms of X seems to 
me to be by first putting for x^ its value in terms of Uf t^ and since 
in the elliptic theory 

\z=int ^2e\\ -yj sinf + —e^sm2^ + &c. 
mX=:nft'\-2mell — — j sin f -f -r ^ ^^ ( 1 "o^ ^^) sin 2f 

+ T7.me^ sin f H- — — • w e* sin 4 f + &c. 

It is evident by Lagrange's theorem, that when the higher powers 
of m are neglected, that is, in the second approximation, it is suffi- 
cient to write m X for fif t and c^ m X for f^; also c^ may be considered 
equal to unity. 

3 

n^t -f 8^ = Xy — 2^ysin (c^X^ — m^ + — ^^^sin {2c^\^ — 9,vt) + &c.; 

therefore, by Lagrange's theorem, 

sin (2 X — 2 X^ — g X + ») = sin (2 X — 2 «y ^ — g X 4- v) 

— 2 X— 2 ^^ sin g^ + — ^^^ sin 2 f A cos (2 X — 2 «y ^ — g X + v) 

d {8 ef sin^ g^cos (2X — 2/?^/ — gX + y)} 
■^ 2 7i/d^ 

Finally, writing m X for n^ t^ and omitting v, which accompanies 
g X, sin (2 X — 2 Xy — g x) 

= (1 _ 4 ^2) sin (2 X - 2 »^ X — g X) 

— • 2 e, sin (2 X — 2 7W X + C/ w X — g x) 

+ 2 ^j sin (2 X — 2 wi X — C/ 7» X — g X) 

3 
+ -- ^y* sin (2 X — 2 w X + 2 c, w X — g X) 

13 

+ -j- ^^"2 sin (2 X — 2 w X — 2 c, 7;j X — g x) 
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2A^ 



- — 5 = m'X 4r + ^r ^/' + 3 ^ — 6 ^ cos c A 



9 15 « 

+ -^e. cos c^ i» A + -r- ^* cos 9,c\ 

^ 9ee^ cos (c X — c^ wi x) — 9 ^ ^< cos (c X + c^ w x) 

27 *1 

+ -T- ^/* cos 2 c,m\> 

omitting the constants tsr and «r, which accompany c X and c,mXf 
and V wnich accompanies g X. 

Writing E X instead of X — wi X, 
^ + 5 + -|{^1 + 2^^ -f "I ^,^} m^singX 

-|-{l +2^--|^,*J^7»Vsin(2Ex-gX) 

+ 3 OT* ^ y sin (c X — g x) — 3 m^ ^ y sin (c X 4- g X) 
-h 3iii*^y sin (2 Ex — cx — gx) 

Q 

+ 3 m^ey sin (2E X + c X — g x) — --- m' ^ y sin (c^ ?» X — g x) 

9 21 

+ -T"^* ^/ y sin (c^ w X + g X) — — /»* ^^ y sin (2 E X — c^ wi X — g X) 

3 15 

+ — »i* ^^ y sin (2 E X + c^ W2 X — g X) — ^ wi* ^^ y sin (2 c X — g x) 

15 15 

H- —i»*^'y sin (2cX + gX) — -— wi^^*ysin(2Ex — 2cX — gX) 

15 9 
--i»*^*y sin (2Ex + 2cX — gX) + — 7»*^^^ysin(cX + c,wiX— gX) 

Q 

^ i»* e ^^ y sin (c X + c^ ?» X + g X) 

+ — wi' ^ ^^ y sin (2 E X — c X — c^ wi X — g X) 

3 
— _ iw^ ^^^ y sin ('2 E X + c X 4- c^ W2 X — g X) 



46 
+ —m^ee^y sin {c\-- c,m\ — g\) 

— — !»• ^ ^^ y sin (c X — c^ wi X + g ^; 

3 

— — ni^ee,ysin {2E\ — cX + c^ wi A — gX) 

21 
+ — m^ ee,ysin {2E\ + ck — Cfm\ g x) 

27 27 

— —m^e.^ysin (Sc^mX — gX) + -— m^e^ysin {2c,tn\ + gX) 

5 1 

— ■—- m* ^,® y sin (2 jE X — 2 C; wi X — g X ) 

Integrating * 
-g'+ 1 +-|{' +2e«+|-f,»j-»Ka=:0 



7»^ 



{Q O 1 /5 "1 

ym + — »»e2- -jg/M^^'J-ysinCa^x-gA) 



• For the method of integration see Mic. CU., vol. i. p. 240. 
f According to M. Plana, 

, , 3 . 9 , 273 ^ 9797 . 199273 . 6657733 , 
8 = ^ + T •"*- 32 ""- 128 •"'- 2048-"" - ^4576- •»' -589824 "' 

■ 3 9j I 189 , , , 3027 ^_, , 179955 , . 
+ T •" '^ + -32- "" *' + 128 *"' ^ + loiT "^ *^ 

3 . ii , 27 . , , 843 _ . , 6393 ^ 
--§-«»« y* + ^ -"V + 521 •"' y* + 4096 •" '^ 

9 . . 33 . , 3261 ^ , 72873 , , 
+ T™ *'-• 32'"'*' -^56-""^'* - 1024 "' *' 

+ S"^ «* y' - ^ "•' «" y* + T *' ^* •»' +S "" *' *'* 

9 99 21 675 

- ig ^/2 y^ »»* + §4 »^^ e? y^ " 64 '"^ ^' "^ 25k '"^ ^ 

9 „ ^ 27 , , . 45 ^ , 9 , ^ , 45 a2 , 1935 a^ 
+ 32^'^ -64'"'^+32'"'^''-4-'"'^''+ 32'''> + -512 '"'v' 
See Theorie de la Lune, vol. i. p. 486, and vol. iii. p. 195. 
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— 3 i»*^.y sin (c A — gA) — wi*^y sin (cX -f- gA) 

— Sw'^ysin (2 JBx — cA — gA) 

+ m'^y sin {9,E\ + cA — gA) 

i) . 9 

+ -^ wi ^^ y sm (c^ wi A — g A) + — 7» ^^ y sin (c, m A + g A) 



8 



8 



+ -g ^ ^/ y sin (2 £ A — c, w A — g A) 

3 ^ 

- — OT^/ysin (2£a-|- c^mA — gA) + — ^*ysin (2c A — g A) 

15 1 5 

+ — m*^ysin(2cA + gA) — -^7»^*ysin (2£; A — 2cA — gA) 

15 



-^m^^^ysin (9.E\ + 2cA — gA) 

g 

— — wi* ^ ^^ y sin (c A H- c^ 7» A — g A) 



3 



— — wi* ^ ^^ y sin (c A -h c^ 7» A + g A) 

21 

— — - 7»* ^ ^^ y sin (2 JS A — c A — c^ m A — g A) 



m 



9 



— -— ^ ^^ y sin (2 £ A + c A + C^ wi A - g A) 



2 

9 

2 

37»« 



— ~ wi* ^ e^ y sin (c A — C/ 7» A — g A) 



^ ^, y sin (c A — c^ 7W A + g A) 



+ — Tw^^^^ysin (2JSA — cA + C;WA — gA) 



+ -5- wi* ^^,y sin (2 JS A + c A — c^ 777 A — g A) 

Zi 
27 

+ g^77i^^*ysin(2c^77iA-gA) 

27 
■*■ 32 ^ ^i*y sin (2 c^ 772 A + g A) 

+ 1^ TTie^^sin (2 JBA - 2c,77iA - gA) 
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This expression for s agrees, so far, with that given by M. Plana^ 
vol. i. p. 498. 

From this expression for s in terms of the true longitude (A% 
the expression may be found for the same quantity in terms of the 
mean longitude {n t). By Taylor's theorem, if A = n^ + «, 

^ = (^) + (di) « +teJ¥-*" VdX3J2r3 + *^- 

(5) being the quantity arising from the substitution of nt for \\ in 
the expression for s in terms of A\ 
Having found Sy 

5^ 5^ s' 

tan "^5 = 5 7r + -: — -=- + &c. 

So 7 

The relation between the constants h and a may be obtained by 
means of the equations 

d r raj 

where, for simplicity, I have neglected quantities depending upon y*. 

(dr\* e^n'* 
J7/ """q— 



2 /d R can give no constant term, 



Considering only the constant part of the last equation, since the 
coefficients corresponding to all the arguments must be separately 
and identically equal to zero, to the degree of approximation in* 
tended. 

If ^{ 1 + ^ + 2roj^ == n or n /l -f <2,rX = n 

d X = n d / -f &c. 

--.= -¥■ «f\/^{'-"*}=v/¥ 



'Ki 
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« = a|l-|-7«^} 






<i a 



If -^ = 1 + To + ^ (l - ^) COSf + &C. 



2 



c*{l -3ro} = 1 -2m^ 

But if r is considered as a function of a and n/, so that 
= cn^ + s — 'Bj 

^=1+^+ (l + |-w2)^cosf + &c. 
If -^ be denoted by ro, and -o"^^ ^Y ^aj 

~ = 1 4- To + e (I + Tg) cos? + &C. 

r 

-^= 1 - 2 To- 2^(1 + Fa — 3 To) cos f 4- &c. 
a* 

c«{l +r2-3ro} = 1 4-r2-2w2 
c« = 1 s- c = 1 — — wi«. 

By retaining other terms a further approximation to the value 
of c may be obtained, including the terras multiplied by e^, 6^% and 
y^; but having already found the development of 12 in terms of the 
mean longitudesj it is more simple to derive at once these terms in 



the values of c and a from the expressions for the variations of the 
iptic constants, as I shall show hereafter. 
in the present approximation, in order to have the coefficient of 



elliptic constants, as I shall show hereafter. 
in the present approximation, in order t 
sin in the expression for the longitude, it is sufficient to take 



dx h . o^a 

at f^ a* 

H 



{■+|-o}{>-'^}{'-T}'-f 
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= n^ -f -^ ^^sinf + &c. 



c 



= n^ + 2 



9 



-< 1 -f — 7w* ?"^sinf 



7='+l 



+ ^ 1 + — w^ J^ ecos f + &c. 
The quantities a and n being connected by the equrition 

M. Plana has instead of these equations the following : 
X = n ^ + 2 4 \ +—m^> esin^ + Sac. 



r o 



( 1 -^-tt) ^cosf 4- &c. 



The latter expressions may be derived from mine by the substi- 

1 — ~ 1 instead of e, which substitution is not in- 

admissible, on account of the arbitrary nature of the quantity e. I 
shall, however, retain my expressions, although regretting these dis- 
crepancies, as they influence many terms in the subsequent approxi- 
mations. 

I shall now proceed to consider some of the terms which depend 
upon a further approximation, first determining the second term in 
the evection, 

15 
The term —m in rg, already found, see p. 37, gives the term 

J^w3^cos(2T-f) in IR. 



2 — 2m — c}2 1— 47» if,. 11 T 

— 2w — c}® — 1 . .11 2 4w\ 8 J 



!__ 22 

^ ^ 4m 32 



Again, 

{2 — 2»» — c}*— 1 \2 — 2 m — c J 
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»» ^ 8 



Hence 



's 



r 1 2n rs ^ . 19.3 ,, , .1.1.5 1 



15 , 187 2 
= -8^ + 12^ 



\ ^ ^ {1 - 2w} ^ J (1 -2w) 

{ 



wi) 



= < — Wi + -TTT- nr + nr 

-{^ + ^'» + T'»}l'»'}(-rzV 

15 . 203 , 9 o 15 . 3 , 

15 263 2 

= — m -f --Tr wr 
4 10 

1 
In order to obtain the terms in 5 — depending upon the next ap- 
proximation, it is necessary to obtain the following developments : 

3 / I \ 2 , r d R 

8J2, ■q"'^!^ — ) ^"^ 5d /J. The expression for -, — results 

immediately from that for /{, and does not require separate consi- 
deration : this is the case however far the approximation be carried. 
$ d 12 is easily deduced from 5 11 by the addition of a few terms, which 

result from differentiating 5 — and 8 A with respect to n^t only, and in 

the first approximation, -5— results by a very simple process from R, 

In order to obtain the terms in 8 A depending upon the next ap- 

H 2 



I 
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proximation it is necessary to obtain the developments of i -^— , 

Neglecting y* 

Considering r as a function of n ^9 a must be written throughout 



m* 



instead of «, Tq = — , and I find 

o 

1 -r— 1= TT + -r-m^cos2T — nr e cost —-^nre cos (2t — f) 

jtA\da/ 2 2 2 ^ 

3 3 

+ — m^^cos(2T + f ) + —m^e,cos^f 

21 3 

-f — - m^^^ cos (2 T — fy) — —m^^^cos (2t + f^) 

4 4 

Taking r = a ( I — e cos f ) and 

1 fTl^ 2 

a 5 — = -^7 4 w'^ cos 2 T + -tt^*^ ^ cos f 
r o 3 

+ \^m-\-^-^rtf^ecos{^T-l) 

33 3 7 

+ Yg^^^cos(2T + ?)- Y ^^^/C^'^^^ + -Q-^i^^^cos (2 T- 0^) 



w^ 



-— £?^C0S(2T+f/) 



2 



r8^=^ + m2cos2T + ^^cosfH-4 -5-/^+-^ rrfK- ecosi^T-^^ 
r O 2 L o 32 J 

95 3 7 

+ --^»n2ecos(2T + f) — — fw^e^cosfj + -5- m' e, cos (2 t — f () 



16 -^--v • ■ -/ 2 /"*./■ 2 



m* 



-— (?,cos(2T + f,) 
fA dr 2 2 2 

+ ^m« <?, sin (2 T - ?,) - "I" OT^ e, sin (2 t + ?,) 



l\ 
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17 77 

+ — m*^sin(2T + f) — Siwe^sinf^-f -^ wi* (?^ sin (2 t — f^) 



11 



- jgm*^,sin(2T + f^) 



,fj_ 513 75_2__^ a_ 789 51^ 99 33 T ,1 

■•■L4'*"128"''64 6 4"''4"''64"^32"32 ■*" 32 J ''^ r^ 



m* 



«) 



4b-+{^+I-4-4-+¥}-}-<"- 

+ {i+4-T+4-T}"-"<"+e 

,r 3 21 3 1 . 21__^, 231^_33 231 33 

■•■L"T'*'T X'^T"'" 8 8 "^ 64 64'^ 6 

+ {-!-"•'+ {t—F + T + tH}'''-» (»'- 
+ {T"'+{-T-T+-r-T}~'}''"=«'(*' + 



33 1 . , 

64- -64 }""'«*«' 

i) 



i) 



m*cos4T 



14 32 J 

r45 451 3 r 513 9 78^_i_^^\«4l 
132-16/'^'+ i-128 -T--6r"^32/'^ I 

, f75 . 3 51 33 1 4..^„/A._LSN 
+ i64 + T-32-32;"^'"'(^' + ^) 

^f2l 21__^_2311 , ^^(4^ -y 
^18^8 64 64J '^ '^ 

^18 8 ^64^64/ ' V -1-^/ 



e cos (4 T — ^) 



f4 96 4f 



ri35 ., ^ 



L3^2 

{15 o 235 -\ ,^ ^. 



if-}'-« 
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{9 3 "I • 9 

— w?'- — mf^ W^cos(2t + fy)— — i«^cos4t 

+ {-!«'- ?|^^}.cos(4r-f) 

g 

In the equation which serves to determine the expression for the 
radius vector, d R signifies the differential of /£, only as regards the 
coordinates of the moon. Hence d J? = the difiPerential of iJ, sup- 
posing only n t variable + the differential of R with regard to n, t^ 
only inasmuch as it is contained in the terms in r, X and s due to 
the perturbations ; hence d J? = the differential of R, supposing 
only n t variable 



+ 



(l?)^^-C^)-'--ei?)<-' 



d . S r, d S X and Al s being restrained to mean the differentials of 
those quantities with regard to n^ t only. 

/ 1 15 S 

d r 8 — = 2 m^ sin 2 T + — m^ ^ sin (2 t — f) + — m^ e^ sin f ^ 
+ — m«^ysin(2T-fy)- ^ ^^sin (2t + f^) 



2 ' ^ -// 2 

11 15 
dSx = — m^cosSr ^ m^^cos(2T — f) — Sw^^^cos f^ 

4 2i 



•I 



231 3 ,^ ..11 



m'^ycos (2t — fy) + -Tj. m^e^ cos (2t — f^) 



'(^jo'-Vd?)^*--^* 



^^ 



-yg-m'* e sin I -|- -g-m* e sin (2 t — |) 



■*" I 4 8*8 64 64 "^ 32 "^ 32"'' 4 "^ 4 J '^ ^ySin^, 

9 45 

— -j-m^<?,sin(2r-^)— -j-w'«c,sin(2r-f ?,) — j^ w^ c siu (4 t — |) 



lR' = ^ 
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135 A ' *. ^'J A • /^ w 147 c * c 
-jjr m^ ^ sin + — m^^sin(2T — f) — -^^m^^ySinf/ 



3<i 



9 9 

'- — m^e^ sin (2 t — f ^) — — m^ e^ sin (2 t + f /) 



45 



— -7-. m* ^ sin (4 T — f ) 






16 ^- "' f ^* 



H- 



|4-+{ 



187 2 
96 "•" 3 



}«^| 



e cos (2 T — I) 



33 7 ^4 

+ Yg»»<«cos(4T + |)4- — j»4«?,cos(4t-5,)-— ^,cos(4r f ^) . 



iJm*+^%os2T + 
30 3 



{^ 



m^4-- 




+ 



{5 251 "1 65 

— m3 + — m^ J^ ^ cos (2 T - f) 4- — m^ ^ cos (2 T + ?) 



m 



+ —m^efcos^i - — ^^cos (2t — f^) - — m4^^cos(2T + 0^) 



2 



4- — cos4t + 



{^ 



m^ + 




cos (4 T — f ) 



33 7 w* 

+ ^m^^cos(4T + ?) + -^w^^/Cos(4T — f^) — — cos(4T4-f/) 

r* = a"* (1 — 4 ^ cos f) 

3 r* /. 1 \2 19 4 . m^ ^ . r45 3 ^ ♦Wd^Tl ^ 
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<:7} 



+ 



QO Iff I 



+ — m^^cos(2T + ?) + — nr^efCOs^f 

- —e,cos{iT-^;)- — m*e,cos{2T + ^;)J 
+ — m"* COS 4 T -f -< -^ m'' + "ST^^ /^ e cos (4 t — f) 

+ — m4^cos(4T +g)+— m4^/Cos(4T + f^) 

3 

— — wi4^/COs(4t + ?/)♦ 

I shall now attempt to determine some of the terms in the reci- 
procal of the radius vector depending upon the second approxima- 
tion, integrating as before by the method of indeterminate coeffi- 
cients the equation 

-, . d'.r^S— Sd^.r^fs— )'' Sd^r^fs— y 

d^jT* r \ r / \ r / (^ . [^ 



2,dt 



d<« 



2d^ 



d<« 



+!/■'"'+ K^) = » 



r,{(2-2m)2-l}=(2-2m)»r,-2|{g-^+l}i^iJ, 
(2-2)»)'=4-8j» + 4«i' r,=-^ «', = 






w 



= 3m>+^m»+^ 



{, 8 , 4 .1 „ , tifi .m* 



m^ + -^m^ + 



131 
18 



w 
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» r 3 . . les t, U7 t\ 

; 21 , 9 , , 9 4I , 9 .1 

' «,4_ {l+4i» + 13m»} 

{4 + 3m+-|-m«} { - ^»a _ |.„. + ^„4}. 



2 . 

'•"-x" 



7 . , 157 , . 3349 



2 



i»* + -^'«» + 



8 ^ 48 



TO- 



ry {3 - 4 w + m5} = - I0w< - 2 {2 -f -^ + t} 



10 . 3 , 



-{»+t+t}{t + t--x}{>+t'»+M 



m 



3 91 . 1265 



zl.tn^ 

2 24 144 



tit" 



'•m{(4-4iii)3-l}=(4-4m)2ti,i 



]p 16 . 3 .2.2.9 . 



7 4 



8 



riM {(4- 5 m)«- 1 } - (4 - 6 m)« ri,4 
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-'{{t^Mt^^+f^)^'^^} 



„ 16.21 , , 2.2.63 . 

15ri84 = _j— m^ "*■— 32~ *^ 

49 . 

ri8«{(4-3m)»-l} « (4 - 3m)«ris« 



-^{{r^+>}T«'»+(i^3«)?««'.»} 



-- 16.3 ^ 2.2.9 . 

7 , 

The expression for the longitude is to be obtained from the 
equation 

d\_^_j_ r^R -x. 

±8.^= -a y^^ai-+ r ^^ 
/x dA da r dA 

— -T — = -^ wi® sin 2 T — ^ w^ ^ sin (2 T — 0) -\- — m^e sin (2 t + f ) 
+ — 7»*^^sin(2T — g^) — -^7»*^^sin(2T + g^) 

jd. ( j-r ) 

a VGA/ _ _3^2sin2T+9w2^sin(2T-f)-3wiVsin(2T + J) 



f& da 



21 3 

— — m^^^sin (2 T — fy) 4- -^^^^/Sin (2 r + f^) 



ro— =— +7w*cos2t+ — ^cosj4- -s -^^ + "oTT^ yecos(2r— f) 

25 37 

+ — m^ e cos {Q,T + ^) -- —m^ e^cos^, -\- —m^ CfCosi^T — f^) 



59 
, dR 

— ., = 3wi«cos2t -9»»*^cos(€1t — f) + 3wi«ecos(€lT + 0) 

21 3 

+ — w»«^,cos(2t - f,) - —m^e^cos^^T + J^) 

* llo-^."5«->.. f 15 . 263 ,"1 . .^ ^. 

5 A = — wi*sin2r+— wi'esmf + -( — w«+ — m* Wsin(2T— f) 

17 77 

+ — 7»*^sin(2T + J) — 3wi^^sinf,+ YgW*^^sin(2T— f,) 

B, ^dR m* . ^ , f r 45 45-1 , , r 513,75 9 3 789 

;r d^ = -T"°*^+|i-16-8|'»'+i-'54+32-2"2"33 

, 61 99 33"! J . « , r 3,3 151 . . ,« g. 
+ 16-16-16/'" 7^""^ + i-4+T-T}''''^"°(^'-^> 



. r 3 1 .151 4 . ,Q i2f^.J' 21 ^-L^l, 3 231. 

+ l-T-"5" + TJ'"^"'*^^'*"^^^+ L- 4 -T"^T'*'4-32 

33,231 ,331 . . ^ , [9 .,[9 71 .I . ,„ „. 
-32"^ 32- + 32/'" ''""^ + |t''* "^ IT-TJ *" r'""^^''-^^ 



sin 4 4* 



^fr 45,45T 3, J- 513, 9 ,789 99l .1 , ,, ^. 
+ |i-l6 + -8}'"' + i--g4 + 2 + 32-r6}'"7^*'"(^'-« 

r 75 3 51 331 ^ 
"^ l""32- 2"+16 + l6J *" '"°(^'" + ^) 

. r 21 21 231 ,2311 .... -X 
. f 3 , 3 33 331 ^ ' ,. ^.. 
a^d/J »«\;„o^ I / 135 , 2649 4I . ^ « 4 • ,0 r^ 

+ |-m4esin(2T + 0+{|-m3 + ^'}e,8in(2r-t 

{951 9 

"■ 2"'»' + 2""* J *''"" (2 '■ + i) + jgm4sin4 T 

. r45 . , 957 .1 . „ ^. 

■^ 11^ + gj- M^l £- sin (4 T - 

+ ^i«4c8in(4T + + jgw*^,sin(4r-|,) - jg w< r, sin (4 r + ^,) 



I 2 
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e cos (3 r — S) 



/•j,diJ,, m* „ . rl35 3,2649 A 

+ 3 m* ^ COS (2 T — f ) — -^ w* ^ cos (2 T + f ) 

o 

+ {- T"*" - f »»*} '^z cos (2 T - f,) 

{9 1 1 "1 9 

— wi^ — ft" ^* r ^' ^^^ (^ ''^ "^ ^') "" «I ^'^^ ^^^ "^ ^ 

. r 15 3 1037 A ,, y^ ^ A /. 

+ < """16^ ^w*J^cos(4T-f) — — wi4^cos(4T + f) 

63 9 

+ xj w^ ^/ cos (4 T — f ;) +— w4^^cos(4t + £/) 

Considering the terms due to the first approximation, 

J— -d/= -rri -vCos2rH ^ 5 r- 

dX 4(l-m) 2(l-2m+4m2) 

/ 3 , 3 - 3 ,1 „ 

-f {|-m2-|-9m3 + i^»»4|ecos(2T-$) 

, r »i2 „,3 17 •» 

-i- \- -2~ 3""'72 J ^*^^^ "^^^ 
, r 21 3 63 a 189 ,-1 ,^ ^. 

Finally, 

r 135 3 2649 r\ ^ 

{9 141 "1 
— — m^ — 9 nc^ — m"^ > e cos (2 t — f ) 
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rSl , 99 o 305 rt 
. 9 . ^ . ri5 o . 1037 n ,, 

q 53 g 

+ ^wi^^cos (4t 4- ?) + — m^^^cos (4t - f^) - — w4^^cos(4t 4- £^ 



a« 



-5-=l + 2ecosf 

+ {-^m + ^m2}ecoi(2r-0+^m«*?co8(2r + $) 

• r 3 „ , 449 .1 u,/7 ,,157 ,,3349 ,1 ,„ ^, 

r m« 91 , 1265 .\ fo A rM 7 A A 

+ |--2 — 24»»'--i44 '^ /<?/C<»(2'• + J.)+-g-m<co8 4T 
49 7 
+ -g-m<«?,cos(4 T - i) - -j|- m* <r,cos (4 T + {^) 

For the value of a* ( 5-;- j , see p. 55. 



ecos(2r — ^) 



+ {^ + l}m«*co»(8T+{>+|-3m»+{^ + |-].m«le,cosS, 



k. 
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+ {-j- + -2-}»»^co«^«'+ -[-4- + -2-} »»^«.cos(4t- t) 

4- { - -J- - -g-} '^^^z cos (^'•+ U 

l/7 2 ,157 a .3341 .\ .. . 

, r - 91 a 1385 . \ ,„ , ^ , 

9 63 9 

-|- -7- w* cos 4 T -f- "2- m*f; cos (4 T — |^) — j- m< e^ cos (4 r + {,) 

Certain terms multiplied by m^ e and m"^ e are wanting to com- 
plete the last expression. I have not yet attempted to calculate 
these, as they are affected by the discrepancy which I noticed in 
p. 50. The following series, however, which results from the mul- 
tiplication of the last expression with that for — / -r— d /, given 
p. 60 at foot, is not affected by this omission. 

-Fy1?'"=^'■^{T-+T-^-tt+4}••}~'• 



{{-f+S}-+{- 



. . ™ ,«. 3 . 2649 9,1 .45.609 
'ri1-i«"rQor"*-r1 64" "T "'" T "^ 32 "^ 128 



}-} 



+ -J5J h»»< \eeo&l 



+ {{-|+t}'»'+{-»+t}™' 
+ {-^--|+t+t}'»^}'«»(»'-«) 

+ {72+ -6 + ^ + I } '"4 ""^ (2r + {) 



.-d 
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, r21 , 21 3 3 1, 

. f 21 , , 99 . . /305 , r 9 1 J 



ri037 9 .45 ,6091 ,1 ,. ^. 

■♦■t"l92 "" T + ^ + l2g/'"|*^*^**'(^''-^) 

+ l32+2"+-64/'" '^°*(^'' + ^) 

r63 , 21 ^211 , ,. ^, 

+ L64+T + TJ*" ^'*'*^(^''""^) 

{9 3 3 1 
- gj - g- - -g-| m<e,cos (4 r 4- ?,) 

{3 3 3 T 

"T^* + i"^^ + — w* ?" cos 2t 

^ r225 3 4775 ,\ ^ 

+ \12^ -T28-^/^^^^^ 

+ -s — — wi^ — —m^ — 18 w^ > ^ cos (2 T — f) 



3 



+ 



9 4 



. /21 i . 99 3 297 A ,^ 

+ ^-g-w' + 16'^ ^ "32 ^ /^/^^5 (2^ - ?/) 

{3 39 33 "I 

"¥"**" Te"** "•" 32*" J ^'*^°* ^^'^ + ^'^ 

173 399 

+ -g^ ^^^ ^ cos (4. T 4-0) + -^ ^i^ ^/ cos (4 T - f ;) 

57 
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11 2 .59 3 ,893 , 

The term in Ag multiplied by m^ depends upon a furthe 
proximation. 

1/, ,3to, 9 \ 
5^5^ 2j^^79 3 ,7551 , 

f 91 1385 3 39 21 «.M 

^^ '^ 1 - *" - 12''* "TT *" ?*" 16"* 32*^ + ¥ J 

11 , 257 , 7337 . 
--IB'" -48"" -576 " 

^131°" It" ''"ei'" J T 25'6'" 

res « . 399 ,\ 1 1407 , 

^34= It" + gj"" It - Be"' 

r 9 , 57 ,"1 1 201 

>^135= l-T" -64"* iT=-2S6 



m* 



The relation between the constants k and a is again to bi 
tained from the equations 

Considering 12 as a function of a and 72, 

da r d A 
Neglecting the eccentricities, it is sufficient to take 
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r 8 — = 4- m^ cos 2 t 8 a = -t- m* sin 2 t 

r 2 8 

a«d72 w« 3 , ^ d^ 3 . . ^, 

J— = —- + -r- m* COS 2 T J — = — m'' sin 2 t 

ft da 2 ^ 2 dr 2 

ft 4 4 32 32 

hence r^ss — -\- Tr^m*, when r is expressed in terms of a and n /. 

(d rf = r* (d -^y « (-1) "* (d . -^)* = 2 n« «« r^% in which term 
^ may be put for n*. 

1 Ir, /^o /^"» d/J3m. a*.^ , 

-o=-a{l+2m* cos 2 t} -jt = ^. % sin 2 t, A contains 

f* a* '- •' d A 2 a^^ 



no term of the order m^; when expressed in terms of a, 

dx 



C-^ d / = — ^ m^ cos 2 



a L 4 64 J a 32 

*^{l + 2ro f ro« + !^| = aft {iH- 2ro - 2 r,« - l^m^J. 

4«= flft 1^1 + 2ro - 2 ri« - 1^ m^J. {n- 2 Tq + 3ro« - ^J- 
/, ^^ 5 . 57 A 



6t> 
Considering only the constant term in the equation 

^ - A - _L /**' ^ ^ / 
d 



If this quantity be called n and if n = 1/ -~- 

a r m^ 49 .1 r 2 „ P69 ^1 

»?' 83 ^ 
= ^ + -6 -288'" 

So that when r is expressed in terms of a and n t^ 



6 28b 



ro = — - :^7-. w 



M. Plana has 

, m^ 199 4 

I shall now endeavour to obtain the terms in c, proportional to 
V? and m"*, by extending to these terms the method employed in 
p. 49, for finding the value of c. 

^^y = -6-288^ + is ^^'- 288 ^'^r^^^^ 

r3 = a3{l-3<?cos|} r^ = a^ {l -4( cos^} 

^H =^n--2+96'^^'+3"''-288''^7 

- rw2 155 ,\ , 

3 .>/! V -145 , , 1733 A ^ 

2'Kt) =*ni6''*'+-l^'"r''°'^ See p. 55. 



/■ 
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, / , »i« 155 . , 45 , , 1733 ,\ 

, / , w/2^45 3 .6439 ,\ ^ 

=. a- ( - 1 - ~ + jg m3 + ^ m^ | . cos ^ 

Hence 

. r, , mJ 45 3 6439 .\ 
^ i^ + T-T6''*'-576'"'} 

1 . 2 « 869 , ./»'=. 135 , 5999 . , 135* ,1 
.• /i ^ J 135 , 23726 ,1 f, wi^ , 45 ,^6439 , . m<\ 

, 3 „ 225 3 40869 , 
= 1-Y"* -16"' -T152"' 

3 2 225 o 4577 . 

C =: 1 — 111* — ftt — ttl^ 

M. Plana has 

3 . 225 o 4071 4 

4 32 12H 

The value of c is influenced by former discrepancies. See p. 50, 
and p. 66. 

I shall now show how the term in A, multiplied by m^ —5 may 

be obtained, in order to give an example of the method of arriving 
at terms of this class, very few of which are sensible, being multi- 

plied by the extremely small quantity — ^ . 

The only term in r^ which requires to be taken into account is 

4- Kx? y ^101 = ~ 15 '^ 1^ ^ ^^^ ^^^"^ " T "^^ ^ ^" ^ S^'^^^ 

•«/*i-r»i. 5o«.dwH, 5 ^ a 

m 2 / d -«, the term — :^nr —9^ m ^ -1— 5 the term r ^^ -o» 

J 8 a^2 dr' 4 a^ 



and 



in / -1— d L the term — -rrm^ —o* Hence, 



• This term arises from i d /?, or , see p. 55. 

K 2 



68 
a^ 5 .a^ 



8 a^^ 4 a^ 



385 2 a« 



Q 'r3.225 151 , «« 

L 250 8 J a 2 1 2^Q ^2 

^ I 128 "^ 512 "*" 16J 2 a2 - i024^ fl^* 
which is the term given by M. Plana. 

In order to obtain a further approximation, h S — and X -f § A 

must be substituted in the disturbing function for — and A, and 
the squares of the quantities S — and S A retained. 



Neglecting in R the terms multiplied by -5 and by s\ and omit- 
ting the factor m^ 

■H=-;5^,{^1 + 3 cos (2 X - 2 X,) J- 
2i= - (L±-^'/ j + 3 cos (2 X - 2 a, + 2 8 a) I 
_ {1 +3cos(2x-2x,)} J'g^.^^ , ,^,\ 

+ ^sin(2X-2X,)8r8x + -|4(cos(2>^-2A,)(8x)« 
r, i r, 

8r= -r«8— + r'(8— y 

Neglecting the terms multiplied by 8 — and 8x, 

iJ= _ 3r«li±i-'=°^i^3^— '-^> (r8-Ly 

^r^ \ r / 

-^ ^%in (2 A - 2A,) (r 8 y) 5 A,+ -I ^cos(2 A - 2A,) (8a)« 
d J? and r ( -r— ) may be obtained from R as before. 
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= ^/- {"n (2X - 2X, + 28X)} 

3(r+2r8r) f . ,„ ^ ,/ 48x»\ 
= 2,8 ^ |s.n(2X-2x,)(l-— ) 

+ 2cos(2A — 2a^)Sa > 

*"/ '■/ 

-Usin(2X-2x,)(8x)» 

Neglecting as before the terms multiplied by 8 — and 8 X, 

9 r' • /o. o.\/' s» IV 6r«cos(2X-2x,)/ » 1 \ „ , 
= -2j:3S.n(2X-2X,)(^r8-j '—, ^'(^rS-J8x 

-^%ln(2x-2X,)(8x)« 

In order to have the term in -r-, of which the argument is f^* 

dependent upon the first power of the disturbing force, and which 
is multiplied by m\ it is sufficient to take 



d. 



a* d X . 2J . 3 . 

T — = — 3m*sin2T— ~m*^^sin(2T— fy) + —m^efSin(2T + ^^ 

f/f Ck Q' A £i 

rl — = — m^cos2T4- ~x- w*^/Cos(2t— f^)— — m^^;Cos(2TH-fy) 

d.— 
^ — = Sm*cos3T4- ^m'^yCOs(2T— fy) — — m^^yCOs(2T+fy) 

l\^ — vi?%m^T-\-—n?efim(^T--'i^'- •^w^^/sin(2T + fy) 

These terms give rise to the term in -y-- 

r 3.157 3.91,3.479 3.257,21.19.3.19^21.59,3.591 ^ .^ 

1- 2T1 2':^+ 2716" 2T48+T:F"*"T:6''+" 4.12 +4.12/'^*''**"^' 
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633 . . y 
= — -J ^- ^z'*' ^/ sin f y 

In order to have the term in -v— , of which the argument is f^ 

multiplied by rtt*^ and which is dependent upon the cube of the 
disturbing force, it is suflRcient to take 

cos (2 A — 2 Xy) = cos 2 T r 5 — = w® cos 2 t 

r 

Sa = — w^sin 2 T — 3 /w ^^ sin f^, putting these values in the equa- 
8 

tion of line 7, p. 69, 1 find 



^AR 



dA 
whence, finally, 



= — S^— 3 —'~>Sm^e^s\\\Ji^ =-^m^^/Sinf^ 



r469 , 9 6f\f^ 17n <* 735 
^^=|-8-+^-^-o--T6- + ^j^'^=-r6 



m^ 



I have calculated manv other terms besides^hose which have 
been here detailed as examples, but these are sufficient to show how 
the expressions for the coordinates of the moon^nay be arrived at 
directly, by employing the differential equations in which the time 
or mean longitude is the independent variable, ^nd how a verifica- 
tion may be obtained of M. Plana's final results. Considering the 
importance of the Lunar Tables, the uncertainty which at present 
exists with respect to the magnitude of some of the terms, and the 
extreme complication of the necessary calculations, whichever me- 
thod be adopted, this verification cannot be looked upon as a pro- 
blem of mere curiosity. 

Finally, through either method the true longitude is expressed 
in a convergent series of sines of angles, consisting of various com- 
binations of the angles t, ^, ij and f^ and their multiples, and no 
others. The reciprocal of the radius vector is expressed in a con- 
vergent series of cosines, and the latitude in a convergent series of 
sines of the same angles, and these two latter quantities contain no 
term proportional to any power of the time without the periodical 
terms. The quantities c and g also being rational, it is evident that 
r and s must vary withiiv given limits, and the stability of the system 
may be inferred. 

The non-sphericity of the earth introduces into the disturbing 
function the term 

I V 
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M being the mass of the earth, and m the mass of the moon. See 
Mecanique Celeste^ vol. iii. p. 183, Tis the nuantity denoted by Q, 
in my Account of the " Traite sur lejitix et reflux de la jncr" p. 32. 






When ^ = / 



If J is equal to the ratio of the centrifugal force to the equatorial 
gravity at tne earth's surface, the preceding expression may be put 
in the form, (See Account ^ Sfc, p. tO,) 

Substituting 

for a:, r siny A sin od + r s cos oo 

fory, r siny X cos w — /• 5 sin w 

and for ar, rcosyx, 

» being the obliquity of the ecliptic, and fx the longitude of the 
moon, reckoned from the first point of Aries; the term to be added 
to A, is 

- o ^ ^^ ^ sin^yx sin^w4- 2 5 sin^X sin od cos w + cos^w s^ — — > 

which agrees with the expression of M. Damoiseau, p. 581. In his 
iiotation, 

— = a^, J = a f , a^ Di co = X, /X = /u 



^2 



Knowing—, {the compression^ Faplatissemetitf) the inequalities due 

to the quantity 8 F, may be determined ; and conversely, these in- 
equalities obtained by observation, furnish the means of determining 

1 
the compression^ which is thus found to be about - -. 

The eciualions 



^-'^r.y -^ = /^ 
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dv + 



r^ sin (V — v) 



d* + 






(see p. 10.) J serve to verify some of the theorems of Newton in the 
third volume of the Principia. 
In fact 

i2= -^-[l + 3cos(2V-2A,)-2i«J- 

r«5(^i^)=-f^^{l+3cos(2V-2A,)-2,«}5 
(t?) = W''"^^^~^^'^ |f,=tan.cos(A'-v) 



3 



— ~ cos (X'— v) sin ('2 X' — 2 A^) ^ d A' = 



d V + ^ ^2 y:^ -^^ sin(x'-v) + 3cos(x'-X^)^ cos(x'--X^)sin(\- v) 



— sin (V— X^) cos (X'- v) > — sin(x'— v) I X d' = 



3 /w 1^ ^ 
— d V = , g ^ 3 sin (X* — v) cos (X'— x^) sin (x\— v) d X 

3 fifi c^ 

= — '3- sin (X — v) cos (X — X^) sin (X^ — v) d X nearly 

= 59.575 "" (^ "" ") ^^^ (^ " ^) ^^" (^~ »') ^ ^ 
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Which agrees with the result of Newton, Prop. XXX. Lib. 3. "Est 
igitur velocitas nodorum ut IT x PH x AZ, sive ut contentum sub 

sinubus trium angulorum TPI, PTN et STN Sunto enim 

PK, PH et AZ praedicti tres sinus. Nempe PK sinus distantiae lunne 
a quadrature, PH sinus distantiae lunos a nodo, et AZ sinus distantias 
nodi a sole, et erit velocitas nodi ut contentum PK x PH x AZ " 
Similarly 

— d I = — ^ — 3 — sin < cos (X — v) cos (A — x,) sm (X^ — v) d X 

**Erit angulus G P^ (seu inclinationis horariae variatio) ad angu- 
lum 33" 16'" 3"" ut IT x AZ x TG x |^ ad AT cub." Prop, 

XXXIV. Lib. 3. 

The preceding theorems are not true for the terms multiplied by 
the higher powers of the ratio of a to c^, and therefore they do not 
npply to the Planetary theory. The proof given by Wodehouse 
( Treatise on Astronomy^ vol. ii. p. 442.), and noticed by Mr. Whewell, 
is liable to objection, because the equations which he makes use of 
to determine the quantities d < and d v (in his notation I S and S^,) 
require the disturbing function to be developed in terms of the mean 
longitude explicitly. The theorems of Newton relating to the mo- 
tion of the moon's node, and to the variation of the obliquity of her 
orbit, will ever be ranked amongst his greatest discoveries. 

M. Gautier has drawn [Essai historique sur le probleme des trois 
corps^ p. 53.) a parallel between the methods of Clairaut, d'Alembert 
and Euler; and it will be seen that their methods do not resemble 
in any respect those which I have employed. Both Clairaut and 
d'Alembert, by means of the differential equation of the second order, 
in which the true longitude is the independent variable, obtained 
the expression for the reciprocal of the radius vector in terms of 
cosines of the true longitude. They substituted this value in the 
differential equation which determines the mean longitude, and ob- 
tained by integration the value of the mean motion in terms of the 
sines of the true longitude. By the reversion of series they then 
found the true longitude in terms of sines of the mean longitude. 
The method of Euler is not so simple, but it is remarkable as intro- 
ducing the employment of three rectangular coordinates and the 
decomposition of forces in the direction of three rectangular axes. 

Although d'Alembert and Clairaut made use of the same differ- 
ential equations, disguised under a different notation, yet they did 
not arrive at these in the same manner, nor did they employ the same 
method of integration. Laplace has pushed the approximations to 
a much greater extent ; but his method coincides in all respects with 
that of Clairaut. 

4. Before the publication of my own investigations I am not aware 

L 
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that any one had attempted to arrive directly at the expressions 
for the coordinates of the moon in terms of the mean longitude. 
Lately M. Poisson has published a very important memoir*, in which 
he has discussed various points of great interest in the Lunar theory, 
and in which he proposes to arrive directly at the desired expres- 
sions by means of the variations of the elliptic constants. 

The following are the expressions in the notation of this treatise, 

(I fl = -— d t 

anas 



ds =s 5 (1 — vl —e^) -T— d^ "I J— d^ 

arne ^ ^ iXe an a a 



d ^ = — ^ (1 — v I — O -y- d ^ H 5 1 — d / 

a^n e df or ne a'a 



Cl -CT = 3 i — d t 

drne de 

1 I dR ,^ 

fl* « sm I V 1 — e^ d I 

, 1 dR,. 

^* ' - a* n sini ^r^2 jy or 

See the ThSor. Anal. vol. i. p. 330, or The Mechanism of the Hea- 
vensy p. 231. 

In these works R is used with a contrary sign to its acceptation 
in the Mecanique Cileste^ which I have followed. 

See also an excellent paper by Mr. Ivory, in the Phil. Trans.^ 
1832, Part I. 

In the notation of M. Poisson in the important paper to which I 
have referred 

d S = cos I d V 

The quantity R may be considered as a fiinction of the quantities 
e, 6 and -bt, or of the quantities co, c and v, 

dR , dR,^i\R, dR. ^dR . ^dR. 
de db duT dc d oo dv 

dc=:d? — d-cT dw = dOT — dS 

dR, . dR.g , dR. 
d 6 d b d -Bj 



* Memoir e sur le mouvement de la Lune autour de la Terre, 
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i\R , d«, ilT? , d/2,^ d/2 dg 

= -i~d6 j— -dw + -1— d«r — s — db -f —, 

iic (ic (XoD (1(0 i\ V cos I 

whence, 

d«_dK dft_dR_crR d/^_ dli i\R 

d« dc d-sr^dctt dc dS"" cos « d v d « 

dtf = — J— d^ 

an d e 

dc = df — dfir 

a n d a a'^ne de 



d ^ = — 3 { 1 — V 1 — ^^} -r- 



a* w c d ctt a^ n (? d c 



4/l-eM7Z (l-g^) d/gj^ 
a^ II ^ d Ctt a^n e Ac 



dco = d'6j— dS 



Vl-e^d/e,^ , cosi d/Z , . 

a* w c d ^ a* w sini V 1 — <?* d I 

di _ ^ ^^ d/- ^^^* - ^^^^dj; 

"" a^ « sin 1 4/1 — c^ d V a^n sin * V'l — ^^ d w 

1 1 aiz .^ 

The latter are the equations employed by M. Poisson. 
J=scn^ + c g — gsrc + ctt ij = gn^ + c4-« 

f — g + y = c + « + a = (e *) r = w ^ — w^^ — (g) + (s,) 

Considering R as developed in terms of t, f, f^ &c., 
\\R dR dR 



, 2 rdR^dR^dR~\ . 

dfl = -< -1 h -77: + -r- M^ 

an \dT d f d ij j 



* lu M. roisson's notatiuii. 
L 2 
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order, as r^ards the eccentricities and inclinations, by the method 
of the variation of the elliptic constants, the development of the 
disturbing function must be carried one step further. Generally 
given terms, in the expressions for the coordinates of the disturbed 
body, may be obtained by whichever method aflbrds greater faci- 
lity, but it is not allowable to separate the disturbing function into 
two portions, so as to consider one portion by the method of in- 
tegrating the differential equations of the second order, and the 
other by the method of the variation of the elliptic constants, with- 
out ascertaining at the same time, that the terms obtained by one 
method are not already included amongst those obtained by the 
other. In the former method no inequalities of a given order, as 
regards the eccentricities and inclinations, arise from terms of a 
higher order in the disturbing function. So, for example, if only 
the inequalities were required which are independent of the eccentri- 
cities and inclinations, all the terms in the disturbing function multi- 
plied by the eccentricities and inclinations might be neglected. In the 
second method this is no longer the case, and in order even to obtain 
the inequalities of the coordinates which are independent of ^, the 
terms in R multiplied by e must not be neglected. So again, by de- 
termining the variations of ^ and -cj, which arise from the consideration 
of the term in i?, of which the argument is t — f -f f p the inequality 
of longitude, of which the argument is r + fp is obtained ; which in- 
equality is multiplied by e^ only, although the term in R from which 
it was deduced was multiplied by e e^. So, also, by determining the 
variations of* and v which arise from the term in 2?, of which the argu- 
ment is T — ij + >j/» the inequality of latitude is obtained, of which the 
argument is t + ij^, multiplied by y^ only, although the term from 
which it was deduced was multiplied by y 7/- Generally, in order 
to arrive at the terms in the longitude multiplied by e^ and quantities 
of that order, it would be necessary to carry the development of R 
to the terms multiplied by e^, e^^^, c^e^^ &c., and to arrive at the 
terms in c and g multiplied by e^, it would even be necessary to obtain 
the terms in Rq multiplied by ^. This circumstance presents an- 
other obstacle to the employment, generally, of the method of the va- 
riation of the elliptic constants, whether in the lunar or in the pla- 
netary theory. On the other hand, certain terms in the inequalities 
are obtained by a first approximation, through the method of the va- 
riation of the elliptic constants, which only arise in the second or 
even in the subsequent approximations, when the differential equa- 
tions of the second order are integrated by the method of indeter- 
minate coefficients, as in the case of Arg. 9, &c. Either method, 
however, is, I think, complete in itself; and both, whether in the 
lunar or in the planetary theory, properly managed, must lead to 
results precisely identical in all respects. 

By following the analysis of M. Puisson, given in the Memoir 
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already referred to, I have obtained finite expressions for the non- 
periodical portions of r^ and r~^ See p. 8. 

By the help of these equations I have obtained for the constant 
part of R (or Rq) in the lunar theory, an expression in finite terms, 
by developing which, the terms depending upon any powers of the 
eccentricities may be arrived at. 

For this purpose it is sufficient to take 

27T - -^8 ' cos (X' - x,)«| See p. 25. 

r r^ cos (A* — X^) =s r r^ {cos x' cos \^ -f sin x' sin X^ } 
cos A* = COS (X* — v) COS V — sin (x' — v) sin v 
tan (x^ — y) =r cos i tan (X — S) 

^ ^ Vl 4- cos« I tan* (A - g) 



S) 



. , ^ . cos * tan (X — &) 

sin (A — y) = . — --^ — - — - — 

^ 4/ 1 -f cos^ I tan^ (A - 

^ cos y — cos I tan (A — §) sin y 

cos A =3 ^ o \> ^ 

4/1 + cos* J tan* (A - g) 



cos y cos 



(X-g)-.sin(A-g)sin y/l - osln«-i\ 



^ 1 — sin* I sin* (A — g) 

cos (A — g + y) + 2 sin* — sin v sin (A — g) 

Vl - sin* I sin* (X - g) 
Similarly, 

sin (X — g + v) — 2 sin'-^ cos v sin (X — €) 
sinx^= ^ 



a/1 - sin»isin^(X-6) 
r^r^r Vl - sin* » sin» (X - S) 



k 



80 
therefore, 

rVcos (X' — A/) = rr,< cos^ -^cos(X — \ — § + v) 

+ siii^ -^ cos (X + \ — S — v) V 
And it is sufficient to take in this instance, 



7'^^ rf cos* 



(V-X,r = ^^'{cos4^ + sin4^} 



. 9 * 1 — COS I o ' 1 + cos I 
sin' -2 = 2— *=°' -a = "~"2 

therefore, 

■■'('+4'')/, 3 -.n 

_ _ /d_w\ _ g (1 — cost) /dig\ 
~ V d ^ / ^ sin . v^n^ V d I / 



4( 



< 1 — sur I Vrrr 

3(1 +|-^A(i-cosO 
\ s^ / cos I 

4(1 ^ eff {\ -- e^)^ 



m^ 



4* o o ^ o^ 

which agrees with the expression of M, Plana, vol. i. p, 485 *• 

* According to M. Plana, 

3 - 225 - 4071 ^ 265493 ^ 
c=l-^m»-^«.»-.^m^~-2048-'" 

12822631 - 1273925965 - , 3 , , . 675 , ^ 
"^4576-^^ 589824 fn7 + j m^ e^ -^ ^ mU^ 
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Similarly, 



g 



—a;) 



('-I") 



4(1 -^;*)*(1 -O^ 






m* 



M. Plana has the terms 

64 32 ' 

See p. 46. It must not, however, be concluded that these results 



. 31893 . . . 1546665 . , . 3 ^ . 189 . ^ 



. 3963 ^ . 336987 , 9 . . 825 , 
^ 128 "' ^ ^ 2048 8 ' 32 ' 256 

1767849 , , 75 . ^ ^89 - , „ 9 . » ^ 
1024-^''-32'^'^^-l2"'"' ^ "^16'"^'' 

2475 „ « 9 693 , 45 ^ 

■•""ei""*' ' "^T'"''^''^*"*""32 ''^""32^**' 

225 , ^ 27 ^ . 2241 . . , 3 , . 
^ m e, ^m y 256 ^ ^ 32 

45 .ii» 7425 »a« 
S2^ a* 512 '^a/ 

See TMorie de la Luney vol. i. p. 485. 

M 
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are at variance with each other, until it has been shown that the dis- 
crepancy is not removed by the subsequent approximation. 

The equation which connects the quantities n and n may in like 
manner be obtained from the constant part of the expression for 
dg — dS+dv. 







^ (1— cosi) d^ , 

a^n V\ — €*sini dv 



{\-efy 



3 o\ /, 3 \ (1 — cos 



-(■-HO-iy-i^ 



cos I 




+ periodic terms 
= -< 1 — ?»*— —m^e^ — ^rr^ef — T'^^y^ -f&c. > w^ +&G. 

n ssTtJ 1 —m^— — m^^ — —ir^ef — j?M*y* + &c. \ 

which agrees with the result I found, in the Phil. Trans. 1834, 
p. 138, by a different method ; but it may be observed, that by the 
method here used terms are obtained, which by the method of p. 48 
arise only from a further approximation. 

The terms in c and g which have been found from the expres- 
sions for -T— -, -r—, may also be found from the expressions for 

J — , -i — ^with equal facility. 

^d«r4-{2 + ^ cos (X — tj) sin (X — tar) r* ( -p- j d A 

- h^r^QOs{\ - w) ( j^) d A = 

See p. 16. In this equation the square of the inclination is neg-* 
lected. 

It is sufficient to take 
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e d -BT = r^ cos (X — • -cj) -1 — d X 

^ ^ dr 



7-3 



It is also sufficient to take 

rf 3 = a^-« (1 - ^2) - f seg p^ 9 

and in r^ only the term multiplied by cos (X — tj), 



r'dXssa^w V'l - eM^ 



. .a (cos — e) 
(X — «r) = — ^ '- 

Let r^ = o^ {^ + Be cos (x — -bj) + &c.} 



cos 



r« 



{^■f B^cos(X — «r) -f &c.} = Vl — ^-Hj^do 

Multiplying both sides by cos (X — «r), 

{-rf+-B^cos(X — «) + &c.}cos(X — «r)dx 
= \^l — ^^(cosu — e) (1 — ^cost;)du 

= ^ 1 — tf*-< cos u 5" ^ "" ( "p" + ^ ) c^s 2 u > d u 

= -^ — + a series of cosines of multiples of (x — tar) U d X 

Integrating, making X — cr and v equal to 180^ in the result, I find 

S = - 3 \/T^^ 
and 

c = 1 — J-- =1 r- ~ ^ ^* as before, p. 80. 

dx 4(i-^«)4 '^ 

The part of iZ which is constant, is 






*8,1 



whence c = 1 — tt 

d^ 



M 2 
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— _ ^/^^ h — 1— A^^ ^5 m^ (t* 

- "■ 4|xfl^2 3,1- ■"45^fl^'"327'fl? 



= 1 + 



m. a^ I ^ S m,a^ 45 w. a^ 
- -a ^5Li = 1 +-: ■ --^ -f tt; — -T 



4 jx fl^« ^^ ^ 4 |tt a/ ^ 32 jx a/ 

4 32 tt* 

The following are the numerical values of the constants adopted 
by M. Plana : 

m = -07480130 e = •05484728 e^ = -01681013 

y = -09005900 — = '00252064 

My letter a appears to correspond with a (1 4- jo), or a in 
M. Plana's notation, 



g g 

The letter e of M. Plana's notation corresponds to the quantity 
I have called ^, p. 6. See Theorie de la Lune, vol. i. p. 50. 



ON THE PERTURBATIONS OF THE PLANETS. 



5. The determination of the perturbations of the planets, and of 
the satellites of Jupiter, flows as an easy corollary from the method 
already explained of determining the perturbations of the moon. 

In the theory of the planetary perturbations the terms depending 
upon the square of the disturbing force are much less sensible than 
those which occur in the theory of the moon. 

In order to render the Table applicable to the planetary theory, 
it is only necessary to write the indeterminate i in the arguments, 
retaining the same indices, thus ; 



~ 





23 


2i+J, 


46 


iT+3E-E, 




It 


31 


ir^2i-l 


47 


2E+3E, 




I 


25 


iT+n+^ 


48 


iT-2£-2|, 




i-r-l 


26 


■n-t 


4H 


i T+2 £+2 t 




■ T+E 


27 


Jr-3E+?, 


50 


ai-2i 




i 


38 


.- ^+2 E-t 


61 


iT-2E+3E, 




i.^i, 


3a 


E+2t 


5i 


iT+as-ai^ 




iT+t 


30 


i.-l-3J, 


£3 


E+3i 




n 


31 


>>+S+2i 


54 


i^-S-3S, 




1.-21 


»3 


1-2 E, 


63 


i '■+£+3 t 




i-r+as 


33 


i— «+3S, 


SO 


E-3(, 




£+£, 


34 


iT+E-2i, 


57 


i— £+3E, 




i'-l-l, 


35 


3£, 


58 


''■+S-3i 




i •■+£+£, 


36 


■>-3E, 


S9 


4£ 




E-5, 


37 


iT+3£, 


80 


iT-4E, 




■>-£+£, 


38 


iE 


61 


fr+4i 




i '■+?-£, 


39 


iT-4£ 


62 


2, 




2E, 


40 


■■'+41 


63 


iT-S, 




i.-SE, 


41 


H+l 


64 


iT+a, 




i.4-3J, 


43 


■ T-3E-E, 


146 




30 


3S 


43 


'T+3E+E, 


147 




31 


«V-3S 


44 


3i-l, 


148 


ir+» 


22 


£^+3i 


43 


ir--il+l 







Two inequalities only of the order of the cubes of the eccentrici- 
lies have yet been considered. 

If ntf n,t represent the mean motions of Jupiter and Saturn, the 
fallowing are the arguments of one of the inequalities in question, 
called the great inequahty of Jupiter and Saturn: . ' 

5T-3Eor2iil-6i>,t + 3w Arg. 21^ 

4r-2E-£,or3n(-5«,( + 3w + iir, 24,4 

3T-E-2ior2B(-6n,( + w + 2w, 33^ 

3T_|_2i,,or27i(-Bn,( + i» + 2., 
2»-E,-2n,Or2B<-5n,< + w, + 2., 

If «(, 71, i represent the mean motions of Mercury and the Earth, 
the other inequality arises from the arguments 

ir — 3lornl — iJi,t+3v Ai^. 2M 

3r-2i~loTnl-in,t + 2w + v 24^ 

2r-i-2loTnt~i«,t + v + a-w, 33^ 

2r-i-2»,ornt-in,t + -w + a,, 
»-C-2^ornt-4B,i + w, + 3,, 

The terms depending upon the fifth powers of the eccentricities 
are sensible in the great inequality of Jupiter. The only other in- 
equality in which terms of this order have been found to be sensible, 
occurs in the theory of the Earth and Venus, and was discovered 
by Professor Airy. 

If nl, n,t represent the mean motions of Venus and the Earth, 
this inequality arises from the arguments. 
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13 r 
12 r 

11 T 

10 r 
9r 
8r 

13r 

12 r 

13 r 
12r 

11 r 
lOr 



55 
3^-25, 

S-4i 

3g-2if 



or 8 n^ 
or Snf 
or 8 n ^ 
or 8n/ 
or 8 n ^ 
or 8n < 
or 8n / 
or 8n< 
or 8 n < 



25-5,-211 or8«« 
5-2 5,-2ifor8nt 
35,-2»f or8n< 



13 «^ / + 5 w 

13 n, < -|- 4 w -|- w, 
13 n, i + 3 w -I- 2 w, 
13n,<-f2'ar + 3'ar, 
13 n, t -)r 'V -{- 4 'v, 
I3v,t-{'5v, 
13 »^ < -|- w + 4 » 
13 n, * 4- w, + 4 » 
13 ff, ^ + 3 V 4- 2 » 
13n^«4-2wH-w, + 2f 
13 «^ * 4- w + 2 w, 4- 2 » 
13 n, t 4- 3 v^ 4- 2 » 



The care with which Professor Airy has determined the numerical 
amount of this inequality (see Phil. Trans. 1832, part I.)) is no less 
remarkable than its detection. This discovery by Professor Airy 
forms the only direct contribution towards the perfection of the Pla- 
netary Tables by an Englishman since the publication of the Tables 
of the Planets by Halley, in 1749. 

These inequalities become sensible, as is well known> from the 
small divisors, 2 n — 5 n^ w — 4 w^, 8 w — 1 3 w^, respectively, introduced 
by integration. 

I now proceed, first to obtain the development of the disturbing 
function, and then show how the inequalities of the reciprocal of the 
radius vector and of the longitude may be obtained by means of the 
equations I have already employed in the lunar theory. 

Let 



4- &c. 



Then 



^»'» " ^ "^ 2.4 a,8 "^ 2.4.4.6 a/ + ^^' 

3 a2 i^^g. 1.3.3.5.7 gy 
^»»« ~ 4 a,2 + 2.4.6 a/ ^ 2.4.4.6.8 ^« ^ **"' 

3.5 gS 1.3.5.7 a^ 1.3.3.5.7.9 a7 
^•3 ~ 4.6 a,8"*" 2.4.6:8 0/ "^ 2.4.4.6.8.10 a/ "*" **^' 

^ 3 a 3.3.5 a3 3.5.3.5.7.9 a* , - 

3.1 '^^'^T'^" "2X^3+ 2.4.4.6 ^■+'**'' 
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*3.« " T ^"*" xo" ^■*' 241:6:8 ^«"+" *^- 

3^.7 a3 . 3^^7.9 gfi 3 ^^^.7.9.11 a7 
^»3 ~ ■4:6" a,» "^ 2.4.6.8 a/ "^ 2.4.4.6.8.10 o/ "*" ' 

. a , 6.5.7 o3 , 6.7.5.7.9 a« , ^ 

^i=^*s:+Tr5T"^-2:o:6 57+*^- 

5.7 fl2 , 5.5.7.9 g* 5.7.5.7.9.11 gC ^ 
**'« " X a,s ■*' 2.4.6 g/ "^ 2.4.4.6.8 g/ "*" ^' 

5.7.9 g» 5. 5.7.9.11 g» 5.7.5.7.9.11.13 a7 
**'3 "" "iS" g,» "^ 2.4.6.8 g* "*■ 2.4.4.6.8.10 g/ 

These well known expressions for the quantities b are here given 
for the convenience of reference. The following equations oi con- 
dition obtain, of which the first three are given in the Mecanique 
CelestCj vol. i. p. 268. See also the Mechanism of the Heavensy 
p. 24?S. In the notation of the Mec. CeL bn,i = J/'^ 

**/ **/ **/ 






_ 2_(2/^-Wjf_4) a , 



2 
Since 



^ *»»' " 2^ ^*i»+3,f- 1 — *n +2,1+ 1 1^ 



{2 a fl* 1 - — 1 

1 - — cosT + ^J- * =-2-*m + *»,iCost + J^,3Cos2t 

+ &c. 
Differentiating with regard to t, 

^sinT-|Y*»+i,o + *«+i,i COST -f 6«+2^cos 2t + &c. |- 
ss 6^1 sin r -)- 2 5,^2 sin 2 t + &c. 



i 



S8 



and equating coefficients, the last equation is obtained. 

Also, 
adb^i ^ na f a , 1, 1. "^ 

To" " ~"«7 \^, '••^''' "" "2 "+'•'+' "" T ^«+«»*+' J 

Ojdb^ _ _ q dft«,| 
dui da 

bn^i is the same as i /'"^ in the notation of the Mec, CeL 

a" 
The following are particular instances of the general equations 

above, and are inserted here for the convenience of reference. 






^A «(fi±V). 3a 



2 a, "3,4 



a. 



3»3 2 a 3,« 



^.,«2(al+V)._3 a^^ 



5 a 

2'7i;^i.3 






2 a; 1'* 



1.* 2 a. 



1.3 



3 a _i(fi±V). 5 a 



7 a 

Y V, ''3»* 



,...li^±f^,,_|.^, 



«/^ 



2 a, 

3,4 - T ^ ^3,3 



« . («2 + a,2) ^ 5 a 



2 



2a/ ^'2 a,2 %i 2a/^'0 

a ^ 3 (gg 4- a?) . _ » « 4 

"^ ^^^.^ " '^^ ^^^^ 2 a, 5'^ 



a _2(a2+a,2) 7 a 

2l, **.3 ^^2 V - "2 "^ *^» 



6 _ 4(a2 + a,2) 11 a 
Ok t= o Oft A -" -?: o 



2a. ^'5 



3 



'5,4 2 



fl/ 



3.3 



flS _|_ Q 2 
\0 = —T2—V- 2 — ^3,1 



a 



a2 + a,^ a a 

^»'« ^7~" ^^3.2— — ^3,1— -^ »s,! 



, - ^^ + ''i^ r « r « A 

^».S ~. "^2- ^3,3— — ''3,2-' — "3,4 



ft,« = 



a2 + a,2 



,0 = —2— *5,o- 2 -65.1 

*3,2 = ^2 *S2 *- ' * 



^ 5,1- ^^-5.3 



_a^ + a\ a a 



a 



0. . = 2 — *5 3 *5 a-~ — *i 4 



'3,3 



3*1.3 =27 *^*^'^"" ^''^^ 

^3.1= 2"— {*6.0-*6.2} 

3*8.3'= 2- "^^ **'*""**•*} 
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L6 
d 



i 
"d 



The quantities ^1,09 ij,i5 from which all the other quantities ig, Jg, 
&c. depend, may be obtained at once from Table IX. in the Exer- 
cises de calad int^graly by M. Legendre, vol, iii. See also vol. i. 
p. 171 of the same work. 

(ix\, 4 /*dd> /, a\ , 2 /» d A cos 2 6 

the integrals being taken from ^ = to <f) = ~t. 
A = i/(l — ^*sin«<f)) 

c* = 7 ^ = r^ , a * beintf = — as in the notation of the 

Mecaniqite Celeste. 

'^=7iM^' *u = ,'(Ti:^){| (F- - E-) - F.} 

In the theory o( Jupiter disturbed by Saturn, a = '54531725; 
and hence in this instance if c = sin 9, 9 = 72° 53' 17". 
By interpolation, I find from Table IX. p. 424, 

F (72° 53' 18") = 2-6460986 

and ii,o= 2-180214, which differs but slightly from the value of 
Ai,ogiven by Laplace, viz. 2*1802348. 
Taking the orbit of the planet m for the plane x y, 

' \ rt {r^-^2r r/ cos {X - X/) + r,^}^J 

If 7-2 — 2 r r; cos (x - x/) + r,« = a« - 2 a^ a^ cos t + a,^ + E, 
E being a function of the eccentricities and inclinations, 

R = terms independent of b 

?^^ 

{a^ — 2a fl^ cos t + a^)^ 

•* .. I .. I ■ , I , ... . ■,.... N. .... II 

« f in the notation of Woodhouse's Astronmn^t vol. ii. p. 287. 

N 



\ 



COST 
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4-^ "^ r 

2{a* — 2 a fl^ COST + a'fY 

^J!hR _ +&e. 

2 . 4f{a^ — 2 a a^ COS T + afy 

and putting for £ its value 

22 = terms independent of 6 

- ^ ^Y ii,o + K\ c^s '^ + *i,2 COS 2 T f &c A 

+ ^ I Y *3,0 + *3,lC0ST + ^3,2 cos 2 T +. &C. | 

«* \ — e^— 2ecosf— — cosSf V— ^flayj ( — sin^-^ q~^) 

- y^COS(T-?)+-|-COS(T + f)4- -|-COS(T + ?i)- Y^'^^^^^""^'^ 

^ 3 3 

+ g- COS (t— 2f) 4- -g- ^^ COS (t + 2 J) - — c <?, cos (t— ?— ?/) 

---e^^COS(T+j4-?/)+--r^^/COS(T-f + J,)+^COS(T + ? — f;) 
+ |-^/cos(T-.2f,)+ ^COS{T + 2?,)+sin2^COS(2T-1J;)^ 

{3 ^^1 

— ^2 - 2^^ COS ?/ - -^ COS 2 J^ I + &c. 

- sTi ^ i"2 *^'° ■*■ *^^ ^^^'' "*■ *5,2Cos2t + &c.j^ 
-< 2 a* e COS — 3 aa^ e cos (t — f/) + <2a^ ^ cos (t + ?) 
+ a a^ ^^ cos (t + f ^) — Saa^et cos (t + f^) + 2a,^ e^ cos f / > + &c* 

By developing this value of 72, an expression is obtained which 
is complicated, but admits of many reductions in consequence of the 
equations of condition between the quantities b. 

The first term of R for instance 
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+j 



' I 2^,+ 2.4a,» *»-» + 2^»V"" 2 + 2 — y*" 

~ ri/ (2 a< «=> + 5 o» «,» (e» + *;) + 2 a/ e,») »..o 

+ 2Tii« ("''' + "''''') " «'*-' + Irlfl ^ ('^ + ''') *M } 

f 6.., 3 («»«' + »,' e,') , £fi/^„, <,,/«' +«A. 

3.2 (a» + a,')(a'«» + a,a^») 3-3 "V,,.,,. 

~ 374 "~57 2^7 *••» ~ "O" liT" ^* + "' ) *'■• 

?.2 (a'e' + »,'e;) a . 3.8 a*..?,. , ... . 1 

o — iJT t;*''' + 270 IT" (« + '' ) *w ]• 

and since 

*.,o = ^"'j",°''^ »».» - 2 f ».,. See p. 24. 

this term reduces itself to 
Again, the coefficient of cos (w — «r^), or cos (t — f + f^) 

=^ "4 ■" T ^8 *»'° " 8^2 *8.2 + 2T4 -2^;T- « «/ *6.o 

"" 27472 "^ '^'^•^ " 274 a/ ^ ^' ^^'^ - 2:T:2 1?" *«•»/' "' 

«J ^«A «A . 3.6 a r(a2+^ « 1 

= "•'!" "8" fl,2*8'0 "" S^a*''^ ■•■ 271 a.n 2a,^ *»•« " «, ^'^•^ / 

3 a r(a3 + a,2) a « a I . »«' /. a ll 

/ ^«i; ^A.^^A ^«A .2-3 a . 1 



''4T2*^ *8.2 



So tiiat the part of i2 which is independent of n ^ and n^ t. 



n2 . 
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=^m,< 



In the general case, when i|, i^ are the inclinations of the orbits 
of the planets P and P, to any plane, the direction of which is arbi- 
trary, 

cos 1^ = cos ij cos ij + sin ij sui ig cos (vj — y^) 
. 9 */ _ I — cos ij cos ig — sin i| sin t^ cos (vj — v^) 

sin ~Tr~ — ' ^r "~~~" 

2 2 

The part of JK which is independent o£nty Uft 

= wiy -I — -^ 4- - — g "S 1 "~ cos ij cos ig — sin ij sin i^ cos (vj — Vg) 



cos I = 



= 1 — ^ tan^i, sin i = — 7; - -. = tan 1 nearly. 



i/l+tan^i 



V'l+tan*! 



^ ^M "2^'*'8^ V^^^^'i "^ ^^^'2 ■" 2taniitani2COs(vi - v^ 
« ^ _ ^^» J.5g^ J _ {1^*3,0 - ^^^ *3,i} ^ ^/ COS (isr - tsr^) 



= m^ < 



— ^ + t; — -9 -s (tan 1, COS v. — tan h cos Vo)^ 
+ (tan I, sin Vj — tan i^ sin i^)^ — ^ — ef \h^y^ 

and if tan 1 sin v = ^, tan 1 cos v ss ^, this quantity 
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which evidendy agrees with the result given by M. de Pontecoulant, 
Theor. anal. vol. i. p. 363. All the other coefficients of terms mul- 
tiplied by the squares and products of the eccentricities are sus- 
ceptible of reductions similar to those in the two preceding pages, 
and finally; 






COST 



SfUi a 



m/a 



_J _ , cos {r-S)+^^e cos (t + f) 



2 m, a 



^ )6m,a , ^. m.a ^ 



Sniia 



3 m, a 



+ :l^"^cos(t + 2f)-^if ,,,cos(t - f - f,) 
+ ^ ^ ^^ cos (r + f - ^,) + ^ ^ ^ , cos (r - 2 f,) 

+ ^e»cos(T + 21,) + ^sin'i cos(t + 2,,) 

+ ^^^ ((3 i - 1) iv-.- (3 i + 1) ^3,+.)} 

+ »,:s/ (2 + a. _0 +*■)«% 



COS^T 
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- —^ ^*v+i V ^/ COS (/ T + g + f/) 






+ -^^-g -^ ^*3.'+»/ ^ ^/ COS (Z T + f - fy) 



■^ ^' ^ 1 16 ;^« ^^"-^ " "2^ ^^'' 



(2- 



^*3»»+'J ^' ^^^ («> + 2 fy) 



16 

e being every whole number, positive, negative and zero, and ob- 
serving that h^n = i,„,_„. The preceding expression differs in 
form from that given in the Mecanique Celeste^ and in the Theorie 
analytique du Systeme du Monde^ vol. i. p. 463, and is more simple. 
M. de Pontecoulant has given two examples of reductions applied 
to the terms upon which the secidar inequalities depend ; but these 
reductions may be extended to all the terms, and then the expres- 
sion is obtained which I have given above. 

In order to prevent the confusion which arises from too great 
generality, and for the convenience of reference, I shall now write 
at length the development of JS, which results from the last expres- 
sion, by giving some particular values to the indeterminate z. 



R z=: TJli "* 



- ^.0 j_ _^ / sin2 j£- _ fLtii! "I A 



+ { - ^f + 2^. »n» ^ (6,.. + 6,.3) + ^ (^±iS (5 *,,, - 7 6,.3) } COS 2 . 
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"^ I - 2^2 ■^" 4^2*3.0 - 2-,&M - 4^2*s.a/ ^ cos (r - 

J Sa a* a 1 

"*" I4a>*»'2 " 2^8*S'» " 4^2*8.4 1 ecos (3 T - 

+ {f^- 4^2*3.0- 2~,fr8.1+^2*8.2}^^O8(r+0 
■^ { ~ 4^2*8.1 - 2^3*3.2 + 4^2*3,8 }e COS (2 T + ?) 

"*■ { -4^2*3,2- 2^363.8+ 4^2^3.4} «cos(3'' + G 

"*■ i " 2^/3.0+ 2~2 ^8.1 } «/COSi 

^■{^"" 4^2*8.0- 2^/8.1 + |^2*w}^/<^0«(''-W 

"*■ i " 4^2*3.1 - 27/3.2+ 4^2*3^1 «/ cos (2 T- i) 

"^ { " 4 fl7*3.2 - 27/3.8 + 4^*3.8 } e, cos (3 T - 1) 
"*" {r^*^'^" 2^^2'» " 4^2*3.2} «/ COS (t + 5,) 

+ ii^*''' ~ 27/341 ~ 4^2''S.3} e,COs(2 r-h i) 

■*■ I 4^ ^''^ - ^ *S.3 - 4^ ^3.4 } ^/ COS (3 T -h i) 

r a2 3 a ^ 

+ I "" 2^*3.0+ 8^68.1/ «' COS 2 5 

+ { 8^ - W^».» - i;^*3.2} ^»cos(r - 25) 
, r 3o 3» i o' . , 17<» I. 1 5 / , o.■^ 
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■^ { 8^2''»'» "^ V,^^'^ " 8^2 V« I ee, COS (2 T - g - ?,) 

+ {2^2*8.0-— *3,1- 4^ ^2/ e«.COs(T + 5-fgJ 

+ {4^*a.2-~*8,3-2^^s.4}«^/COs(3T-f| + gJ 
-hrT2^s,i ««/«<»($-?,) 

"*■ 472*3'2 e e, COS (t - ^ + ^) 

■*■{"■ 8^*3.1 + 87^^3/ ««/COs (2r- S4-?/) 
+ {""472^3.2 + ^^3.4} e«,cos(3r-|-|-^) 

+ {""8^^2^3.i + |^2''3.3}^«/COs(2t + $-5,) 

+ { " 2^''3.o + 8"^2^3.i } e,2cos2 ^, 

+ i8^-T6^Ao--^3.i+i6-i*3.2|-,^cos(.-2$,) 

+ {-Tl^2'3.^-f*«.3+|j^34^^^-^(3-2$.) 
+ {8^2-l|^2^8.0-X^2^2}e;cOS(r + 2|,) 
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- 2^2 *3,i sin«-^cos 2 1), - 2^ 63,9 s^'g- ^os (t - 2 r,,) 

- ^ *3,8 sin' -^ cos (2 T - 2 1,,) 

-|^*3..sin'-^cos(2r + 2,,) 

d jR 

The terms in r -p- multiplied by ^ and e^ admit of similar reduc- 

u r 

tions. Considering only these terms, 

+ — ri- ^/ cos (t - f ^) 



«/ 



^f » « 7 (1 +2 fl* , 

^ r 3 ( 1 + I ) a , i a , 

+ ~ fis.<+i }■ f/cos (it + f,) 

If fl > a^, and 

{a a 2"1 _ ' 1 

1 - -J. COST -h-^j- 2 = — ii,o + *i,iCOST + 6i,2COs2t + &c. 

fa a '"I -1 1 

V ~ "^ ^^* "^ "^ "^ J ^= 2-*3»0+*3,lCOST-|- J3,2COS2t+ &C. 

the value of R may easily be inferred from the value which it has in 
Ae former case. Considering only the terms multiplied by the 

^centricities, 

^(AR\ Sm, a , ^. ^ m, a , ^^ 
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■*" 1 8^2*3,1 H- — Va - 8—2*8,3 } ee, cos (2 r - g - I) 

fa 3 . 3a, 1 

■*■ I -KZ *3,2 + — *8.3 - ■;;^ *3.4 ]■ ^ «/ COS (3 T - 1 - ?,) 

+ {2^2*8.0-— *3,i- 4^*3,2} ee,cos(T-f 5+5^) 

"*■ 472*3.2 « «/ COS (r - g + I,) 

■*■ i " 8^*3.1 -h g7^*s.3 }««/ COS (2 r - S + &) 

+ {""472*3,2 + ^^3.4} e«,cos(3T-| + i) 

■*■{ ^2 - 2^2*8,0 + 4^^3,2 } ^ ^/ cos (r + 5 - ?/) 
+ {"" /^2*8.1 + 8^2*3.3} ^«/C0S(2r + |- ?,) 

"^{"'ra''2^8'2 + 2^2''3.4}««/C0S(3T-r |- i) 

■^ { " 27;^3.o + 8"^2*3.i } e,2cos2 e, 

+ 18^- T6^2*8.0 - - &3.I+ 16-i *3,2 I -.^ COS (. - 2 S,) 

+ {-4i2*3.i-2V«'^+S^'^'^}''''"^''"'^^ 

+ {-Tl^2*3.2-|;*3.3 + |j2*8.4}e;COs(3.-25,) 

+ {8^72-llv^'''"l^^*'''^''''°'^"^^^'^ 
-*- { - 8^2*3,1 + 27:*»'«} e,2co» (2r H-2i) 
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- 2^2 *3,i sin« -^ COS 2 1), - yL jg^^ Sin* — COS (r - 2 1,) 
- 1^ *8.8 s»n» -^ cos (2 T - 2 .1^) 

-^\iSin«^cos(2T + 2,,) 

dR 
The terms in r -|— multiplied by e and e^ admit of similar reduc- 

Q r 

tions. Considering only these terms, 

+ — -^ e*, cos (t - f ;) 






^ r J a , (1 +20 aS 

+ ^ *M+i I ^iCOS (it + f^) 

If a > a^, and 
|l - ^COST ^'^^''^ = -^*i,o + *i,iCOST -h 6i,2COs2t + &c. 

I --^COST+-^J-"2=-_Jg^^j4.i3^^COST+ J3,2COS2t+ &c. 

the value of R may easily be inferred from the value which it has in 
the former case. Considering only the terms multiplied by the 
eccentricities, 

(dB\ 3w. a , y. ^ m. a , ^^ 
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Changing the sign of i, I find 
2J^=-l/(26£-30 j» + 8j'*)i?, + (9-27» + i^i')^^ 

which agrees with the expression given by Burckhardt for (M (®^), 
Memoires de r Institute 1808, Second Semestre, p. 39. 
Similarly, 

^' 2do ^ 4da 4'^ 

» - adi?,9 .p 
■"33- 2 da -"" 

on a^d'i?., (2»-l)adi?,9 (4J«-5.-) 

--"si- 4da9 + 2 do ■*" 4 '» 

_ <d«i?, (2t-l) a,di?i (4t'~5») 
^'""- 4da« "^ 2 d^+ 4 ^' 

If J = 2 

^ ^51 - -4d^ + 2- -d^- + Y ^'» 

I shall now give the details of the calculation of R^^^ for f == 2, 
as another example of the remarkable reductions which may be 
procured in consequence of the equations of condition which ob- 
tain between the quantities h. By the expression for i?, p. 96, 
I find the coefficient of ^^^ cos (2 t + 2 f^) or 

adi^ig 6a. .15a2ra 1 11 
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3a r 1 3 a. ,15 a\ 9 a\ 

_ 6a . 1 . 3a . ,^ 15a2, 9a2 ^ 

- 4^ ^8.1 - - ^8.2 - 8^ *6.i + 16^8 ^6.0 - 16^ Ki 

j^ Z a 15 a^ 9 a2 5 a 1 

^ = 16 i;*«'i "" 32 ^^'^-o ■*■ 32 a>**'2 "*" T^*''* " 2T/«'^ 

tdi?33 _ 3 a . 15a2 ,9a2. 15 a^ / a . 1. 1. \ 

da ""16 ^**'^ " 16 ^''«'0"^"T6 ^8^«'^" 16 i? I ■^^''-^ "Y^'''""" "2 ''''•«/ 

76 a3 r fl Ivl45a3ra 1 11 

+ 16i7U2^/''-«~Y^'U~32^l^*7'2""2"*''»""2"*5''M 

3 «L 15 «\ .9 a\ , 16 fl^ ra2-ha,2. a. 1 

- T6 ^^*'^ - 16 V*M ■^* 16 ^3**.2 + 16 ;^8 t -2^*7.0 - - ^.1 ] 

, 16 a« faa-f-aS^ a ^ o ^ I . 15 «* i. 15 «* . 

■^ 32 ^3 t "~^ *7'2 " "^ ^'''^ "" ^*''« J "^ T ^ *''° "■ T ^**^'» 

75 a3 , 76 a8^ 5 a ^ ,1 16 a^ . , 3 a 

"64^A»"^64^A'-T5?*»'^"^^^3'2~16^3*6.oH-T572^^ 

O -9 



"^Tea.s''*.^ 



15 a2 , 3 a3 , 9 a2 , 16 a2 , 15 a^ 

~ "" 16 Z}^^'"" ^ I6 ^*«»i ^ 16 ^3*5.2 H- 32 ^''s.o + 32 ^ ^.2 

, 3 a3 15 a^ 5 a ^ ,1 . 16 a^ 3 a 

A -9 



+ 16 ^''fi'^ 



^ «\ _L ^ « A _. 3 «^ . 21 a\ 5a. , 1 . 



Finallyj, 

» — -^5 a2 9 a 3 a3 21 a2 5 a ^ 1 . 

^ ^51 - a 573*6.0 - 32 ^2*«'» " T ^4^1 - 64 ^3 *6,2 + -g- -263.1 - 2^^''3;j 

15 a\ 3 a. 9 a^ 5 a 1 

15 Or ,3. .9 a. 46 a2 .27a2 

- 16 ^1*3.1 + 4^^3.2 + 32 „ 2^.1 - 64 i^l^'fi.o + 64 ^8*6.2 



a. 25 a 

3 a ia^-^a,^. 5 a "I 15 a2 



"" 32 V *'2 
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\ Hence the disturbing function contains the term 

-^'^*3,.^^^,^cos(2T-2f + 2f,) or 

If the coefficients corresponding to the nth argument in the ex- 
pressions for — and A. be called r„ and X„9 the Table which is given 

in the Appendix may also be used (when the square of the disturb- 
ing force is neglected,) for the integration of the equations 

2d^^ r a •/ dr 

and 

dX h I MR 



dt 



_h 1_ pi 

di?""^ r*y dX 

T C.1 ^ r% T^ raH ^ 



f* 



da 



L « J (« — «^) ft * fuiia 

{i{n — n)'-n\Jf , 3 \ 2(z — l)n« m . „ 



ftda 






jxda 
-4rc — fc H 'j ^ = 



» J ^ ^ {t{n-'n^^n) f*- ^ H-da 



lOS 






Except for r^y, or the term of which the argument is t + f^ which 
must be separately considered. 

If -= — = m^ Z, the inequalities of latitude may be determined 
from the equation 

^-^+73- + ^/^ = ^ 

which gives if «=a y sin ij 4- a y ^147 sin (f t^ij) H- fit 7 Zx^^ sin {i r -f ij) 

m 
r 

- { -•("-;>)-" }%., + ^ + .., + ^'.» z,, = 

d^ = ^fj^ -{_*8,o sin >) - 63,1 sin (t - i,) - 63,2 sin (2 t - ,) 

+ i3,,sin(T + >)) + 6g^jSin(2T + >)) + &c. > 

If » = 0, that is if the longitudes are reckoned upon the orbit of 
III, then if a < a„ 

^ = -i-£^^ '-(_1 - -^Ko - *3,lCOST-i3,sCOS2T - &C.J- 

+ -g *3,2 sin (2 T - 1),) - — 63,, sin (t + ij,) 
- 2-*8,2sin(2T + >),) + &cA 

+ < 2 Tj — 7 r — ' iJi > -TT r Sin t T 

[I] 

4 S 2 To + fj - iTTT— N \ — Rs 
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— ;; r it, >• ,-r-, r s Sin(lT — f) 

[3] 

\ 4^1 (t (n -«,) + «) /* 



-'iJ4 



(n - 72/) |X ^ J (j (W - 72/) +n) ^ ^^ 

[4] 



2 71 re . ^ 



72/ 



[5] 

[6] 

[7] 

« being any positive whole number ; excluding the argument t + f 
which must be considered separately. 

If we call the quantity i?„ which corresponds to i = 7w, jR,^,^ then 
neglecting the squares of the eccentricities, when a<^ a^ 

I? — ^ zlil I? — -? — ZI2I P — «- *!»« I? — ^i,s 
^^"" 2fl/' ^>'^"a« a/ ^^'^" "^^ ^^'^-""^ 

— ^/ 72^ r 272 / fl^ ?. A \ 

""^'^ - 7 (2 72 -72/) 72/ 1(72 - 72/) \Kf T, ^^'^ 

— " To w, « { a^ a J YX 
When a > «/, if 

, _ a, Saf 3.3.5 «^ , o, 
^'"~T+ 27*^ ■'"2.4.4.6 a5+**'- 

— »»)«' r 2« / a^ _ fc ^ 
*■'•' ~ I* (2 n - «;) nj U« - »,) W '* V 
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In the planetary theory, as in that of the moon, (see p. 48.) 



»"o 



_ g'dJ^ _ m,f (^ ^ _ff. A "I. 

a = a{l+±ro} 

If r is considered as a function of a and n t^ so that 
$ = cn/+ « — «* 






COS f + &c. 



If the coefficient corresponding to the argument n in the deve- 
lopment of 

be called y», then the coefficient of cos f or cos (c » ^ + e — -or) may 
be called ^g. By the expression given p. 96^ the coefficient of cos f 
in the devdopment of iS or m^ R^ is 



"''{-^8*8.» + 2^A.} 



and by the expression of p. 97 the coefficient of cos ^ in the deve- 
lopment of t-t—, is 

p 
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+ "*' 2^*3,0 whence y^ = - ^s*3,o + —4*3,1 



m,c? , m,a* 



^^ ~ 6i^3*a,o + 6^-^9*8,1. be denoted by r„, 

~ "3^ 3'" "^ sT:^ **> '^ denoted by r^, 

— = 1- + To + e (1 + rg) cos + &c. 



A«Z 



-5 = 1 — 2ro-2^(l + r2-3ro)cosf + &C. 



c« 



{H-r,-3ro} = l+r,+^{^35,o-|fi,.} 



m.c? ^ . m.c? 



This value of c agrees, of course, with the vahie of c found ir 
the lunar theory (p. 49 and p. 83). 
As in the luna^ theory, 

X = nif + ?-^^-^^^sinf + &c. 



= n^ + 2 



= n^ + 2 



' -712^3*3,0-2-63,. -^,i^.|j esm^ 



'^ ^ I "" ? \^3*3,o - ^2*8,1 J 5- be caUed e, then 

X = n^+ 2esinf + &c. 

The quantity e results immediately from observation, and 






I - 'ftltlf 

+ e 



1 — 5-^*3 — TTT — 8*3.1 > cos? + &c 
6ft£/,^ ^'^ 12fta/® 'J ^ 
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These are the expressions when a < a^ that is, when a planet m 
is disturbed by a superior planet m^. 

If when a < a^y 
— = 1 + r^o + ^/Cos i, + &c., I find 



^1 



fi = c,n/ + ff^ — -cj^ X, = n ^ + 2 e^ sinf^ + &c. 



a. , 971 , ma 



The preceding results are in accordance with those given by La- 
place. Mec. CiLf vol. i. p. 279. 

As in the lunar, so in the planetary theory, in some cases to ob- 
tain even the first term it is necessary to carry further the develop- 
ment of the disturbing function, that is to say, the expression for R, 
which results firom the substitution of the elliptic values merely of 
the coordinates of the planets, is insufficient. Thus r^ ^ being of 
the order of the terms which belong to the elliptic value of r, and 
not being proportional to mp q^^ contains the term 

as is evident from the expression for q^. Therefore, 

^'^' = "" 2i?*^'* + ""^'^ I " 2^3*3.0 + ~2*3,I j- 

^.| ^ (^"^'^«) "^-2^3*3.0 + -«J3,,J^=^/3.. 



,8 ^ ^2 



'='"*" 47J/''' ""o - ~ e^r^-o + 67^s*V 



p2 



r. , = 
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'»' 3 fa^m. man,\ , T^ mnri , 

ry^i coincides with the quantity I have denoted by r^os ^ ^^^ lunar 
theory (see p. 41). If, as in that theory, c^ be made equal to unity, 



Ka Ba 






'3,1 ' •*/ 

The last result is the same as that of M. Plana. 

If Sig7 denote the coefficient of y^ sin (t + ij^) in the expression for 

s the tangent of the latitude, -^ — contains the term 

771/ a , . , . 

2^*3,0^187% sin (t + 1)0 

Integrating the equation 

by the method of indeterminate coefficients it is easy to obtain the 
equation 



^187 



^(■,^n^+^^ -.-34 = ^s^K, . -^.K, 



ma J 



a 



*187 — 



a n, 

mi m—^ 

Qi n 

' The quantity r-, is denoted by^' in the Mtc. CeL^ voL i, p, 279, 
and by — y*' in tne Thior* Anal. j vol. i. p. 503; but the value to 
which I have arrived is, apparently, not in accordance with those 
given either by Laplace or by M. de Pontecoulant. A similar ex- 
pression, to the same degree of approximation, for r^^j may be 
obtained from the consideration of the secular inequalities of the 
eccentricity and of the longitude of the perihelion, so that this in- 
equality may be rejected altogether, both in the radius vector and 
in the longitude, provided a certain secular variation be introduced 
into those elliptic constants. The expression for ^.g; may be arrived 
at in the same way; and this inequality may also be superseded by 
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introducing certain variations in the longitude of the node and the 
inclination of the orbit to a fixed plane. 

According to the MScanique Celeste^ vol. i. p. 279^ 

— = "F*^*("3 — ) — »»'y^cos(if/ + fi — -cj)— wi'yVcos(n^+«— w') 
+ — m' Cntesm{nt+i'^v)+—nilDnt^sm(nt+e^vr,) 






dM("\ 



) 



d«^\ 



The theory given in this passage of the MScanique Cileste amounts 
to making, 

D a« 



These results coincide with those to which I have arrived, as re- 

Srds the quantities C and J'; this will be rendered evident by the 
lowing details : 

The expression for — given p. 107} line 1, may be put in the 
form * 

r 1 r 1 ^ "1 

-= 1 + _ro-e^l -— ro--^ay8 j-cos(«/ + «-«r) 

* In the MScanique Cikste the sign is +» hut it should evidently he — . This 
correcCi<m is given by Laplace, Mic. CiL, vol. iii. p. 60. 
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In the notation of the Micanique Celeste, 



'°~2Vda/ " '« - ~ T V d a* / ~ ~2" \"dF j 

eOT/""*" 2^*~12\ da /"TV do« / ^"XAa) 



2a» /d il^"' 
3 



/d^\ ^ / d« iiw\ _ 
Vda/""4Vda»^~ -^ 

^ o _ ^ /d AV\ o» / d» AW \ _ £ g /d AW\ 

2ot;*'''''"'2^*~ 4 V do / 4 \ daW 4 ** \Ta"/ 

_ g^ /d^w \ a»/ d*AW\ C _ a^ , 

" 2Vdo/ 4Vda»/~"*2~ 4c,«^' 

«?V= --2 1'^'^ (dada'j + ^«H-dF) 

2-?7,i--2^,i- 2" """TV do /■'" 4\ da" / 

o^CD aVd^^''\ 
+ ^4" " T V~dl~>/ 

o Aoy a« /d ^(»\ a» (^Am\ _ 
T "•" 4 V1^/ + 4 \"dl^y ~ "•'^ 



2 ~ 2 o,« 3'« 



Ill 



The expression given by Laplace, M6c. Cel.f vol. i. p. 279, may 
be put in the form, 



a 



* — jOo j«^ »/ sin (»< + » — «•,) 

ft a, 

— fjCosiT— {ra— rj}ecos(tT— g)— {r4— ri}ecos(tT+g) 

— rjtfjcosfy— ree,cos(tT — 0,)— r,c,cos(iT + f,) 
t bang any pos^ve whole number. 
In Laplace's notadon, when a < a^, 
a 1 d*i<"^ a 1 1 dJ^w 

^"i.*- a""'.' ~ "2 " ~ ~ "dl ' 

a 1 1 _ dV*^ 



d . 5,o) 






d . i,<«) 



3 



7 

"air 



i 
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The numerical values of these quantities are given for the 
pal planets in the third volume of the Mecanique Celeste. 

Q. The following numerical examples will serve to expl 
expressions given above. When a < a^ 

l+7'WAo-i2^^.||cos(«^ + «-. 
— fj cos {i {nt—Uft) + 6-^ g^) See p. 1 07. 

+ j'+^^("^*^'^""¥*;'^"4*^'^)} Seep.107 



- 2479193 



In the theory of Jupiter disturbed by Saturn, 

^ = -54531725, 6i.i = -6206406, 1 63.0 - ^'^|^^ 

63., = 3-186493 63^ - 2-082131 ^' - ^^ 

n ^ 337210-78 n, » 135792-34 

a » 5-20116636 e ^ -0480767 

See Mecanique Cilestej vol. iiL p. 61 & 81. 
Whence 

W «' - 9-4732982 ^^8- ^^'^ ^ 3-5262617 
log.^- 9 4732982 ^^^^ =0-6020600 

log. 63 1 = 0-5031766 

log. n= 5-5279013 ^'\2m\7 

5-5043761 
4*1283217 

1-3760544 = bg.23"-771 - ^^ &8.i> ^^ (^»5) 1" ^^ "O^a 

the Mecanique Cileste^ p« 87- 
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a2 



log.^ = 9-4732982 

log-*3,2 = 0-3185081 
log.'n:= 5-5279013 

5-3197076 
4-1263217 



bl9i3859 = l6''-537 = y— '^fta.sor |4^| in the notation of the 
M4canique Celeste^ p. 87. 

^363.0 = -353381, 2^3 63., = -473636 ^-^63,0 - ^ 63.1 = - -120255 

log. 120255 = 9-0801033 
log. 5-20116636 = 0-7161007 

9-7962040 
log.^ = 4-0033829 



5*7928211 » log. -0000620613 minus 



minus 



Laplace has -0000620566 mii 

See Mecanique Celeste^ vol. iii. p. 121, line 5. 
^°^-{S^Ai-^*3.o} =^-^^423277 



e :=: 8-6819347 

a = 0-7161007 



8-8403631 



H^ = 3-5262617 

»»/ 

5-3141014 = log. -0000206111 -f 

Laplace bas -0000206111 the sign omitted 9 

Mecanique Celeste, vol. iii. p. 122, line 28. 

Calculation of Tj j 

%n, = 5-1328751 ' «' « . .ftiin7^ 

log.n ^ 5-5279013 ^^^ V, ^''' = " ^^^^^^ 

log. 041075 == 8-6135776 

9-6049738 = log. -4026928 



1 - ^ = -5973072 
n 



a J I 

^*3.i - 2-63,0 - y 63,2 = - 1-48315 

^. 1-48315 =0-1711851 

% -i = 9-4732982 

V 

9-6444333 == log. -441045 



1 n—n, 
log. ^' 


= 0-7761940 




8 8373836 = log. 0687676 

2 




- -1375352 

- -441045 




- -5785802 
~ = -297371 




- -281209 



8 



3-3346239 



I 
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log. -281209 = 9-4490293 
log. 1-5973072 = 0-2033884 3-3346259 

log. -4026928 = 9-6049738 

log. 3359-4 = 3-526261 7 61 144054 = log. -0001301383 

log.a= -7161007 

6-8305061 = log. -000676871 + 

yj J = - •0001301383 Laplace has (p. 121) . . . -000676876 + 

Calculation of the coefficient of sin (w ^ — «^ if -f g — ej in the 
value of X, or Xi,,. See p. 105. 

2ri,i = - -0002602766 n J a^ a \ o.noyoftofi 

-0000204702 ^^S- ;^^ { -, - - Ki | = 8-8373836 

log. 3359-4 = 3-5262617 

log. -0002398064 = 6-3798601 

log. «-^' =. 9-7761940 i^^^ - ^^^- -0000204702 

n 

6.6036661 
5-8038801 ♦ 

2-4075461 = log. 255"-591 minus. 

Laplace has .... 255-591 7» the sign omitted, p. 120. 
In the notation of the MScanique Celeste, vol. iii. p. 120, 



iv ▼ 



When a^ < a 



ri 



''' " (« - n,) \f ''••^ " ft (r. - n,) V^ " ^^'^JJ 
In the theory of Saturn disturbed by Jupiter, 

3- =-54531725 6,,». 6206406 ^ - f^ 

^^3.1 - Y *3.o - Y *3.2 = - 1-483154 a = 9-5378709 



♦ The logarithm 5-8038801 is added to convert the coefficient into centesimal 
seconds; the logarithm 5-3144251 must be added to convert it into sexagesimal 
seconds. 



\ 
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Calculation of Tj j : 

log.n, = 6-5279013 

log. n = 5-1328751 4 " ^i i = 2-74216 
a/ 

0-3950262 » log. 2-48328 log. 2-74216 ^ 0-4380928 
*"^™^ log. in!!/ « 0-1712231 



1 - "' « - 1-48328 ** 



n 0-2668697 » log. 1*84872 

2 



-og. 1.48315 = 0.1711851 log. 3 - Jl^ - 9^5841988 

log. -'- = 9-7366492 



a 



fi 



^^:SS^ . log. -80879 ^^«- T - ^^^^^^ 

^' = . 3-36280 log. 1067-09 = 3-0282012 

a* 

6,,i = -62064 3-1074262 

4-79223 
3-69744 



log. 1-09479 » 0K)393310 
3-1074262 



^og- »'i.i = 6.9319048 
ri'i = - -00085488 

log.r,,i =6-9119048 
log. a ==0*9794518 

7.9113568 ^. log. -00815374 
Laplace has 00815384 p. 85. 

Calculation of Ai^i, 

log. -^- (—„ - 6i 1^ = 0-2668697 
log. 1067-09 = 3-0282012 



9-2386685 = log. -00173248 



2 n,! = - -00170976 
•00173248 



log. 00002272 = 5.3564083 
log.^J::^'= 0-1712231 



5-1851852 
5-8038801 



3-69744 



0-9890653 = log. 9^^-75 13 

Laplace has 9''-742382 (p« 134.) the sign omitted, which should be + 

22 



CORRECTIONS. 

P. £1, line 24, for ??-=-i read ?-^ 

P. 33, line \%for cos (2 t + f, + 2 ij) r^ad cos (2 t + ?/ — 2 ij) 
P. 35, line 9.% for gnt + s — tsr read gnt + s — S 

P. 65, line 15,/or / 1 + 2ro H- 3 V - ^1^ 

read^l~2ro+3ro*-^*| 

P. 76, line 19, for - — -- read - r-^ 

Saw %an 

P. 77, line 14,.^ -j— read ^5— 
' '"^ dv dt 
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APPENDIX. 



EXPRESSIONS OF M. PLANA 

IN THE NOTATION AND WITH THE ARGUMENTS IN THE 
ORDER HITHERTO EMPLOYED; FROM THE "THEORIE 
DU MOUVEMENT DE LA LUNE." 
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+ -57»« c^ e, sin (2 T - 3 g - I,) + -^OTc8e,sin(Sf - ?,) 



[42] 



[44] 



-^m^e,%vsx{^T- 3? + f,) -^m««e,«8in(2? + 2?,) 



33 



765 



64 



[45] 



[*7] 



+ -^»if«e,«sin(2T - 2? - 2fc) 



[48] 



. r885 . 297 



L ^'^ 



315 



256 



^m""'\^^«sin(2T + 20 + 2?,) 

[49] 



371 



+ -^m^«^,2sin(2f - 2g,) -^w^^,3sin(f + 3^ 



64 



96 



[50] 



[53] 



845 o . /- V _VN . 371 



+ -^»««<*sin(2T - g - 3?,) + ^iB<re,3sin(5 - 3fO 



32 



[54] 



[66] 



XV 



-^meetHiaCZr _ g + sj,) - ||»»sin4^, 



[57] 



[59] 



ExpKMkm of 
M. Plana m 
the true loii> 
gitude, ToU i^ 
p. 574. 



-- + - 

4 ^ 16 






+ 



( 

»/ 9 675 \ 



8S 
32 






[62] 



+ 



9 _ 11 o 29S9_o 168653 4 
16 8 3079 18432 



S3 o 75 o 45 p 



32 



y*sin(2T— 2)j) 
[63] 



[64] 




3 135 1077 p 
4" ii-^ 256"^ " 



21387 
2048 



y'( 



8 



405 
128 



)+"(- 



61 2025 
32 '*" 




^y*sin(0— 2ij) 



[65] 



[66] 

"^ I T^'^Te^* >^7^sin(2T — f — 2ij) 

[67] 

[68] 

[69] 



4- 



39 

32' 



;»i«<?y«sin(2T + g + 2)j) 



[70] 



XVI 



^raMkMi 

true km 
ide,Tol _. 

74.. -f 



*f ( ^ ^ ^23 o • 4481 • . 9 ol 



21 



-T2'^y^-^i 



27 



28^^' 



^, y* sin (g, - 2 1,) 
[71] 



[72] 

+ \T5^ -•^m«J-7«^,sin(2T - f ^ - 2i,) 

[73] 



77 



-— OTV<f,8in(2T -g, + 2i)) 



[74] 



[75] 



-2,) 



11 



+ 7i»»'y'<f/«n (2t + g( + 2i)) 



[76] 



+ {-- i---^'"}^y'«^(2?-2«»)--l|^7»8iii(2g + 2,) 

[77] [78] 

— Ti'»«*y*sin(2T — 2j — 2i)) T-ffle*y*sin(2T — 2g + 2i|) 



[79] 



[80] 



^ it ^ it 

— mg'y*shi(2r+ 2?- 2i)) — — »tee,y*sin (g + g, — 2i)) 



[81] 



[88] 



4- ■Y^»»«^,y'ain(g+g, + 2)j) + -g-»»-«c,y*sin(2r — jjf — g, — 2i)) 

[84] [85] 



S5 



■jg»ic^,y*sin(2T-g — g, + 2ij) 

[86] 



XVll 

*" the true Ion- 

[87] [90] g:'^«j». »»••'• 

—~mee,y*s\n{2T — ^ + f, — 2ij) 

[91] 

+ -J|wff^,y»8in(2T - f + f, + 2i)) 

[92] 

-]^»i ffffj/sin (2 T + f - f, — 2 1)) 

[93] 

Jot e* Y* sin (2 f, - 2 ,) + ^m c» y» sin (2 f, + 2 ,) 

[95] [96] 

+ -^»»/f,'sin(2T-2f,-2i,) 

[97] 



+ 64 



>— Sin T 
' J [101] 



[97] 

+ {-S«-lS^*"'-}y'^i'si"(2T + 2?, 

[99] 

f/ 15 93 9 6927 , 138189 . 1553407 ' 
J (,--8-^ -- 8-^ -128 ^' 512-^' - -1024-^' L 

I 223611751 .X 105 9 165 ^ 15 , I ^ 
L--24576-^7--T6-^^ +-32-^/--F^^/' J |- 

, r 165 7317 a 156147 , 14427729 .\ a . , 
+ \-"32-^ - 256 '»---"I02r^~ -16384-^7^^ 

r 75 117 2 70415 3 1966573 . "| « . 
"-32^"""T"^ -'102^^ 614?"^ J^^-^sm 

15 931 , 87669 3 S65 , "| 
T^"""32-^ --^68"^ -"32"^^ 

ye, — sin (t — \ 

y^ +-6r^'r--i6^^i J [104 

f/ 5 45 . 2223 « 124805 oX , ^ 

j (t ""T^ + "32-^^ - -768-^^; + ^ 

I a/ 15 325 \ . 4/5 375 \ . 15 o « . 



+ I >e,y*sin(f, — 2))) 

+ {-ft" + -Hi"'}''/"" (E, + 2i) 

[72] 

[73] 

-■H»'V«.™C2'--E. + 2l) 
[74] 

+ {--^»> -§»>']■/ e. sin (2t + E, -2,) 
[75] 



i 


[76] '■-^" 




+ {-T--W'"}'V™(2E-2,)-fJ««r»»n(2£ + 8, 




[77] t'^^B 




-■i-J»e»r'™ (2' - 2E - 2,) - imeVjjgj^H^H 




[1»] jj^^^^^ 




- -»> c> 7' sin (2 < + 2 £ - 2 ,) - ^^^P^^^l 




^ ^^W^^^^l 




+ f^».f c,7'.iD(( + E, + i^B^^^B^^HP 




['*] ^^^^B9^^0^ 




^'"■"■•^-"("^ \^r^ ^^^ "^ 


k 





^^ '" th* mi* loo. 

[87] po] fff: •••■<■ 

-.|-ni«e,y*sin{2T - f + f, - 2ij) 

[91] 
+ J|».e<',y'«in(2r-{ + {, + 2i)) 

[92] 
-g»„,y'si„(2T + £-f,-2,) 

[9S] 
+ ^""''^si" (25/ - 2l) + ^».e,'7'«i'>(2e, + 2,) 
[9S] [96] 

+-^»r'«'siii(2'--2£,-2i) 

[97] 

+ ■[-§« -^^m-]-T',r>sin(2T + 2|,- 2,) 

[99] 



L r/ 15 m , f.9a7 , 138189^ U 

I S39611T51 _iV,_^^^r^' '65 „ 



[101] 

[.02] 

'■ 1 

f 

/ 



V, ?-8in(T + fJ 
J ' [105] 



xvni 



01.L ' "' 

[106] [107] 

[108] [109] 

[110] 
[Ill] ' [112] 

255 a a • I . rk y* \ ' *75 9 o » , r% \ 

- -«■'" ^/ -S;*™ ('^ + 2 f,) - gg »Jy«— sin (t - 2i)) 

[113] ' [114] 

+ 32'"y^"3r ^ "^ '^■'' 1.32'" --8-»»'--6r»» — 6ur'»/i 

[lis] 

{25S5 - 81865 , 7611089 ."1 « . ,,. ^. 

-^56^ loiT^ - I63S4 rn* ye — sm{Sr--^) 

[117] 
[118] ' [119] 

[120] [121] 

+ -^wi^<?^-^sin{3T - f + f,) -||»W7^-^sin(ST - 2ij) 

[125] [129] 

r201 . . 649 c . 647623 - S3 - ^ . 1425 • A • ^ 

' \256 ^ + 120 ^ + 28800 *^ - T28-^ 7 +128 ^ ^J«n4T 

[131] 

r255 a Z!5} 4 , ?21?79 5 413887919 g * 

64 ^ + 256 ^ + 4096 ^' + 737280 ^ . , ^, 

+ < >^ sm (4 T — f ) 

2925 o • 45 9 a I 

^+ 256^'^ -64^V J [132] 



XIX 



of)Q Expression ol 

gitude, voLU 

[133] P-574. 

. f 1407 - , 19981 . , 12605 - , 385 « o \ • /. ^n 

+ \256 *« + -384"^ + -256-^^ ^ -l2S^ y J^i^^^i'^"^''ii) 

[134] 

[135] 

ril25 3 29055 • 1080043 . 73818043 .-.T 
U56"* +-^512"^ + 8192 ^ + 61440 ^* , • . 

1 4660 18749241 - [ 

L+ 235929600 ^ J [136] 

, r2975 q . 43949 . 103321481 cl . ,^ •. wx 

+ \T28 ^ + -192-^ + — 7i728— ^ J^/Sm (4 T - f - f^) 

[138] 

r 765 q 10841 . 3547567 -"\ . ,^ >. . vx 

+ \-l28^ 256"^ 8192"^ J^^/Sin(4.T-.f + f^) 

[140] 

r 9 2 255 3 , 5425 4! « . ,. ^ x 

+ \-256^ +512^ +8192^ /r Sin(4T-2l,) 

[144] 

+ r •? (^ —^(2)) ( — -^m'nsin2 00 sin (ij +/w ^ 
+ gsin4i,+ {-^-h||-m}e3/sin(3f-2i,) 
-|e3/sin(3f + 2i,)-^^/sin(f-4),) 



ey* 



+ -|-sm(f + 4)j) — — W7*sin(2T — 4ij) 

+ -!^^^,^8in(T- 2f + f,) 4-||£>^^,-^sin(T + 2f + f,) 

* ffi^ in origmal, supposed error of press. 

d2 



^raitkiii of g 
FUma Ibr • ^ 



XX 

5 



SS^io?! + ^/^,f sin(T + f,- 2,r) — |-/^/f sin(T + f , + 2,) 



ide, 



675 



99 



■^ 256^*^^'"(*'^"' ^f) -f 728^^^7^S*"(*'^""f ■" 2'?) 



""728^'^y*^^°(^'^ + f — 2ij) — -j28^*^'^/sin(4T — 2f -f f,) 



+ T5fl»»*^^^/Sin(4T — 2f — f^) +T28W®y^^^sin(4T + f/ — 2ij) 



128 



21 



"" 128 ^^y* ^/ ^^° (^ ^ "" f/ "" '^ >») 



MMionfor 
latitude, 
mUng to 
Plana, 
i. p. 704. 



tan~*s = 



1 3 Q 



o S3 q . 241 . - <v^ 5 . 

^' + 128^'-^5T2^*+X+^^ 



+ < 



■^i^y^ + ils^'y' + T'^'^/'-S-^^^^+^V 



82495 c 7977 o « 945 



405 



24576 



256 



^^^*+5l2^^-256^^V- 



113 
128 



m^ ej 



V.ysi] 

[141 



8-^ + 32^+1536^ -■ 16^^/ + 32^^ +T8432 



86485 4 



125 5 , 

i28 ^ y 



199 9 2 423 9 2 4469761 ^ 
32 ^ ^/ + 128 ^ ^ '^ 442368 ^ 



+ < 



+ 



2IS63 



2048 



'Tt^e^ — 



7447 
6144 



a 4 49555 a Q 15 9 Q 

^V--3072-^^/ -64^^/ y 



45 a a 457 .« « . 39 o 111 ^ . 45 a« 



8 



^^^i -l28 ^^'y^ +T28-^^/' — 512 ^/ + 64 ^^ 



^ + sin(2T 
[147] 



64 " V 



-'l7»'^ + f'»'(^<'-^/') 



1 

i 



XXI 



16 



59 



1S5 



91 



706S 



^' + 24^'^ 64 ^r'+M-^^*- 256 ^V + Tl52^ 



, 1929 2 2 55 9 9 . 356125 , 449-4 
+ T28 ^^ - Si^^/ + -27648"^ -^^^/ 



+ < 



184555 
2048 



225 



22973 



15 



165 



.««^8 



^'^''- 12288^7* +728^^/''/- "82-^'* ^V 



»9 ^3 



12288 
1845 



ExpfeMioDft 
the latitudet 
aooordiog to 
M. Flaiuu 
vol. i. p. 701. 



[148] 



-l?-^^^/- 256^ -^64^7 



' 141 2 5 o 99 a . 135 ^ 135 



64 



64 



m^^ — "eT^y* 



+ ^ 



649 



^«„4_||^V + ^m^K-^mW-mm'f ^ysin(? " n) 



-f^/+A^+-^/-'S-^+-T'»V/-A') 



[149] 



m' 



l+~ 



5693 o o . 9 o Tpi 
-256^^+T^^' 



5479 
-"256^ 



, * 255 g 2 593 9 o . 31 3 9 , 7 ^ 
+ i --iT^'^/- 512 ^'y' + 32^ r' + 32/ 



32 
"^24 12288 ^ 



^e y sin (f + )j) 
[150] 



15 



+ ^ 



3 .105 -, 3825 » 3 

87 o . 102835 A 
-64^y^ + -T02r^^ 



^- 



15 o 



111 ^ 2 

- "32"^ ^/ 



15 
8 



241 



543 ^ a 2301 3 a 
"64"^ ^ - 256^ r 

2 . 45881 Q 75 9 



>eysin(2T — f — ij) 
[151] 



+< 



165 ^ 123 p 



1806823 ^ 7479 g « 
+ 18432 ^ ""512^ ^ ■ 



205 o o 5285 -, - 



^eysin(2T — f + ij) 

[152] 



xxii 



Irion f«r 
dtude, 
ing to 



P.7M. 



S . 23 a , 5587 a 15 o 



+ < 



-8"^ + 32^ +1536 

363 



W 



16^^/ 



39 



+ -^»»^-64^/ 



3547 4 
18432^ 



512^ ^512^ 7 



"32-^^/ 



^e y sin (2 T + f — 
[153] 



— wi" + 



27 



48 m^+-^rn^--^my' 



+ < 



, 19907 4 397 « ^ 



16 



35 



451 



2 ^^2 



-T^'^/'" 256^*r 



^^ysin(2T + f + >?) 
[154] 



1107 



15 



81 



-■ «-^ - ^^ +-64" ^«' +-F^^^ +74^7 



2_^ 



+ 



537375 
4096 



64 



64 



16 



64 



27 9 

64^^/ 



Wl' 



[ 



J 



r_ 



3 _. 69 . , 2369 , . IS o . 81 o 



L- 



27 
64 



^'mef ^ 



J 736297 
12288" 



rrc 



1 



^/ y sin {X\ + *)) 
[156] 



255 o . 3509 q 63 o 
— »» +-^r"W^ +"256^+32^^ 



8 



64 



+ < 



^^^^.;+?^^4+g^2^_^^^,,s^.,ysin(2r-i 



64 



512 



1045 2 2 
--256^ 7 



[15' 



77 a . 1949 
32^ + 



3 _ 7 _ ^^2 315 



+ < 



1353 3 3 
256 '^ ^/ 



128^-64^7"+ 32 
1267 



_ o , 64091 4 
^ 1024 



"— '^^' -Hi^^ , . 25g 



9 9 . 16383 g Q 

'7 +-««-»» ^ 



[1 



8 



115 
64 



2083 
768 



-—m ---^rri" -i^m' -—me^ -^-^mef 



+< 



24337 



263 



119 



823 



+ lW8 ^ + 256 ^^/ + 256 ^V " 2^»»* ^ 



^'^^ysin(2T+ 
J [li 



XXlll 



11 5 



32 



1127 3 s o 133 g 



+ < 



69271 
9216 



m^ + 7^72: w e 



32 



11 
256 



9^2 
/ 



Expression fin 
the latitude, 
according to 
M. Plana, 
voL i. p. 7M. 



463 



+ 5l2^ 7 - 



4359 
256 



rr^ e^ 



^^/rsin(2T + f^ + ,,) 
[160] 



-{x 



64 512 96 "^ 32 » 



135 



By* jf'ys>n(2f-ij) 



(2? + 1) 



[161] 



+ \x + 32'" -16^ - wr'/^'y Sin 

[162] 

435649 „ 825 „T 

"6l4r'» -256'»y 
, 1035 , yysin(2r-2?-,) 

^'--128'"^/ r,«<,T 



ri47 3173 2 43564! 

I -64"^ +"256^ +"6144 

_97_ 2 1035 3 
256 ^ ^ "" 128 ^ ^/ 



256 

^771 -^5Y2^ +4096^ -f -^mf 
+ 256^^+128-^^/ 



[163] 



>^^ysin(2T— 2f+ij) 



+ « 



"27 ,^55 
64^ + 256 



555 2 8901 o 99 ol 
^ -I02i^'-64^rM 

>^* y sin 

513 « 135 9 I 



513 _ ^3 _ 135 

128 ^^i 






[164] 

(2r + 2f-i) 
[165] 



H^ 



+ 



{425 - 315 3 , 12125 = 641 9"! o • ,„ „v » 

laS-"* - ir'"^ + -256"'"^+ 512 '»y*j'c'ysin(2T+2f +,) 

[166] 

{9 123 a 18069 ."1 • />. . I- \ 

[167] 



{- 405 » 1109 ,~l 

- Sot - ^2-OT* - -^m^ye^y 



sin (J + f, + »)) 



J-g-'B + T-'" +^28 



19031 s 
.— OT^ 



[168] 



I 



me* 



T - 2 - 2/ - >)) 



^e Ci y sin (2 
J [169] 



XXIV 



hSiS?' fsS ,423 - . 63571 . 615 ,") 

»•»•**• 1 273 , 105 , I 

L --6r»»y'--ir'»^ J [no] 

[171] 

— ■j-m^ee,Ysm (2t + f + g, + ij) 

[172] 

fg ."la, 34677 gl •/>->. \ 

+\4-'" +-8-"' +^5r'" /^^'y»*"(f-^'-*') 

[173] 

+ -^3 m + -gg-OT* + -jg- »i3 i-f fj y sm (f - f, + ,)) 

[17*] 

[175] 

+ 4 -^OT - ||jB» W^,y sin (2t - )? + f, + ,) 

[176] 

[177] 

+ ^OT'^^,ysin(2T + ? — ?, + >)) 

[178] 

+ \ - W"* + S "* /^' y sin (2 f , - ij) 

[179] 

+ \~ 4*" - H"*" J^'y sin (2 fi + l) 

[180] 

+ {§'» + S'«'}^/'ysin(2r - 2^ - ,) 

[181] 

[182] 



\ 



XXV 



{- 



9 SI a 

32 S56 



[18S] 



15 



411 



rrWI rrrWl 



Q 13743 • 15 



16 128 



512 



+ < 



15 
T6^ 



-f 



83 



195 
128 



W 



15 



16 



me^ 



'^7 -T6^^/ 



2 



>?-^sin(T-ij) 
[185] 



1 if 0«7 O 

— — m — — 7«* 



16 



m* — 



3471 



128 



m 



L 



45 



v.y— sin(T + >)) 

IS . 375 o 



[186] 



45 



~ iT^^y^Jsin (t - f - ))) +— ey-^sin(T -? + .)) 

[187] [188] 



195 A * / • V \ 135 a • / , V . \ 



64 



15 



[189] 



a 



64 



15 



[190] 



[191] [192] 

+ {t - t*"/*/ y-^ «'" (»■ + ^/ - ') 

[193] 

+ \4" -■?•"/*' y -J^*'" ('■ + ?/ + 1) 

[194] 

+ -f-M ~ ^'"}'*' y *'" (3 f - 1) + 4^^ s'" (3? + >j) 

[195] [196] 

+ ^tnt^Ysm(2T — 3^ — il) + ^m e* y sin {2 t — 3f + ij) 

[197] [198] 

+ ^tn^Yan{2T+ Sf — >i) 

[199] 



the latitude, 
according to 
M. Plana, 
vol.i. p.TOf. 



XXVI 

lEmrwilon for 117 dnK 

tSJ^ti — ^'»e«^/ysin(2g + i-,)-^«sin(2g + i + ,) 

M- Plana, 

▼oLl.p.70*. ^201] [202] 

+ -^ w ^2 ^^ y sin (2 T — 2 f — f , — ij) 

[203] 

— ^wi^2^^sin(2T — 2f — f, + ij) 

[204] 

— — iwe2^,ysin(2T + 2f + f, — ij) 

[205] 

+ -^^^^/r sin (2f - f, - 1^) + ^w€«^,y sin (2 £ - f, + 11 

[207] [208] 

— -^W2^2^,ysin(2T — 2f + f , — ij) 

[209] 

+ — »i^^^ysin(2T — 2f + f^ + n) 

[210] 

63 

+ -^wi^*^^ysin(2T + 2f — f^ — ij) 

[211] 

— — »i^e^2ys;n(2T — f + 2f; + ij) - -jgWi^^^*ysin(g+2g^. 

[212] [213] 

— ~^mc^^«ysin(f + 2f, + ij) + -^i»^e,^ysin(2T— f — 2?^- 

[214] [215] 

-^^^^/Vsin(2T + f + 2f,-)j)-f^msin(f-2i-i,) 

[217] [219] 

+ -^m £? ^,V sin (f - 2 f , + ^) - -f- w ^ ^/V sin (2 T-f-4- 2 fH 

[220] [221] 



XXVII 



-||«««,Vs'n(2T - g + 2g, + 1,) + |5»sin(2T+f-2g,-i|)gj«3j«fc« 

[222] [223] J!i.m»i 



53 '' 



— -755 w «<" y sin (3 5/ — «l) - "i 98 m e^ y sin (3 g, + ij) 

[225] [226] 

[231] [232] 

~38'"'^y"^""(^'"-2"-'') + ^^^J ^' y si" (3 »• + ?, - 1) 

[233] [2*0] 



+ < 



621 4 9 „4 2 . 40S 2 o . 127483 .1 

W sin (4 r — If) 

128 ' ^ 1024 / ^ 512 ^'* ^ •■ ■* 



[242] [243] 

+ -^»»'^ysin(4T — g + n) +-^w3^ysin(4T + ? — ij) 

[24*] [245] 

[246] [247] 

— ii + ii""' - 3i^ + liiy /r" «'« s '' 

[251] 

. r I 1S5 . 381 o 29 , 11 o~l 9 • /v » » 

+ \T— «-'" +^'» -li^ -Tiir^/'^/sin (f- 3,) 

[252] 

[253] 

£ 2 



XXVIU 
according to "^ "^ 

»ri.rt^vb«. [260] [261] 

+ li'"*'/*>°(2'"'~^' ~ 3«|) — ■i|i»«,y*8in(2T + f, — Sij) 

[262] [263] 

+ lif ^ y «n (* ? - l) + -^c* r sin (4 g - 1)) 



Ifi(./Ci-yl>) 



a^m^ 



^ - ^ — -j-»» - tIwi^ + f,2 — -^y« Uin 2»siii/w^ 



--fi^^i7-y^^'^^('^''S + h+n)+^ee,y-^s\n{T-i'^l^n) 



45 a . / . V . .. . X . 55 






+ — -W2*^ysin(4.T — 25 + »j) 



— I^^**^^/ y sin (4 T - g + g< — ij) 



+ -^w«^t'^,ysiu(4.T —? — 2/ — >j) 



i 



XXIX 



Numerical values ofihe coefficients of the arguments in the expression 
for the equatorial parallax of the Moon, in terms of her mean 
longitude, according to MM. Damoiseau and Plana. 





Arg. 


Damoiseau. 


Plana. 


18 


Arg. 


Damoiseau. 

// 
+ •08 


Plana. 


o 




+ 3420*89 


ft 
+ 3423-1534 
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M. Plana has many other minute equations, which I do not think it 
worth while to enumerate here. 
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Numerical vnlues of the coefficients of the Arguments in the ex- 
pression for the latitude of the Moon, in terms of her mean 
longitude, according to M. Piano, vol. i. p. 717. 
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PREFACE. 



JLN the following pages I have employed methods proposed in the 
former part of this work for the calculation of the Lunar inequa- 
lities, my object being partly to show by more numerous examples 
the facility with which (by means of equations in which the time is 
the independent variable,) expressions for the reciprocal of the 
radius vector, the longitude and the latitude of the moon may be 
obtained directly^ and partly to verify some of the final results con- 
tained in the work of M. Plana, entitled Theorie du Mouvement de 
la Ltune. 

I employ throughout the well-known equation 

to determine the inequalities of the reciprocal of the radius vector 
in the following manner : 



Making ^ = a{i- + sl} 



where r is the elliptic value of r or the' same function of a and e as 
in the elliptic theory, when the perturbations are neglected, and a 
is connected with n the observed mean motion, by the equation 
jx ^ n' a® 

Since 



^^-.. -r-. T g-^-3^A +-|-e«^COSf 



— = 1 +3e^ + 



5 ^ 

+ -7 ^ cos 2 f + ^ cos 3 + -^ COS 4 f + &c. 

4 8 

{ being the mean anomaly^ 



IV 

and if aS — , r and P are expressed in a series of cosines of an- 
gles of the form int + ;, so that S being the sign of summation, 

a 8 — ^ S EvnCosUnt + q) 
r 

t = -2'JE;r„cos(in^ + q) 
P=^SEP„cos{int + y) 

J5 being the product of certain powers of the eccentricities and in- 
clinations and n the indea: of the argument^ (see p. 23,) then gene- 
rally *, 



T 



|z^ ( 1 + 3 e« + |- e^) - 1 J. = 1-^ r„ - i^, 



which equation by continual approximation pr methods of false 
position serves to determine all the inequalities of the parallax. 
Thus, in the calculation of Arg. 3 {Evection\ see p. 122, 



11 177 

i* = 1 — 4 m -|- rt m^-\- ^nr w^ 
2 16 

3 _ 91 3 ^ 2657 , 



P8={4 + 4m + 8«.2| |^„2^J£^8 + ^„,4|« 



15 .. 235 .1 15 , 

. «n4 
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By making continually r„ = the sum of the terms previously 
found + an indeterminate quantity, and then equating coefficients, 
all combinations are avoided which do not concur in the formation 
of the term required, and the nature of this method is generally 
such that no operations are repeated which have once been per- 
formed. It is necessary, however, in some instances (as Arg. 33, 
p. 179, Arg. 65^ p. 253, and Arg. 105, p. 284?), also to leave r„ in- 
determinate in t„ , which always involves r„ implicitly. 

* The exceptioos are the Arguments 2, 8, 20, &c«, which occur ia the elliptic theory. 
See p. 136, p. 124, and p. 147, in which cases the equation is slightly modified by the 
terms which arise from the quantity 

d«.r«_ ^ 
2 d <2 r 



-J 



In the Former Part^ I employed solely to determine inequalities 
of longitude the equation 

The coefficients relating to certain arguments are diflicult to reach 
by means of this equation, when the divisor introduced by inte- 
gration is a multiple of ttz, as in the instance of Arguments 5, 9, 
&c. ; and this difficulty is greater when the divisor is a multiple 
of m* as in Arguments 51*, 77, and 110. Therefore, although the 
equation given above is generally preferable, the following is some- 
times more advantageous. (See p. 218.) 

d_A) _ // (1 + s^) jx^ fx^ dr^ 7f__ d^ 

d ^ " 2r* ^ hr 2ha 2 hilt' 2/^(1 + s^f d (^ 



-^f^'^-mim^^ 



where r denotes the distance of the body from the primary (not the 
curtate distance), and A' the longitude reckoned upon the ecliptic 
or fixed plane. 

This equation involves the double integral / / d i?, which is 

more easy to obtain than / / —, — d / to a given power of m. 

In the former Part^ I abandoned the direct method of obtaining 
the inequalities of latitude, but upon further reflection I think that 
the equation 

L C 1 i 1 i i 1 = 

d /'- r* ^ r;' ^ / / 

may be used advantageously to determine the inequalities of the 
coordinate ;;:• The latitude of the moon is afterwards easily found 
from the expression 

I have given numerous examples of this method of obtaining 
inequalities of latitude. (See p. 227.) 

* In thefte eases it is useful to avail of the theory of the variation of the elliptic con- 
stants, as explained by M. Poisson. 
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In carrying the approximation to given powers of m and of the 
eccentricities, much trouble may be saved by avoiding to write 
combinations which give rise to quantities of a different order from 
those under consideration. I mention this circumstance because 
otherwise some of the expressions here given might appear incom- 
plete. Thus, in p. 129, where quantities of the order m^ only 
are sought resulting from the product of ^ + bm + tm^ with 
i3 4- 25 w + C Tn% the combinations a C^ b ^9 t 31 alone have 
to be retained, all others such as li C multiplied by different 
powers of m being rejected. Great care, however, is requisite in 
order not to omit any of the combinations which concur in the 
formation of a given term, and the difficulty or rather impossibility 
of altogether avoiding numerical mistakes in such laborious calcu- 
lations is the excuse I offer for such as may be discovered, ** qui- 
libet enim, qui omnes calculos hie expositos vel leviter perpendere 
voluerit, facile agnoscet, vix ullam adhuc quaestionem analyticam 
etiam nunc esse pertractatam, quae tarn intricatas calculi discus- 
siones et tam prolixos calculos postulaverit." 

By developing the inequalities in series after the manner of 
M. Plana, a difficulty, common to all methods of treating the pro- 
blem, soon becomes manifest in the slow convergence of many of 
the expressions. In order, therefore, to obtain results which can 
safely be employed to form tables for finding the moon's place, it 
will be necessary to carry the developments of certain coefficients 
much beyond that limit which would otherwise suffice. Thus in 
the well-known instance of the quantity c — 1, the three first 
terms are numerically equal to -004196, 002942 and '000996, the 

coefficients of w^5 7w^ and Tw"* being —, -— - and YocT** This di- 

2 o2 1 28 

vergence of the numerical coefficients appears to be chiefly con- 
fined to terms of the higher orders which form portions of the 
greater inequalities ; thus 

* " Le travail serait moindre, s*il etait permis d*estimer la grandeur des inegalitcs 
d'apres la simple connaissance dc Tordre analytique du coefficient, alors on pourrait ren- 
fermer les regies a suivre pour cet objet dans un petit nombre de pr^ceptes d*un applica- 
tion facile. Mais lorsqu'on pousse fort loin le calcul, les coefficiens num6riques absoliu 
n6s des developpemens sont d*une grandeur tellement differente entr*euz, qu*on pourrait 
etre entrain^ dans des erreurs graves, si Ton n'avait pas 6gard i leur influence." — 2YafMi, 
Thdorie du Mtmvement de la Lune, vol. i. p. xiii. 
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35 , 1801 2 , 32989 - /c ,«ox 

A,2 =^ m + -g^ m« + -j^nt^ (See p. 193.) 

(Xi2 being the coefficient of e e^ sin (2 t — f — f ^) in the expression 
for the longitude); while the numerical coefficients belonging to the 
smaller inequalities are not generally divergent. The terms of a 
given order which constitute the smaller inequalities also result 
from fewer combinations and can be obtained with greater facility 
than those which belong to the greater inequalities. Without doubt, 
therefore, ultimately, the smaller inequalities will be determined 
accurately a priori^ but it will be extremely difficult to obtain from 
theory the coefficients of the greater inequalities, such as those of 
Arguments 12, 13, 14, 15, &c. ; it may prove necessary, and at all 
events it would be highly desirable, to obtain, empirically, with the 
utmost precision, the numerical values of the principal equations. 
It may be doubted whether any real advantage ensues from the form, 
different from that suggested by theory, adopted in Burchardt's 
Lunar Tables; and it is to be regretted that the expressions for 
the longitude and latitude of the moon, which have been used in 
these and other empirical Tables, are so extremely complicated 
in their nature as almost to preclude the possibility of deducing 
from them expressions similar to those furnished by the theory of 
gravitation. 

The following are, I believe, the only terms of the fourth order 
where I have failed in arriving at results consistent with those of 
M. Plana. 

In the reciprocal of the radius vector I find zero instead of 

• — vs m* ^. Arg. 0. 
lo 

In the latitude I find 

3 1 

— ~ 7W (Arg, 171) instead of — w 

o 2 

33 
and a term + th^ w'y sin (4 t — ij) not given by M. Plana. 

In terms of the fifth order I meet with more numerous discre- 
pancies. 

A distinct definition of the constants employed becomes in- 
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dispensable in an extended view of the subject In the elliptic 
theory, that is when the disturbing function is neglected, 

— = 1 + ^1 1 — - 4- &c. j cos f -f &c. 
f=cn^ + e— «r = 1 a = a 

— = yll -+ &c. j sin ij 4- &c. 

ij=xgn/ 4- 6 — S g= 1 

^ is the mean anomaly^ and ij the mean argument of latitude. 
The quantities denoted by e and y in this work are such that 

the coefficient of cos f in the expression for — and of sin ij in 

that for — have still the same form when the disturbing function 
a 

is considered. This mode of definition is not identical with that 
employed by M. Plana, and reference to that circumstance is fre- 
quently necessary in order to compare our results and to ascertain 
whether or not they are consistent with each other. Wherever they 
are inconsistent, of course one or other must be inaccurate. 

The nature of the problem is such that the value of any term in- 
fluences many others, therefore I shall feel grateful for any assist- 
ance in ascertaining the cause of discrepancies which exist between 
my results and those of M. Plana. Already a few of these discre- 
pancies have been removed by some numerical corrections with 
which I have been kindly favoured by M. de Pontecoulant. 

When the analytical investigation shall have been concluded, and 
the form of the coefiicients of all sensible inequalities shall have 
been determined, it will still be necessary to deduce from observa- 
tion accurate values of the principal equations, from which to obtain 
with precision the numerical values of the constants m, e, and y . 
The value of the quantity e, is not subject to so much uncer- 
tainty. 
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+ Y »»«e'e/C08(2r - 2i + {,) +^ m«e«e^cos (2r + 2^- J,) 

[27] [28] 

_||«ee,*cos«+2g+^mee,«C08(2r-«-2y 

[29] [30] 

* TIic terms marked with an asterisk are not consistent with M. Plana'f i esiilts. 

b 2 



XU CONTENTS. 

+ glwee/ COS ({ - 2 ^ + -^m« c e,«cos (2 r + { - 2 Q 

[32] [34] 

53 845 m« 

— j-gm^ e^s cos 3 ^, + '^m^e,\cos (2 r — 3 5^) + 43 e' cos (2 r + 3 5^) 

[35] [36] [37] 

+ -512''^'' ^ ^°® (4 r - {) + -32 »»'^'^/ COS (4r - 2 i - Q 

225 

— 32" "** ^* e^ COS (4 r — 2 J — £^) 

Calculation of the following terms in the longitude : 

75 fl95 3029* 85 1 

--g me«8in(2r-£)+ {-32 "»«*+ "Jag »»*«»- ie»»V/ **™ (2'"+^^ 

[3] [4] 

fl75 4541 1353 • 1 

■•■ iT6'"*'''""64"'"*''*~l28"*'''7 «/8m(2r-J,) 

[6] 

[7] 

I 

105 TTO-Jt- 105 

+ "32 w»C8in(2r-3£)+j^m«e3 8in(2r+3i) — j^ wie«e^sin(2i+£^) 

[21] [22] [23] 

—-J m«e«e^sin (2r + 2i + Ij) + ^[6 mc^^^sin (2 J-g 

[25] [26] 

673* 
+ -gj m« c«e^ sin (2 r + 2 £-£^) 

[28] 

63 255 

— -jgWi e e^« sin (£ + 2 J^) -h -jg-wi e e^ sin (2 r — £ — 2 £<) 

[29] [30] 



* The ttrms marked with an asterisk are not consistent with M. PIana*s results. 



CONTENTS. XIU 

63 

+ jgTOcc/^sin({-2£^) 

[32] 

289 53 

-h -jg TO* c e^* sin (2 r + i— 2 J^) ^24^ V *i^3 J^ 

[34] [35] 

9295 1 1 

-|--gp-TO«e3 8in(2r— 3y+^m«c^^sin(2r + 3£^)../>ayel43tol56. 

[36] [37] 

Approximate expiessions for a 5 — , r 5 — , and h\ . . page 156 to 160. 

Terms in the disturbing function of the order m* e* and m^ e^, &c. j9. 1 60 to 1 67. 

Term&mJdR of the order m*c«, in aM^T") > and ^^ \r) 
of the order m*e« and m=»^, &c page 167 to 174. 

Calculation of the following terms in a ^ — : 

f 463* „ 385 1 , ^ 165 

I ""l28^* "32 '^*^'*f ^co«(2r — £)— gjTO3e«cos2£ 

[3] [8] 

7231 48935 

— -J28 *"* « ^t cos (^ + 5^) + -ygg- TO^ e e^ cos (2 r — J — ^J 

[11] [12] 

1687 49277* 

+ "Yg- TO* e e^ cos (S — ?,) + -753- m^ ^ e^ cos (2 r — J + ^^) 

[14] [15] 

7703 1965* 

--334-w*e'co8(2r-3 5)- -ggg" to^^ e e/^ cos (f + 2 ^ 

[21] [29] 

. 12011 „ , ^ 4635 

"^"256"'"^^' ''°^(^''~^~^^')'^"256"'^'^^''^^(^'"^^') 

[30] [32] 

45 227085 ^ 

— 32»»^*/'co8(2r— J— 2£^) gois" '"^ ^^ ^°® ^^ ''""^ ^^ p.l74tol80. 

[33] 



* The tenni marked with an asterisk are not consistent witli M. Plana*s results. 



XIV CONTENTS. 

Calculation of the following terms in the longitude : 

f 74671 , o 691*, 1 . ^ 
11024'" ^^^'^^'J^"'^'' 

[1] 

r 369 575 1 

■^ \-l4-»»'^*-U'»*^/'/^8in(2r-4) 

[3] 

2765 . 913 3379* 

"^ 256''"'^'^^^+ 96'^'^*®'°^'^''"^^^) 32" »»'^^iSin (£ + £,) 

[8] [10] [11] 

32989 2633 , 

[12] [13] 

15333 48325 

+ g^ m^ e e^ sin (? — ^^) -|- 334 »t^ e gj sin (2 r — { -f g^) 

[14] [15] 

3131 9707 

+ -g4-m3ee^sin(2r + J-i^)+-gg-m3e^2sin(2r-2i^) 

[16] [18] 

33 10 6011 

-32W^^/®sin(2r+2g + -3-m«<?3sin3|+ 3g^w«e3sin(2r — 3^) 

[19] [20] [21] 

3669 6081 

- 128''"' ^' "^^ "''' (2 ^ "^ ^') + 128 '"^ "^^ ^' ^"^ (^ ^ - ^') 

[23] [26] 

1245 17179 

[29] [30] 

■ 5355 „ „.,►„,.., 3075* „ . , 
+ ^2g-»i»=ee,«8in(5-2i,) + -^^ m' e« am 4 r 

[32] [131] 

. fll25 321585* 1 2975 

[136] [138] 

* The terms marked with an asterisk arc not consistent with M. Plana's resoha. 



A 



C:o:^TKNTS!. XV 

765 227085 * 

[140] 

1125 2625 

- -728"»»* ^* ^/ sin (4 r-2 £+{,) + "128 »«* ^* ^i 8^ (^ ^ - 2 « - g 

page 180 to 195. 

Calculation of the following terms in the longitude, 

285* 51817 169 

-^m^esmi "^""76^ m^esin (2r — {) + ^4^^^^^^^^ "*" ^) 

[2] [3] ^ [4] 

255 
-I- -gT- m-^ e sin (4 r — £) /wy^ 195 to 197. 

[132] 
Calculation of the following terms in a ^ — , 

1337369 6293 

^g^32 ^* ^ ^°® (2 r — i) + "384"''** ^ ^o^ (2 r + {) ;?a^e 197 to 203. 

[3] [4] 

Calculation of the following terms in the longitude, 

47519 . ^ 1912137 

Yj^ m*esin5 + "9216" 'w* ^ sin (2r — 

[2] [3] 

2005 , . ^ 7701 

"*" "192" "^ ^^ '' "^ ^ + 2^mUsm(4T-'i) 

[4] [132] 

309 
-h Y28 ''^^ e sin (4 r + J) j^a^e 203 to 205. 

[133] 
Calculation of the following terms in a S — , 

r 15 75 1 75 

] — ]fi»»^ — "g"*"^*^'* I ^°^2r + g-»i«e^2c2cos(2r— 2 

[1] [9] 



The teims marked with an asterisk are not consistent with M. Flana's rpsults. 



-64""* 



XVI CONTENl'S. 

f 51 189 1 , _ 

[11] 

r 315* 615 1 

+ |--g4-me«--gj-me^«| e e^ cos (2 r - £ - f ^) 

[12] 
405* f51 189 1 

[13] [14] 

r945* 15 1 

"*" 1128"*^'' "^64^^' J ^^/Cos(2r-S + f,) 

[15] 

945 * 
+ g^me3e^cos (2r + S — £^) 

[16] 

255 , 45 

+ ^ me2e^«cos(2r - 2 {^) - jg m e« e^« cos (2 r + 2£^) 

[18] [19] 

55 * 567 

— j^me* cos (2 T — 4 i) — -g^m e^ e, cos (3 { + ^ 

• [39] [41] 

245 -^ 567 
g^ m e3 e^ cos (2 r — 3 i — £,) + -g^ m e^ e^ cos (3 J — {^) 

[42] [44] 

625 * 63 

+ 32" we^e^ cos (2r — 3 £ + {^) — j-g 7/i ^* ^^« cos (2 £ + 2 £^) 

[45] . [47] 

63 371* 

-h Yg m e« e^2 cos (2 £-2 Q- jgg ^ c c^^ cos (£ + 3 ^ 

[50] [53] 

+ 64"'^^^''^°^ (2''""^"" ^^i)"*" 192 '"^V cos (£-3 J,) 

[54] [56] 

5 

— gjmce/^cos(2r — £+3£^) /M^e 205 to 212. 

[57] 
* The terms marked with an asterisk are not consistent with M. Plana*t raaults. 



CONTENTS. XYU 

Calculatton of the following terms in the longitude, 

{15» 375 "1 515 

Ygme* — -rr-m€«c^«>-8in2r + -^ m e* sin (2 r + 2 {) 

[1] [10] 

{51 189 "I 

""32*" ^ ■" "32""* *'* J ^*' ^^ ^^ ^ ^'^ 

[11] 

{315* 615 T 

"" 82' *" ^ ~"32" *" *' J ^ ^' "^"^ ^^ '' ~ ^ " ^'^ 

[12] 

195 

— 32««»e,ttn(2r + £ + gJ 

[13] 

rSl 189 "\ 

^ i 32"*^"^"32"'"^' J ^^'®"*^^""^') 

[14] 

r545» 15 1 

"^ ^"64 *" ^' + ^me^^yee^sin (2r- J + ?,) 

[15] 

455 
+ "32"*" ^ */ sm (2 r + £ - 4^) 

[16] 

1275 . , 225 

+ -g^me«e,«sm (2r- 2g - -g^iji e«e,8sin (2 r + 2 4,) 

[18] [19] 

45* 273 

— gjme*sin(2r— 4£) — ^g- wi e^ e^ sin (3 { + {^) 

[39] [41] 

245 273 

"*■ 32 »* ^* ^/ sin (2 r - 3 £ — 4^) + -g^ wi e3 (?^ sin (3 £ - £^) 

[42] [44] 

105 . , 315 

— 32-«tf5e,8m(2r-3£ + £,)--64TOe«e,2sin(2£-f 2£^> 

[45] [47] 



* TIm teniM narltad with an asterisk are not coniistant with M. Plana** tesults. 

c 



XTIU CONTXNTS. 



[50] [53] 

371 5 

-*- -gg wee,38in({— 3^,) — 55»»ee,'sm(2r— 1+3£^) page^\2to2lS. 

[56] [57] 

12f)l 1 

Calculation of the term ~8~w»^ ^t cos £^ in a ^ — . . page 215 to 218. 

Method of determining the inequalities of longitude when the divisor in- 
troduced by integration is a multiple of m. Example of this method in 

{735 4171* T 

the longitude /ja^e 218 to 222. 

^ , , . . , r45 53 48007*,! 

Calculation of the terms S T^ ''^ + T ^^ "^ — S84~ \ ^^ sm (2 r — 2 4) 

in the longitude page 222 to 225. 

{9 5751 "I 
— -r m-h YoQ *'*' r ^/' sin 2 J^ in the longi- 
tude page 225 to 227. 



a' m, a' 
expression for the latitude of the moon .... page 227 to 248. 



^m 4^ M mm W^ 

Expression for -^ H — ^ . Approximate expression for z. Approximate 



Calculation of terms in the reciprocal of the radius vector multiplied 
by y« page 248 to 264. 

C'alciilation of terms in the longitude multiplied by y'. Expression 

for 52. Recapitulation of terms in a ^ — multiplied by 7* obtained in 

dV 
this treatise. Expression for — -p. . Recapitulation of tem^s in X' multit- 

plied by y« . page 254 to 268. 

Calculation of X5,, X73, X75, and X77, by the method of page 219 

page 268 to 279 



* The terins. marked with an asterisk are not consistent with M. Plana's results. 



CONTBKTS. 



XIX 



Calculation of terms in the reciprocal of the radius vector and of the lon- 



a 



gitude multiplied hy — page 27 S to 2S7 . 

Calculation of terms in the parallactic inequality which depend upon the 
mass of the moon page 287 to 289 . 

C>alculation of terms due to the non-sphericity of the earth, .page 289 to 292 



CORRECTIONS. 



In tha etleulation of «> f ) — ) > P* 55, the combination 



-^ tnfi cos 2 r 'j -_- m « cos 



j-g m«cos(2T— QJ 
b omitlcd. This omission being supplied, gives the terms 



4051 

288 



m* e cos 



377 
\ -f. -53- m* e cos (4 T — g) , instead of 



32 



2341 . r . 187 . ,. -, 

I am indebted to M. de Pont^ulant for notice of this error. 

I im also indebted to M. de Pont^coulant for the following corrections : 

1687 
Vtngt 126, line 8, read A = — 190" > ^^'^ correction introduced in p. 189 leads te 



'IS 



_ J^ „ji _ ^1^ TO* p. 193, which agrees with the value of M. Plana. 



16 



'\%i 






XX CORBSCTIONS. 



/ 41 6037 1 , 189 . 7 , 187 J__l? 9^_15 

+ V"T6"*"'l2f "T "^'16"'^"2 "^IF"^ 4 16'*'32 8 

8 45\m«e« / 15? _ 5^ _ 5^ 15\ 
+ T"8'/~3""^\"'16 2 4""8/ 



15\m2£^ 
3 



which vahie agrees with that given by M. Plana. 

Page 155» line 6, read -j- for -j- which gives Xjg « — m*, agreeing with M. Plana. 

135 
Page 158, line 12, read — -^ m «* cos (2 r — 3 S] which gives 



'-^' {^"'*"i^ "*}•*"" ^^'"'^^ ''•**''' 



7703 
this correction being introduced p. 178 |;ives A — -^^ , line 11, agreeing with M. Plana, 

and p. 194 A^i = -^^ + ~qqT *'*^ ^^^ agreeing with M. Plana. 

Page 173, line 15, read —^ mS e e, cos (^ — ^) ; this correction being introduced in 

lfSft7 
r]4, p. 177, gives ^= -y^ agreeing with M. Plana, and 

21 , 1233 , , 15333 , ,^„ 
^14- -J-** + "32" '^ "^ ~W *" ' P- ^^' 

with mj system of constants, which is consistent with M. Plana. 

Page 183, line 9, read + (-|-m» + jgwA (1 +m) e «,cos(2r- | -f-g,), which 
-^ w* + 16**'/ « ^/ cos (2 r — I 4- f^), p. 184, line 11 , and Ajj = — j m 
— -s^ m* -|- -q«7- »»', p. 193, which is consistent with the value of M. Plana. 

The term -^ m^ (p. 197) in Xj, is consistent with the term — ^j m^, given by 
M. Planai for the equation given in p. 197 does obtain. Multiplying crosswise^ 

{•+f-}{^+l-'-S-}={'+4-+f-}{'+?-S-} 
•+{i+4}-S"-»+{^i}-+{f-S}- 



ON 



THE THEORY OF THE MOON, 



AND ON 



THE PERTURBATIONS OF THE PLANETS. 



I PROPOSE here to carry the development of JB, -y-ry &<^m to the 

terms multiplied by tnP e% m? e Cj and m^ e^j and to find terms in 
the reciprocal of the radius vecfibr and in the longitude by me- 
thods similar to those given page 52 and following of the former 
portion of this treatise. 
Neglecting 7*, 

-5 — = -rr + -TT w cos 2 T — m* ^ cos f 

fc da 2 2 

9 3 

— — i»*ecos(2T — f) ■\- — m^ecos (2t 4- f) 

3 21 

+ —m^efcos^f -h — w'^^cos (2t — f^) 

3 

— — w* e^ cos (2 T -I- ^f) 

rJ— = -— wi^'cos2t + -— - wecos(2T — f) — 7^iw^^cos(2t— 2f) 
f 16 o 10 

— — w ^ ^^cos (f 4- f/) + — m ^ e^ cos (2 T — f — fy) 
+ —meefCOS (f — f^) — -- iwee,cos(2T - f 4- f ,) 

■^•T-= — wi'sin2T — — w*^sin(2T — f) -f — w*esin (2i + f ) 

21 3 

+ — m* e^sin (2 T — f^) ~ m^e^ sin (2 t + f^) 

^A =r — m e* sin 2 T + — wi ^ sin (2 T — f ) — 3 w ^^ sin f ^ 

B 



118 



45 21 

15 9 

— -- w ^ ^^ sin (2 T — f + f J — — f« e^® sin 2 f ^ 

. r45 45 , 45 , 1351 , , o.- i / ^^ 151 , „„_.„ 

, r 45 21. 105 45 , 1051 , « , .^ 

+ 1-64-16+32 -32 + 16-}'" "'•^(^ + ^^ 

, r46 63 , 35 , 27 631 , ,„ , ., 

+ {-i+T+fi}'"'"''^^^'+^+^^ 

, r315 21 45,315 451 , ,, ,, 

+ I'M +16 "SS + IF -16/ " "''""^^-^'^ 

r45 63 16 27 631 , ,. ,,,. 

+ 132 +32 - 16 - T+ 16 J "* *''"^^^'' - ^ + *'^ 

, r63 9 631 , /, . , ,^ 

+ 132"T =16/"' ««'<^(2*' + S-i) 

+ { - ? - fg} *"'*''~* (*'- *^) 

+ {- T +1} *»'*''' "*'^^' + 2^) 
, rl35 , 45 225 451 3 , . 

+ i'6r"^32-w-r6;'" ' "»*' 

, r 135 45^^135 1351 ,, ,. „„, 
+ i- 32- -64 + 16 —64-} "'"'cosC^^-a© 

. r315 105 315 1051 . ,. , ., 

. r 46 45 , 45 , 45 1 , , . _ , _ , 

+ 1-64-32 + 32+16;'" **''^'^*''-^ + ^^ 

225 



—SR 



--32'^'^' + 



{15 1 45 

— ^^ + 9^^® V 7»^ cos 2 T + -Q- Tn^ e^ cos 

[0] [1] [ 



119 

- g^ »»^ e* cos (2 T - 2f) + —m'ee,cos{^ + ^,) 

[9] [11] 

+ — »i3ce^cos(2r — 0-f,) + —m^ee,cos{2T + f + ?,) 

[12] " [13] 

+ -gj- n^ee,cos (f — — -g rrfi ee,coi (2t — g + f^) 

[14] [15] 

- -gg w^ * e, CDS (2 T + f — ?,) — -jg- »i*e;' COS (2 T — 2 g,) 

[16] [18] 

9 45 

4- T^ rn^e^ cos (2 t + 2 f^) — — w^ ^ cos 4 t 

[19] [131] 



45 , o . , ^y. 525 

[136] [138] 

m? p. p.. CO; 

64 



+ g|»»^^^cos(4T — 2f) -.:^7w3^^^cos(4t — f-f^) 



4- -rr-Wl«^^^COS(4T - f + f^) 



[140] 
/d 72 contains no term of this order. 

y—\ = |y + 2i»2co82rl |-j-«e2cos2T--g-mc«^cos(|-|-^,) 
35 21 

15 1 

--g-TOe<?,C08(2r-€ + t)| 

-|- -J- w e cos (2 r — Q -j -^m^gcosl 

187 33 ^ 

+ ^»«2ecos(2T-5)-|- jgw2^cos(2T + e-|-m2^,cos5, 

+ |-i»3.,cos(2r-i)-^%,cos(2T + ?,)| 

- (t + S) -^^^+ (|+4)-^^^cos2. + g|..3^eos2| 
+ ^m3«2cos(2r-2a + ^-.|--|-^~||^m3ee,co6«-|-i) 

b2 



120 
'35 21 45\ . _ ... 21 



, /7 15 , 105\ , ^^ ^. 

+ ("^ T+ T " l|)'^'^^/COs(2'r-?-|-U+~m3|?^,cos(2T+?-5,) 
+ (^ + g|)m3^cos4r + ^^m8e5cos(4r-20 

+ ^ - ^ ~ Ye ) •»*' ^ e,4Ms (4 T - I + u 

■ ofcg ' w^ ^^ + "77 w^ ^* COS 2 T + Y^ »r* ^' cos 2 f 

[0] [J] [8] 

5 41 

H- — w^e'cos (2 T — 2 f) + — w^ ^^/ cos (f + f ,) 

[9] [11] 

191 21 

— — 7»^ ^ ^y COS (2 T — - f /) — — W^ ^ ^^COS (2 T -h f + f ^) 

[12] [13] 

+ Ye *^^ ^ ^/ cos (J — f ^) — ^ 7»8 ^ e^ cos (2 T — f + f ^) 

[14] [15] 

H- — w^^ ^y cos (2 T H- J — 0^) 4- T^g rn?^cos 4 t 

[16] [131] 

+ -2^7»3^«cos(4t - 2 0) + — ?w3^^^cos(4t— f— 0,) 

[136] [138] 

45 
— — ?w3 ^ ^^cos (4 T — H- 0^) 

[140] 

r4 = a4{l - 4^cos0} "|"^~ ^^ ^"f - ^^cosA 

contains in addition to the above, the terms 



»-(4) 



— m^^cosf + — w^ecos(2T — 0) + —m^ecos (4t — f) 

o o o 



121 
(See p. 55.)9 which multiplied by — 6 ^ cos f give the terms 



--^m3<f2/co8(2r- 25) + co82r| 
— -g-m3««'|cos(4r — 2Q-fcos4ry 



Hence 

[0] [I] [2] 

[11] [12] 

[13] [14] 

[15] 

H- —TnPeefCos{^T -f f — f/)+ -g^m^^^cos^r 

[16] [131] 

+ "512 ^^^ ^^ (4t— 2f) +--^ m^ e e^cos (4 t— f — f ^) 

[136] [138] 

135 

- -32 w^^^^cos (4t - f + f;) 

[140] 

I shall now attempt to determine some of the terms in the rtei- 
procal of the radius vector, integrating as before by the method of 
indeterminate coefficients the equation 

,. , d«.r88— 3d^r4f^— )^ 2d3,r5(8— V 
2d^"" dfi "*" 2dt^ d? ^ 

rjjci -2 m - c)2 ~ 1} - (2 - 2m - c)2r3 



122 



-4{jt^^+4T^»+(F3^^^.*'} 



3 / « . 19 , , 131 A , 15 , ,187 , « .^ 

ra = 2'V'" +~6'" "*"T8 *"/ ■*"T6'" "^ eT*" Seep.56. 

3 „ . 91 ^ , 2657 , 
c = 1 r *»' — "oo- »»' See p. 67. 

4 o2b 

R3 = -4 »»' +l|»»^ + ^'»' -R'a - ^«»' See p. 53 and 55. 

3-c 



2-2m- c 



+ 1 =24-2»»-f 4m: 



2 



w* 



11 177 

(2-2»»-c)2- 1 = -4»-i-^»»2 + Y6 ''*' 

Let rg =•• g- »» -|- -55- m^ -|- ^ m^, then 

Equating the coefficients of m\ 

2655 2057 _.. H5^_^a.?? ??^ -. 1^ i« j. ^^ 

128 "^64 192 4 "^ 4 16 4 *^ + 7 

33113 
^~ 1536 

M* Plana has 

81678 , 

1536 * 
these figures may be arrived at by substituting 

' ( * ~ ¥) ^°'" ' 

in <—m + m^ > e. The discrepancy arises from 

coefficient of cos f , Arg. 2, not agreeing with that of M. Pla 
See p. 50. 



r4|(2-2m + c)2-l} ^ (2 - 2m + c)^ r, -. 2 { ^ J^+ "^ ^ + l} 



^/^^ j 



123 



Let ^4 « jgm« + -<lm» 



{5«i+^,n3} {(3-2niy2_l} = (3 - 2m)2^ 2-«2+ ^^s) 

-K«+x)(-l-) 



Equating the coefficients of m% 

. 101 



n|(l + 3e»){(3-2«)»-l}=(2-2,).)3ri-2{^-^+l|'^ 
r ^5 i_18^-^. ^113 . 33 . , 101 

^ 46 , , 759 5 « , 42809 . , 

Let ri = «2-|- ^«3 4- ^«e8^. ^ ^'c^ _ ^m^e? -^-Am^e* \Bm^e^ 

{3-8m + 4m» + l2c3~24m^} 

/^ o s A v^ /^ 9 1 759 „ - . 42809 , A 
= (4 - 8 m + 4m») (^ jgm e2 + -gj-m- e2 4- ^^_m3 e2^ 

-2(2 + m)(^m2c3 4-||m3e2 + 9m3^,2\ 

Equating the coefficients din^^ and w^ ^^^, 

fti-i.aBj.l'i ^^^o.^^ ^2809 759 45 15 15 

12883 
256 

11923 
M. Plana has ^ : these figures may be arrived at by substi- 
tuting c* (1 — m*) for ^, in 



ri5 12883 -"1 



^^ 



124 
20 + 3 2? = - 3G - ^f 

4 
^- 12' 



In the equation for determining the inequaUties of the recipro< 
of the radius vector, 

JO _ o 



d*.r2 



2d ^2 r 
gives the term c* — 1 ; hence 

ci-l+rg J4c8-l} =4c3r8- 4^^128 
3 « „ . ^ m^ 

2 
M. Plana has — m^ : these figures may be arrived at, as in form 

instances, by substituting ^( ^ — -o") for ^ in my expression. 

r9{(2-2m-2c)«-l| = (2 - 2m - 2c)2r9 

^^j{2-2m-2c+ V^^«+ (2-2«l2c)^ ^^j 
^ i> 15 ^ 45 3 „, 45 . 

15 

Let fg = — j-m^ + ^ m' 



/ 3 . o\ / 15 , 45 ,\ 45 



m^ 



, 225 



r»o{(2-2m + 2c)2.1}(2-2m + 2c)2r,o-2{2--^^^+l}'J^^ 



^ 10 



99 3 ,303 3 _, 3 

m"* +"32 *^ ^10=- 4^ 



• The sign of this term in the development of B, p. 31, requires correction. 
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Let r,o = Y '^^ + ^ •"^ 

. 127 
^-^ If 



T 21 

Let rii = — ^ m -f -rf in2 



^11 = :jp »»^ + g4 m» 



{-^m + ^«i>} {2«-lm2} = (l4.2m)(--?-m2+^m») 



-2(2-m)(lm2H-lg?^*m») 



ic-r-fi-^ 32 2 16 1- g" 



21 
16 



-4 = - 



837 
64 



r„{(2-3m^c)^-l} = (2-3m-c)^ri,^2{ ^_^3j_^ -H|!^/?„ 
r 21 2 .471 3 191 3 21 3 ,751 , 



Let r,2 = -g- m + -4 m2 



-2(2+3m)(f m^ + JJms) 



16 32 "" 4 4 4 

. J269 



.i« 
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3 2 91 . 63 - 3 2 154 3 

-K'+f)(l--^f-) 

99 1386 ,18 135 1 

16"*"^^ "^""16" "^T ~ T" "T 

1727 Tvyr Di u ^477 

"128 • ■*^' *^^^°^ *^^^ "■ 384 • 

ri4 {(c -.m)3- l} = (c - m)2rH - 2 j-^4. l} ^ffi4 

» 2 . 267 a „ 3 2 . 759 s 21 , . 

^^^_|-^^2^^^2m-lm2)=(l-2m)(-|^m2 + ^m3) 

~2(2 + m)(lm2 + ^^m3) 

_21 Q^-.267,9 759 £ 
16 Si"*" 2 ^ 16 2 

1113 

ri5{(2-m-c)«-l| = (2-2m-c)2ri5-2{^^|^+l}!^i?,, 



3 2 91 3 39 3 3 „ 221 



-2(2 + «,)/-|-m»--|m») 

= !5_ 221 339 

16 32" "*" 2" + Y ■•" T 

^-64 



127 



ru{(2-3m + c)2-l|=(2-3m+c)2rie-2{j:^±~^ 






21 



135 



5ifi= — ^«»' — «s-»»' 



8 



32 



231 2. A 3 

''16= 32 m^+Am^ 



^^^J + ^^aVg- 18«) = (9- 18m)^~m2+^'^''} 



16 
135 



-2(2 + -)(-¥-^-f«0 



4158 , Q . 4806 378 ,135 ,21 
+ oA= ^g 4" "^ "^ "^ T 



32 



16 

J _ 5727 
^"128* 



r.3{(2-4m)«-l}=(2-4m)2r,s-2{^-H3^ + l}!^ie,3 



ri, = 



Hi 



^mS )r3-16in 



51 2 



153 
16 



w* 



17 



(^ m2 -f ^ i»») (3 - 16 m) = - 2 (2 + m) (- ^ «» - ^m' ^ 



272 153 51 

-5--|-d-<f = -4-"^ "2" 



2 



-4 = 



799 
12 



3rij = 4 ri9- 4^^1119 



■R19 = "TX ^^^ 



9^ 
16 



riQ = r-»w' 



19- 4 

ri,j{(4 - 4 m - c)' - 1} = (4 - 4f»- c)»ri32 



1 L 4 — 4 w — c ' J ^ "'* ' (4 — 4 m — c) /I* "'^ J 



45 
ri32 = igm3 



45 , 
^^ = —32 



"^IM 



9.45 
16 



»l3 + 



4.45 
32 



in 



3 



495 

'-132 = 128'" 



Now, let 
» 45 3 957 . 



H'l32 = TR W*^ 



c2 



45 
16 



(See p. 54 and 55.) 



I 



128 



45 - . 21 , , 465 , 45 , , 549 , 



(g|m3 + ^m4)(8-24m) = (9-24m)(J|m8+^^m4^ 

0/0.4 \/ 45 , 957 A 2.45 , 

495 . 24 Q 9 . 549 24 . 45 , 8 . 15 , 2 . 957 30 
128 +"^- 64 16 "I 3F"*"'~64 16 

^=S M. Plana has Igf. 

r,83{(4-4m + c)2-l}=(4-4m + c)3ri33-2{4-:^±^^^ 

^133 = - 64 ^ ^133 ^ 16 ^ + 32*^ " 32*^ 

o . 25 . 93 . . 4 . 45 , 805 , 

24 ri5g = -_- w44.__ ^4 r,33 = 256 '^ 

r,„ {(4 - 4m)2 > 1} = (4 - 4m)»ri8i - 2 {j-::^ 

1485 , 2^1485 3 « 1485 3 2 ^ 45 . , 

,- 16.1485 ,„, 2.2.45 , „ 

15^31 = 128 m'e2 4- — j^— m3e2 

nsi =-g-wSd2 M. Plana has -^m^e^. 

r,3e{(4-4m-2c)2-l}=(4-4m-2c)2c,3e-2{^-^^l^^ 



^ 136 



675 , . 1485 , , 5535 , 675 „ . 358695 « 
'^»«=256^ + 256^ •^■12-^ ==256'^ +"768-*^ 



•Rl36 = :?!= ^^ 



45 
32 



/225 2, . .l r, _ \ ,. ,- ,r675 , . 358695 .1 2.2. 
164*^+^^1 r-^^*^/=(^-^^^a256^^'76r'^/--32 

225 358695 675 45 

4 "•■ 192 16 8 

^ 39795 ^jf ^, , 3645 

^ = -gj- M. Plana has -jgg • 



m' 



{(4-5m.c)^^l}^(4-5^->c)2r,38-2{ ^J^5-;"^^ +l}^-° 



525 , ^ 525 3 
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o 9 . 525 , , 4 . 525 , 5775 * 

S'-ias - -32- ^'+ "64- "^ ''^ ^ WT"" 

ri4o{(4-3m-c)i-l}^(4-3n>-c>r,^-2{ ^^Yj^^ + l}!yfl 
135 , « 135 , 

a 9.135 a 2. 2.135 ^^ 1485 , 

^'^^ - " "W"^ 64""* ^"^^ '^ ""256 '^ 






The expression for the longitude is to be obtained from the 
equation 

dx 

dt 
Let 

a* u -. 9 a* 2 a . 1 o A 1 \^ 

and let 

A -y~^d^= v^ {ia + as^ + C/»n 

A-Vi:;:/! ^' ^' ^^^m^c^ ^'^-'1 See Phil. Trans. 
ft.Va^^l-,^ 3 384^^^ 2/- 1834, p. 139. 

"^^ ={a CH-b25 + cja}»t2+ &c. 



udt 



a=^« 1+-^ +2ecos5H--|-«'<^os25 



+ |-cos(2r + e + -8-^/C08(2T-W-|.e,cos(2T + i) 

45 3 63 

-~e2cos(2T-20H--8-e3cos(2rH-2^)-^ge,co8(2r-5-y 

-.f£'co8(2T + 5 + i)H--|-«*,cos(2r-| + i) 
+ ~^oc<)8(2T + 5-y+^g/cos(2T-20. 

The term of which the argument is 2 t — 2 f in the preceding 
value of C arises thus. — ' R contams the term 

Mr 
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15 r 

-{■ —m^ e^ cos (2 T — 2 f ) 



This term gives in — ^ j t— d / the term 

{15 45 1 

- -g- wi - 32^ J ^^ ^^^ (2 T - 2 f) 

fl 72 

and this value is so far complete, because 8 -= — contains no term 

a A 

of which the argument is 2 t — 2 f multiplied by in? e^. 

In order to have the terms multiplied by e^^ e e, and e^^ only, 

b may be taken equal to zero, because 

2B=-^^*cos(2T-2f), 

and because there is no term in tl independent of the eccentricities. 



— e= 1 -j- e cos ^ 4- «^ cos 2 ^ 

r 



^ 1 . 225 - , e,« /o K « , 189 A « . ^ r 

+ Hecos(2r-^)+~ecos(2r-j-|)-3«,cos^ + 7^,cos(2r-^) 

- tf.cos (2 T + ^) + y e9 cos 2 ^ - y e« cos (2 r - 2 ^) + 7 e« cos (2 «• + 2 ^) 

- "32 ««/COs (^ + ^/) + -32" *^'*^°^ (2 '^ - ^ -'^) - 16*^/*^^ (2 '^ + ^+ W 
+ -55- ef, cos (5 + i) - Ko^^z cos (2 r-$H- 5,) +-^ee,cos(2r-|-g- 5,) 






q 112^ 

- 4^/«co8 2|, + 17e,«cos(2r - 2|,) + -^e«cos(4r - 2© 



-f 2ecos^ |cos2r + -g-co8^-j- — ecos (2r - |) +y^<rcos(2r+ © 

3 7 #» 1 

- Y^/ cos^ + -g ^,cos(2r - I) ~ -^cos (2r + y I 

-f 2e«cos2 5 |-^4-cos2t| 

225 225 

C contains the terms th^^^ and j^e^ cos (4 t — 2 f) which are the 

only terms arising from (S — ) 
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a = i- 



+ 



. r 1 , I . r 803 1 , 225 1 , 2 1 „ . r 1.11 
= '»'|-T+3- + i-3g4--6+128-6- + T}^+i-2+T}''' 

H-{-^4}..}co.2, 

+ {-t+t}"~«+{-2-+t+i?+'}"°'(»'-« 

r 45 9 , 15 15. ,j^ 1871 , ,„ .,, 
, r 63 , 21 , 1269 .71 „ _ , , 



, riiia 3 1 /. .^ 

+ I'M" ~T J **''"' ^^"^'^ 

+ {t-t-S-t}-'''»(2'-«+«') 

-io,»co»8S, + {" + 17}e,»co8(2r-2|,)+^e2eos(4r-2?)| 

+ ^ecos(2T-|-5) -3<f,cos5, + -g-e,cos(2T-$,) - ^ ^, cos (2 t -f ^,) 

oi AK QK one 

+ ^e3co625-^e2cos(2r-2|)H-^e2cos(2r + 2|)-.^^e,cos(|fi) 
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•^--^ee^cosi^r^l-l) - — <re^cos (2r + | + |,) -f — - e^^cos (| - 5,) 

Ko 057 q 

-32e^,co8(2r-H.|,)-f-^«^yCOs(2T.f5-^)-|.e,2cos25, 

-hi2?^,»cos(2T-2i)+^e2cos(4r-25)| 

The following terms occur in the value of A, (see p. 42.) 
^^ singT H--j?wesin(2T — f) — — mee^sin(f + f^) 

4- — w*ee/Sin(2T — f - f ^) + — mee;sin(f — f^) 
w e e. sin (2 T — f + f y) 

By differentiating these, the terms in — r- multiplied by m ma 

be obtained) and considering only these arguments, 

dx f75 . 801 A 2 
— T- = ^ -:r ^ + "J7^ ^ r ^ cos 2 t 
nd^ 1.8 32 J 

+ \-4 ^ + — m* J^ecos(2T — f) 

{21 805 rTi rt . t\ 

"" T^"" 32" J ^ ^' ^^^ ^^ "^ ^'^ 

f35 . 961 si ,^ t t\ 

+ i-^^ + — w2jeeyCOs(2T — f — f/) 

r21 . 1065 2! ff iL\ 

Integrating 



A 



r75 . 1101 o\ 2 . o 
==|l6^+"64r^7^'^^"^^ 

ri5 263 ,~1 ,0 vv 

-f ^ _ w 4. — - m^ ye cos (2 T — f ) 



IBS 



^ r$5 , 1801 ^\ . ,^ ^ ^, 

^ rsi ^ 1233 g-i .^ ^. 

■*■ I T'^ "*■ "32" ^ J^^^iC^Cf - ?/) 

These terms are identical with those given by M. Plana, 
dx 



ndt 



contains the term 



LT "^ "6 ^ J ^' ^^^ ^ ^' 
which being integrated, gives 

{5 23 n 
— + Y^ w^ ?- e* sm 2 f : these figures may be ar- 
rived at by substituting, as before, €^{l — »i*), for e* in my ex- 
pression. 

The relation between the constants h and a is to be obtained from 
the equations 

dfi r a J 



Neglecting the eccentricities 

a 



-^ = 1 -f 7»* — 2 wj* cos 2 T 



cos (2 A — 2 A^) = cos 2 T — — m' sin* 2 t 

= cos 2 T S" ^ + "q"^ ^^^ * '' 

o o 

»i = -^ n« s= n* (1 - 2 w*2) n« = n^m^ (1 - 2m«) 

n ^ 

22 as -^{1 4 3cos(2X-2x^)} 
^1 
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{S3 33 1 

1 + 3 cos 2 T — — wj* + — w^ cos 4 T V 

= ^ — ^ -^ 1 + /w' — 2 wi* cos £ T > 

{33 33 -^ 

1 + 3 cos 2t -^ — m^ + *—m^ co^ * "^ r 

m« m"^ 3 . 33 . 
= ""-2 "^T+T^ +16^ +'^^- 

w* ^ 65 4 
= "¥-^16^ 

Hence, if — = 1 + Tq + periodic terms 

m^ 65 4 



A« 



(lis "I 



Considering only the constant term in the equation 
1^ - A _ J. /*^ ^ 



d\ 
dt 



If this quantity be called n and if n = v/ ^ 

f, s . *71 n-* /, 2 „ 1253 A 
* = «V-'» +-64'"/ =«V+T'" -^SS-"/ 

T = V-Y+T6'"/ V+y'" —288"'"/ 

* This investigation is intended to correct a mistake in p. 65, which arose from neg- 
lecting the factor 1 — 2 m^. 



1S5 



w* 179 



= 1 + — — — - m^ + periodic terms, and terms dependent upon 

O ibOO 

the eccentricities. 

I shall now endeavour to obtain the terms in c, proportional to 
m? and 7n\ by extending to these terms the method employed in 
p. 49, for finding the value of c. 

;s 1 «»^ 179 . . f 2 « 1253 , \ 
* r ^T-agS*" + It*" - 288 •^ r"~^ 

T^rsa^ll — 3ecosS} r* = a* {1 - 4tfCos5} 

-f to2 179 .\ , 

-•n--6-y2'^7^^^ 

|- r* } (■^)'- *' { i|'»' + w*"* } ^ *^ ^ See p. 55 and the Errata. 

2 2 "^ r ^ 2 V r/ 

,/ _ i»2 179 ,^45 3.3443 .\ „ 

, / , m^ 45 3 ^ 11761 .\ , 

Hence, 

^i^ + "6-16*» -■676"^; 

,2 5 1253 . . JmS , 135 . , 5999 , , 135 r\ 

. r, ' 4 . 135 3 24110 .1 f , m3 . 45 1176I . . m<\ 



• 3 , 225 , 4035 ^ 

= ^-T^ -16'^ --W^ 

3 3 225 o 4071 4 

4 32 128 



The preceding method is that employed p. 67) where, however, a 
di£fereDt value is obtained, partly in consequence of the mistake al- 



136 

ready noticed in p. IS^^ and partly on account of a mistake in p. 55*, 
for the discovery of which 1 am indebted to M. de Pontecoulant. 
The following method, which leads to the same result, is more 
simple. 

In the equation for determining the inequalities of the reciprocal 
of the radius vector, 

2d^ r 
gives the term c^ — 1 ; hence 

c2- 1 4.rj {c2- l} = c^ra - i^^R, - 2*^ R'^ 

m3 179 ^ , 45 , , 3443 . «,« . 45 . . 3085 , 
^« = T"--96'^ +16^ +192 "*' = ¥+ 16"* +192 ^ 

Letc* = 1 - "I m« -f 4m3 4- Bm\ then 

{.»^+^».+.„.}{,^-i-}.(,-i.-)(-+«-+s-) 

45 135 225 

16 "" 8 " 16 

3 . 3085 5999 135 



i + ^=--r + 



4 "^ 192 96 
4035 



64 
, , 3 - 225 , 4035 . , ^ 

c« = 1 — Y^ "" Te" "64" *^ beiore. 

I shall now endeavour to obtain the terms in — and in A. of 

r 

which the arguments are 2 r, 4fTf and 6 t, independent of the 

eccentricities, and multiplied by m^ and m\ The following are the 

terms already obtained. (See p. 55 and p. 64.) 

a m^ 179 ^ f o 19 ^ . 131 .1 

9 

7 
+ -— wi* cos 4 T 

fll , 59 s . 893 .\ . ^ .201 . . ^ 
A = n* + ^- w« + y^ wj3 + — w4J-sm2 T + 256*° 

* See the Enrata. ' 



1S7 

• AlV Jl L 11 4 . 1^ » . /131 .361 1791 « 

. J"»V19 fi L JlSl . 361, 7\ J . . 7 . « 
+ |t+ 6"* + 118 + 72 +24/'^ 1*^"^^'+ 18^ ^^'^'^ 

19 4 .19 . . 1159 «./«»* 19 , ^889 .1 „ 

. Jm* .19 ., 151 .1 . . 7 - ^ 
H- 1 2"^ "6 "'" "12* J ^^ * '' H- g-*" <^^ 6 T 

o m fit 

= -5- TO* COS 2 T -I- -7- COS 4 r -|- -T *-'os 6 «■ 

D 4 4 

r 
When the eccentricity is neglected, — = 1 » 

4-= 1 - 2a 8 — + sa« A-i V- 4a» A— V + &c. 
a* r \r/ \r/ 

/? = - ^' ^1 + Scos (2 A - 2\)\ + &c. 



r* , m* 407 . 
a* 3 144. 

/ « 9 . 19 , 122-1 ^ w^ 

— < 2 w* + -5- w*3 H — — nr > cos 2 t — — cos 4 t 

cos(2x-2x,) = cos(2t + 2Jx) =r cos(2TCOs2 5x-sin2Tsin2 3x) 
= cos2t {1-2 3x2} -2sin2T5x-|-&c. 

« COS 2 T -[ 1 - ^ w4sin22 t} 



-2sm2T 



r ril 59 3 .8931 ■ . ^ .201 , . . 1 

I IF*'' +12^" +72/ "* ''°^' + 256'"'*°^'"J 

11 2 59 3 893 4 j^ f , 443 ,1 ^ 
= - 8"'" -12'" 72^" +r-256'"/^^*^'' 

ril 59 3 ,893 1 . ^443 , - 

nR TO^f triS 407 4 r., „,19 a ^ 122 .1 ^ m* ,1 

_ = «-. |1 - ^ 4.-^4 . ^2m2 + -^m^ + -9-»»^| cos2t- - cos4r ^ 
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f, 33 2 59 3 893 , , /„ 1329 A ^ 

, /33 2 ,59 3 ,893 A . , 1329 , ^ 1 
+ ( -^rn^ + -^ w3 -|- — m4 1 cos 4 r -f- -okq'^ cos 6 r X 

Considering only the terms multiplied by m^ and nfi^ 



B,R m 



{ J 19 59\ , , J 407 61 , 11 8931 ^ 
|l-2--4/^'-^il44-T-^T-^/^' 

, r 19 , , / 122 , 407 3 , 33 33 1329\ ^1 

+ j«^^3^^»_4._._.+_«_«__^^4|eos2 

r /• 19 , 59\ 3 . / 1 61 11 , 893\ . 
+ i(-T+4;^'+(-r-3-"8+24)^'««^' 

, / 3 33^1329\ , . 1 

+ (-?-¥+256>'^°^^^| 

97 , . 7681 « , ri9 . , 15767 -1 _« 
= 16^'+ 576"* +il2"'+ 9216^'}^^^^ 

r 21 , 61 -1 , 177 - ^ 

+ I " 16"^ 16"* J '''''^'■"" 1024'^ '^'''^'' 

Uniting to these, terms found before (see p. 53), 

R r m^ ^ 179 . , 97 3^7681 g 
jx L 4? 96 16 576 



r 3 , 3 . 19 . 15767 «! 

{9 21 61 1 177 

In the equation which serves to determine the expression for the 
radius vector, diJ signifies the differential of JK only as regards the 
coordinates of the moon. Hence d i2 = the differential of iJ, sup- 
posing only n t variable + the differential of jR with regard to n^ /, 
only in as much as it is contained in the terms in r, X and s due to 
the perturbations. 

In order to have the terms, now under consideration, (l — ] , 

(8x)2, and \l — j 8 A may be neglected in the second portion of 
dU, hence d U = the differential of iJ, supposing only nt variable. 
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d . ^ r and d 5 A being restrained to mean the differentials of those 
quantities with regard to n^t only. 

=-{m«-|-^m«}8in2Td«4. { - ^ m» -^w*} 8in4 rd« 

Integrating, the following terms arise in /d R^ 
f f»^ 25 fi\ ^ / 9 e 51 fi\ 

r «* . 19 6 .889 « 5 « m* 19 5 ,409 . 
^i=T + l2"* +288'" y"*^ 2+12*^ +288*^ 

{19 131 1 

i»2 -f _ ^8 -f. -j^ w* + ^ «i6 -j- ^ m« I 

«// 2 ,,1/ 3.j^3..19 ,j^ 15767 ,1 «i« 25 .1 

-^\\r^:j^+^! i- 4 "•+!■'»* + la*"' +92l6"'';-T-l2"'*| 

-2|{2 + m + m« + m3 + m4} {- Jm3 + Am4 + l|m* + ^«i«} 
T l2"* J 

Equating coefficients, 

38 524. „. 19 19 3 3 
«--_ + 3^--^-4- 3--y + -2+l 

. 383 
^" 2f 

262 3064 409 76 15767 19 3_ 3^ 26 
"9 W +'*^''72""6'^ 2304 6 2 "'■ 2 "*" 6 

508315 
20736 



uo 

3 , , 19 , , 151 , m6 3 , , 19 5 , 147 . 

ti3i=jm^+^m« + -^m«- ^ = ^m*-^ -^m^^ -^m^ 

7 

If ''181 = g^ ♦»* + ^m5 H- J&m« 

|-g»»* + ^m6 + J&m6| |l5-32m4.16»i2| 
= -[l6-32m+16w2} {|-»|4 + ^«6 ^ 1|?,„«| 

q Qi q 
-28 + 15^ = 76-24 + ^H-f-J 

2737 

480 

594869 
^"" 7200 • 

If a 5 — = Am^ cos 6 r 
r 

36.13 2.2.177 ^ 1535 

"^^ ^ ~ 16 • 1024 ^ ~ 1792 

-3 = -;r-V Sm (2 X — 2 X,) 

dX 2r^^ ^ " 

sin (2x - 2x,) = sin2 T |l - 2^^ m2sm2 tVI 

I o o / /^l o . 5^ « . 893 .1 . „ , 201 . . . 1 
+ 2 cos 2 T -^ It + 12 "*"72 J ^° '"^ ^ sin 4 r |. 

r, , / 121 121 ^201\ .1 . ^ 

= {^+V-64-128 + 256>V^*'^^' 

, ril . , 59 o . 893 .\ . ^ , rl21 , 2011 . ^ 
"^^ IT^ •^12'" +72"" /""^'•"*"ii28 + 256j"*'^^'' 

/i 525 4I . o . ril „ , 59 _ . 893 .1 . . 
== r""256'"/'*"^^-^i8-'" +12"* + W*" l"'''^'' 



a d J? 3 „ r , «!« 407 

7 dX^T'^ \*~y + i44 



TO* 
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r^, 5 , 19 , , 122 .-I ^ m* .1 



sin 2 9* 



+ iT'" +12"* +72"* }""^' + 266"' "''^''J 

Considerbg only the terms multiplied by m^ and m% 

mAR 3 , f r 525 11 , 407 , 1 1 . , ^ 

;^<nL-T«'|i-256-8-+f44 + -8-}'»'""^' 



sin4r 



, fr 19 ,59\ ,^ f893 11 en ,1 . 

+ |i-6+l2}'^+i72-24-¥;'^7" 

^ f 443 11 1 1 4 . « 1 
+ i266-8-T}~"°^7 

Uniting to these, terms fomid before (see p. 59), 

a d JZ r 3 » m< 1093 -T . „ . J ^ 4 .^ 21 . , 31 .1 . . 

177 
Integrating, 

r9 . 51 c . 175 fit , 177 « 

+ 164^-^64"^ +6?^/^'*^ +3072^^^^" 

•• , ,«». /19 1791 ^ 
;5"'^+T+ 136""144J'" 

1 Jo a J 19 » . /131 . 1 \ d . /766 . 19\ . 
^ f 508315 ^8891 .1 „ 

. f/^ . 1\ 4 J /2737 , 19\ . , /594869 , 151\ ^\ , 
, rl535 ^ 7\ . ^ 

, ,«? 103 . , r„ ,.19 ,,134 ,,1589 ,^4766859 .1 „ 
= ^+¥^144"* +i^'^ + T^ +-F*^ ^-ST*" +^33i2-'»7^~^' 

. r9 ,.3497 . .640169 ,\ . . 3103 , ^ 
+ {t* + lilT"* +"3600 *" ;*^^^'+l792"' *^^ 
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h±^'/TiL-[l-Y + ^^m*y Seep. 135. 



dA 



K, «» 11 A /« . 19 . . lU . , 1589 , , 4766859 .\ 
,/,.».» 103 A / 3 , , 3 , , w« , m» , 443 ,\ 

j^ r/i >»*\/» 4.3497 ,.640169 ,\ 

dx 
nd/~* 

, rU „ , 85 , , 639 . ^ /1589 19 , 1 , 1 \ . 

, / 4766859 134 11 443 1 309 27 , £\ ,1 . 
+ \'533ir ~ 27 + 78 ■•" 30^ "*" T ~ 576 ■*" 82 +64^ •* / '** ■* ' 

, raOl , , /3497 , 19 , 3 , 51\ , 
+ i 64 *" + (,240 +T + T + ei^"* 

, /mm 3 , 19 . 134 , 1 , 175 , 3 \ ,1 . 

+ vieoo- - T ^T + 24 + Y +-6r + a;*" / "•*. ' 

, r 177 , 3.9 , 9 .31031 ,_. 

3031 . 



nd^ ;^ 14'^ ^12 ^ 36 ^ 

, 1867909 gl - 

+ -829ir'^/*=°^2" 

raOl . . 17753 e 1023613 «l 
+ 164'" +^60-'" +-7200-'»7«'^^" 



19881 R 
+ 7X68"'*=°'^^ 
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Integrating, 

, fll , , 85 . , 639 , . 3031 . 



. r201 . . 17763 . . 1023613 .1 1 f, , ^ jl -. 
, 19881 . . ^ 

Finally, 

2855 c 6253189 o"! . ^ 
+ 108-^+165888-^}^^"^" 

[>] 

r201 4 . 649 e 1179373 .\ . , 
+ |2-56^' + T20^ +-28800-'^7^^"*" 



14336 



[131] 



M. Plana has 



8304449 fi . ^ . 647623 - . ^ 
.^^^^^ m*» sin 2 T + ^^^^^ ?w*^ sm 4 t 
165888 28800 

The calculations which lead to these terms are so complicated, 
that I place little confidence in my results ; but the details which 
I have furnished will, I trust, lead to the discovery of the errors if 
there be any. 

I now propose to obtain some of the terms in the reciprocal of 
the radius vector depending upon the cubes of the eccentricities, by 
methods precisely the same as those employed in page 37. 

The development of 72 required is to be found at p. 30. 

« A 1 \* 15 ,^ ^, ri5 - ^ 21 ,^ ^, 

a* I 8 — I =~m^cos(2T— f)-^ -j^ mer cos 2 r— ---meefCos{^+Q 

+ — #wee,cos(2T-f — f^) +-^mee,cos(^ — ^D 



— — w^^,cos(2t— f + f^) Y 



£2 



pr 



w 



[6] 17] 

[2«] 
+ ^m><'>,C0,(«T-«5 + f,) 

[27] 
+ ^mVe,co!(4,i-2f-£,) 

-^m*#"c,l»s(4i-2£ + f,) 

a* (S — 1 contains the terms 

|||)»'f"-{^l + cos(4t-20j- 

Hence rr—= IS — I contains the terms 
2 a* V r / 

- tS '"'«'{' + "^^ ^'' - 2f)} 6»eos| 

= --gj.».Vcosf-jjjm««»cos(4T-f) 

-j||™Vcos(4r-3f) 
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3 , , X . 9*5 o , 106 , . 3069 - o 

3 - - 3 r, 91 a 

3 r, 83 g ^ S 63 2511 

= ¥*■•» -16=16'" '^« = Y'"" = -l6'"-l28'"* 

8 99 - „ 3 63 3339 . 

= -2'""=-64'" ^«'=2''"" = 16'" + l28"'" 

3 693 o „ 3 27 „ 

= ¥'■"'=64'" r» = -r„ =--.«» 

3 51 , 3 



27 
2 • .7 - g •■- .« - 2 ' 19 



= -s- »"i7 = - -^ »»* «'s5 = -s-r,„ = 






3 51 

= r37 = 



{(1 + 3e*)(2-2m-c)«- 1} =(2-2m-c)«r8 



L2 — 2i?i — c J a 



Let Tg = — m + -^^* + Am^ + Bme^^ then 



8 32 



15 , 187 
¥^■^32 



wi2+-4w^^+ J57w^«\{-4m + 3e«- 12w^} 

. 45 405 39 

2'^8«'*"8 
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« 



Pf [5] 



= -^ w* er cos g +- t^w* <r e^ cos g. 



[6] {7] 

315 
— — »i*c*^^cos(2t — 2g — g^) 

[24] 

[27] 
+ -— m*c*^^cos (4t — 2g — gj 

— -rr- m*^e^cos(4T — £g -h ?^) 

o4 



a^ ( 8 — ) contains the terms 



225 
128 



/»« 



^«< 1 + cos(4t — 2f) y 



3r4 / 1 \2 



or-/ 1 \'- 
Hence ^^-s (8 — ) contains the terms 
2 a* \ r / 



— Y3gm*^4 1 + cos (4t — 2g) > 6^cos^ 
= — ^-- w'^cosg — TT^r m*e^cos(4T — f) 

64 l^o 

— -— m*^cos(4T — 3f) 

12o 



3 - . V 225 ,„ 27 ,0 
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S , , X , 9*5 , , 106 , 3069 , , 

r« = |re = 3m« '^'• = |'-.-fi=-ri 

f -^ ^ ''i _^3 J 3 63 2511 

1- - ®» - ^^«.« .. 3 63 . 3339 , 



m 



9 



3 693 , 
T« = 2-r,, = g^ m« 


3 27 


3 51 , 


3 


3 27 i 


3 


3 51 g 
rj4 = 2 '•■8 = 4 »»' 


tj5 = 


r«. = o 


^37=0 



rg {(1 + 3 e*) (2 - 2m - c)« - 1} = (2 - 2 m -c)^ tg 



L2 — 2i?i — c J a 



Let Tg = — m 4- -^ m* + ^me^ + Bmefj then 



8 32 

= (1 — 4f «i) < -^ m c* + 32" T ' I 



"*K"i^'^'-f ^'^'} 



Equating coefficients, 



12,15 561 _ j_ 4-5 405 39 
8 "^32 2"^ 32 "^8 



1^ 

r4{(l + 3e«)(2 - 2»j + c)» - 1} = (2 - 2t» + c)«r4 

Let r4 = --; m*+ -4wi^* + Bm^^ + Cm^e? 
16 

/j|w* + ^m^ + 5m«e«+ Cm«^/\{8- 12»i + 27€*} 



-4{gm«€«-f^m«.;} 






88 > 27 12 . 405 p _ 9 . 758 12.45 4.57 

16 64 ■*■ "" 82 8 82 

9.15 4.15 



8C=- 



8 



^_ 5087 ^^ 165 

"" 256 32* 

5829 
The value of J5 according to M. Plana is . 

r5{(l +80w«^l} = m«r5-2^?^55 

3 

Let fg = — — m^ + ^ m*^* + -Bm* ^^® 

4 16 

»'e {(1 + «') (2 - 3»«)* - 1} = (2 - Sm)*r6 



14.7 



-4r:^+'}T« 



Let rQ=z—fn^+ — m^ + Am^^ + Bfn^ef^ 

/Z.«» + ^««»4.^«H«»4.j«.e,»J. {3-f W«»-13m} 

,A ,. ^/l*5 ^,3069 ,^1 . ri05 ,,.183.81 , ,1 

lb 4 4 

._799 ^_ _123 

"■ 16 16 

Let ry s= — — — —w e' + -4 w* e* + J5 m* ^^' 

^-y-^«i«» + -i«>«« + Jm»«,«V3-4m + lS«») 

45 717 16 A 207 „ 1 

Considering only the argument 20, 

— -^_ — il gives — (c* — 1 ) ^ cos 3 f , therefore. 



|-{c»-l}+r„{9c«-l} = 9c«r„-4^ 



9. 119 , 4 , , 9.3 - 96 , 

*■« ="8748'" §716 •" +8787^'" =82'" 

a r 9 95 1 

Hence — contains the term -s g- + ^^ ^* f ^ cos 3 f . By putting 

{iw'^i r 9 41 1 

1 — -g r ^^ ^^ expression, "S -«- + jh^* ^ e^ cos S f is 

obtained, which is the value given by M. Plana, 
r^ « {(2 - 2 m - 3 c)« - 1} = (2 — 2m - Sc)«r , 



148 



91 4.7 105 

" 4 . 16 4 . 32 64 

^«= {(2-2m + 3c)«-l} = (2-2m + 3c)«r22 

\2 — 2m + 3cJ ft ** 

25 . 83 - . 4 . 25 « 2125 « 
^«=24Tr6'"^ 2^7^2^=^-384^ 

M. Plana has — -^^r- m*. 

r«{(2c + »»)«- 1} = (2c + BiTea ~ 2{^^|-^ + i}^/2m 
Let r^ = il m + J?7n', then 



^«4{(2 - 3w - 2c)« - 1} = (2 - 3»i - 2c)«ra4 



S 2 

171* 



-K.-^?Sr^c + '}=^*'^ 



106 , 



f^i {(2 - « + 2c)« - 1} = (2 - fB + 2c)«r 



35 



9 r 2 + 2c ,\«/a D 



1 6.99 v4. S 7 4 «» Di u 7 4 

'■••=T6T§i~15:8=~T'" M. Plana has -^««. 



149 



Let r^sz Am -{- Bm^ 



{Am + Bin^){S^^m} «(4^4;«)|gm + ^^^J..:^ 



16 



m' 



A^n 



— 21 + 8J? = 



83S9 
32 



63 

4 



3^ 
4 



JBs 



1161 
32 



r^{(2 - »i - 2c)« - 1} = (2 - m - 2c)«r«7 



L2 — iw — 2c J ft *^ 



97 



-15 . 



f<n^-^m 



8 



''«{(2 - 8 w + 2 c)« - 1 } = (2 — 3 m + 2 c)2r28 



-4d 



2 + 2c 



3 w 4- 2c 



+ 1 



}=t--'.- 



16.693 «. 4.21 a 4-9 2 
15.64 15.8 4 



'38 



r«{(c + 2m)2-.l}=(c+2m)^ir29-2| 



^r- + 1 

C4-2WI J ft 



}T^ 



r«=- 



27 4.. 9 

m — :: — -m = 



4.8 4.8 



63 
32 



rao{(2-4m-c)2-l} =(2 -4w-c)2r 



-{ 



30 



2 — c 



2 — 4 w — c 



+ 1 



}=^"«» 



30 — 



51 4. 153 

m + -T — ^-m 



8.4 ' 8.8 



255 

= -—m 

32 

F 



152 



75 . 

Ag = - — Wl ^. 

The terms in Ag multiplied by w' e^, w^ ^j*, depend upon a 
further approximation. 

/_33 50372^ 189 £- 187 1 l?a.^ ^^ 
■*"\ 16"*" 128 8 "*■ 16 ■*"2 "*■ 31 "^ 4 "■l6"^32 8 

3 . 45\m8e8 . / 165 5 5 15\f»8g,» 
■*"8"*"8y3'*"\ 16 2 4 8/3 

17 . , 195 o , S029 2 , 85 2 a 

= "8^ +^^^ ■^lefiT'"' -16^"' 

M. Plana has -7;;;^ m^ ^. As I have not succeeded in obtaininsr in 

128 ^ 

this or the corresponding term in the reciprocal of the radius vector, 
the same figures as M. Plana, I think it worth while to give th^ fol- 
lowing verification of the term, 

3.19 



4.8 



Tr(^e^ 



in the development of — , (see p. 30), upon which they partly de- 

pend, which may serve as another example of the method I have 
given in page 26 of developing the disturbing function. 

dJR rdR dr dLRdx 
d^ ^ dr rd^ dA d ^ 

Let ^4^:=zA + Be-^Ce^ ^-a-\-be + c^ 

dr rae 

^=A' + Ble + ae^ ^^= d -^ V e ^^ d i^ 

dx de 

i^ = (aC + 6 J5 + c^)^« + (a'C + *'^' + C.l')i?» 
de 



153 



+ 8»ii{{|«»on(8r-2|) + |-(l-|-«>)dn3r} 

+ 4-«»in2j(-|- «siii(»r- O) -|-e»diij(|-sin2r) 
ra 16 3 27 27, 3, 16. 46. 9-1, yo.,> 
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--^«»C06(2c+{) 

contains the term ' g° cos(2t +S) as given in page 30. 

A6=. {2r,(l-0+«»r„ + «»r„+^ 



m'c' 



r_j[_ 799 1269 231 , 316_ia5 21_^ _7 1 m2e» 
"•"t 2'*"8+'64"*"32"*"64 16 "^16 4 + 4J 2 



, r 123 25831 , , 

M. Plana has — -r^^ m^ e?. 

128 ' 



1353 » , 



m'e* 



+ V2"8 64 32 64"*" 16 16"*"4 4/2 
^VS^W/ 2 






11 , 75 , 



]5# 



1113 . « 11 



2 ^2 t _L_L •mS ^ « 



^1 = {ar,, + r., + rg + -|r, + »„ + IRj, 

^ *"*»+ 8 'J (2 -2m- 8c) 
r 105 15 15 1 105 

^ = {2 r« + r,o + r4 + |-r, + »„ + » 



S2 



+ >^ + T»'}(F^2^ 



2 c) 



""L192"*"2"*"l6'^8"^16"^8"^8"*' 32/ 5 



779 2 
192 

M. Plana has ^i»^ 

64 



105 



r 21 2n 

r35 351 1 



"" \ 2 32 2 16 4 "^ 32/ 4 



5 * 



M. Plana has — — m^. 

64 



155 



•^ 






105 
16 



^ = {2r^ + ^5 + r^ + ja^ + »i5 +A^^y__J_ 



2 c) 



-{-t-t}- 






}(^ 



4 ^«/(2-3m + 2c) 

1.2'*""32"^2"^16"*"4."^ "32 /T 
673 



= mr 

64 

M, Plana has -rrr wi*« 

64 



Ajj — 



^30 = 



1 



{2^29 + n7 + »29 + «17}(3rp2^)* -^m 



16 






255 
16 



m 



^ = {2^32 + ri7 + »32 + »17} (^ _ a ^) = 



63 
16 



m 



^^= 



1 



= {2'-33 + '•ig + »38 + K19} (2^77) = 



51-\ , 



rS61 17 17 . 51 

lie + "a + T + 



289 
16 



w 



^35={2r35 + ia85}3^=-§'» 



_ /o »ft I 1 _ r8*S , 845\ TO^ 

^ - {- »-36 + «i36l (c2 _ 5 ^) - \-a4 + 64 J 2 
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9295 
384 



m* 



^={^^^'^^S7}(^^^{^^ + ii}^ 



384 



= ^^»l* 



I shall now endeavour to determine the terms in R, multiplied 
by m\ depending upon the cubes of the eccentricities, of the argu- 
ments, 2, 3, 5, 24, 29, 30, 32, 33, 35, and 4 t — 3 f ,* and those 
multiplied by m^ of the arguments, 0, 9, 11, 12, 14, 15 and 17; 
but before proceeding further I shall recapitulate, for the conve- 
nience of reference, the terms in a $ — and i \ which are required 
for this purpose. 



a 



2 9 ^ . f 15 187 . 75 ol ,« ^ 

+ — »i«^cosf+ <Y^ "^"si 16^^' kcos(2T-f) 

. r33 9 405 ol /o . *-\ S a y 

I Ye "64 ^ >ecos(2T + f) — _ »i« ^^ cos f ^ 

5 15 

4- ~ w*^'cos2g — t'"^^ cos(2t — 2f) 



3 — 4 

7 
+ -^m^ e^c.0% (2 T + 2 f) 



^ r 21 837 ol ,v . vx 

■*■ X"" T ^ "" "64 •" J ^^'^^^ ^^ + ^'^ 

, r35 , 1269 gl ,^ ^ ^. 

iT ^ "^ 64~ ^ |^^^/C^s(2T-f-g,) 

-32»»®<?^iCOs(2T + f + ?/) 



* For Uie indicef of tbe arguments, s«e p. 2S. 
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{ 



21 



1113 



-^-^^^^ 64 



m 



^ V e e, cos (f - f ,) 



+ {"Y^^ei^ J ^^'^^^^^^"^"^ ^'^ 



231 
32 



wi* e e, cos (2 t -|- f — f ,) 



wi*^^'cos2f^4- ■—- m^e^cos (2t — 2f^) 

225 
+ ^rr ^* ^ cos (4- T — 2 f ) 

— — -mr*cos(2T — 3f)— -7-»i^^^cos(2g 4- f^) 

21 

+ -7-iw^^;COs(2f — f;) 

- ||»» ^^/*cos(f -I- 2f,) + -^ 7w^^,2cos(2t - g - 2f^) 



32 



63 



H- g2Wie^;*cos(f -2f;) -f rgge^^«cos(2T-g + 2f,) 

The above expression is generally consistent with that given by 

4?5 
M. Plana : but M. Plana's expression has the term — r^ wi* e* 

16 

(Arg. 0), which I have not succeeded in obtaining. 



^1 wi* wi*c* , m^e^ 

to — = -— - — — h — - — 

r 6 4 4 



1^+16 



64 2 



•} 



cos2t 



>« 



+ yecos? 



(t 






— jgWe/ l-ecos(2T — ^ 






"*" I 16^*"^ "64 ^ ^ I ^^'^(^'' + ^) """i" ^^^iCOsf; 



/— w« +-jg w ^ J- ^,cos (2 T - f^) 



158 



+ 



-f 



1 2 



45 
16 



m e' 



V^^ cos (2t + f,) -I- — »z* e^ cos : 



{1 5 4j4«3 "1 



71 
32 



+ ^w^^^cos (2t -f 2g) 



+ 



/ 21 789 2\ .^ , ^, 

. r35 . 1157 2 1 /^ > ,.N 

I "8" ^ ^6^ wi* W ^/ cos (2t - f — f^) 

^ r21 , 1161 2\ fy y^ 

+ •S^Y'^ + -g^»«^]^^^iCOs(f-f;) 

+ -T - y ^ - 64 ^^T ^^iCOS (2 T - f -I- f^) 



175 



+ -^ m^ee^cos (2t + f - ^,) 



32 
9 



17 



— --m^ei^cos2^i + — m*c^^cos(2T — 2f^) 

225 
+ -— - m^ e^ cos (4 T — 2 f ) 

165 63 

— -g;^ w^cos(2t — 3f) — -^me^e^Q.o%{^}li + f/) 

35 

— jg »2 ^* ^^ cos (2 T — 2 f — f /) 

— Jfi wi^*^/Cos(2f — 0J + -m^^^^cos(2T — 2f -f 
-:^'^^^*cos(f + 2f/)+ ^^w^^,2cos(2T--f-! 



32 
63 



32 



+ q"9^*^/^cos (f - 2f,) + rgg^^.^cos (2t - f 4- 2f^) 



8a 



={t 



75 a . 1101 „,, 55 o ^8 



m«+ -me'+ g^ 



»»«c2_r|„2eAsin2T 



159 



. 5 2 • A- . r*5 263 2 75 al . /^ y. 

+ g- 7W* ^ sm f + J "a ^ Te" "~ 8 ^ ^' f ^^^ ^^ "^ " ^) 

ri7 ^ 195 ^ . ,^ 

4- j — S 7» + A5* ^ — — 7W ^^2 1^ e^ sin f ^ 
. C71 2 175 «"\ . ,^ ^, 



_!_ ^ 11 75 

■^^ -16^^- 16^ 



eA^^sin (2t + fj 



+ ^m2^«sin2f + S^m + v} ^*sin(2T - 2?) 

+ ||mVsin(2T + 2f)+|-^m-^^m2j.e^,sin(f + f,) 

. r35 1801 ,1 . ,^ y y. 

\T^ "^ ~32" ^^^/Sin(2T - f — fy) 

17 
-jgW^^^/sin(2T + J + 0^) 

^ r21 , 1233 2\ . />r *^ 
"^ \ir ^ "^ ~32" J ^^'^^'^(^ " f/) 

■^ L T ^ "" "32 ^ J ^^/^^"(^^ - ? + fy) 

119 9 

+ ^w^^^ySin(2T + f — fy) me^sia2^f 

187 
+ -^w^^;sin(2T-2f,) 

+ -32^e3sin(2T- 3f) - — w^^^^sin(2 f + f/) 

105 105 

+ — /w^2eysin(2T — 2J — f^) + — me^e^sin{2^ — ^D 

45 63 

-— we2^^sin(2T — 2 J + ?/) -— »Je^y2sin(J + 2fJ 

* The terms marked with an asterisk are left indeterminate, because they have not yet 
been obtained in this Treatise or verified by the Author. 

g2 
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53 
The following terms arise in — 5 B from the expression 

taking care to omit those combinations which do not give rise to 
the terms now under investigation. 

^8i? = m»{j + |.cos2,} j{-j|e»-JJe,=}™eco.(2r-|) 

-jgmc^*e,cos(2r + l,)-^me3cos(2T-30 
63 35 21 

+ ^mee/co8(2T-?-2i)+|^me/cos«-2t) 

-fr33ee/cos(2T-? + 2i)-^ 

443 71 

- ~ m^eUos (2r - 20 + -^mSeS cos (2 T + 2^ 

- gjm2ee,cos(|4-^)-f--g^m2ef,cos(2r-$-i) 
-5^«»2ee,cos(2T + ?4-$,) f. -«j- m^ e e, cos (^ - ?,) 



32 /™v---r%-r*,.r r 54 

g^-j«2ee,cos (2 t -? + ?,) -|- -g^- 



j«2ee^cos (2 T - ? + i) -I--00 '^'e^/COsC^T -I- S- i) 



q 17 005 1 

--^m2e,2cos2$, + Yw2e,2cos(2r-2y+-gj m2c«co8(4r-2© I 

r 9 3 3 



i 



161 

+ ^e,cos(2r-i)--^-e,cos(2r+w} | j-gme«cos2 r 

— jgmc2cos(2r-20— -y-OTeeyC08(5H-^)+-g-»iee,cos(2 r - S— i) 

21 15 

+ -g- TO e e, cos ($ - ?,) - -g m e e, cos (2 r - ? + i) 

4-y%co8$4-^m2ecos(2r-?)+f§m3ecos(2r + e 

3 7 jw2 1 

-YOT2e^cos^ + — wi3e,cos(2r-|,)- Ye,cos(2T^-?,)J- 
^_«,J3.,.^|e/^-{-^e•-^e,«}cos2r-^cos2$ 

+ ^^co8(2r-25) + -|^co8(2r + 20-|ee,cos(54-i) 

- ^ ee,cos(2r-?-i)-^ « e, cos (2r + ? + $,)- -g-eif,co5 (5-5,) 

9 21 

+ jee,cos(2r -? -hi) + -j- ee,cos(2r -f ?- ?,) 



+ -^- e,2 cos 2 5,-1- ^ e,2 cos (2 r 



-2i)j 
J -^i»eco6(2r— 5)4- /. -|-«*^cos2r l- 



{ 



+ |-m8 8m2rj-^g^mif,2gsin(2r-5) + ^^e3 8in(2r-|-5) 

27 „1 . - . 175 



4- |xge2--.e,2| ^e^sm5,-|-^me2e,sin(2r-5,) 

-J|me2e^sin(2r4-i)-t-^mc3sin(2r-35) 

-^ ^e3e,sin(25 4-i)+^'^e3e,8in(2r-25-5/) 

+ ^i»c2e,sin(25-5/)-||'»e2e,sin(2r-25-hi) 
-g»,ee,2sm(5+2i)+^^^e,«sin(2r-5-25,) 

+ ||«ee,28in(5-25,)-h^38e^/siii(2r-5-|-25,)-^«ie,8sm35, 
+ {^m3i!3-^-|^e2,}8in2r + ~m2e2sm25 



162 



OK 717 

1801 17 



32 
1233 



16 



173 



11Q ^ 187 

-|.^m2ee,sin(2T4-5--i)--j»»2e,2sin2i + ^»»2e,2sin(2T 



-2i)| 



21 



+ /-|-68in(2T-0+Y^8m(2r + |) + ^.,sm(2T--i)-^,siii(2r+i)| 

I ig'^^sm2r-|---g«ie2sin(2r— 2|) — — «ie<?,sin(g-|-^)4--2-»»£;e,sin(2r--$— 5,) 

21 15 9 

-\--j-mee,sln(l'— {,) — -.-iwee^sin (2r — ^-f-S/) j-me,«sm2|, 

-I- 4-«2«8in| -f -.^OT2esiii (2 r - I) + ~w2esi„ (2 r + g) 



16 



8 



4.^2 J J_^e2«^g^2|sin2r + -4-«^Mn(2r-2g)-|--|-e2sin(2r-|-2$) 
--j-ee,siii(2r-|-^)- ^ ee, sin (2r4. |+ gj + -je<?,sin(2 r -$-|-i) 



aS/2 



-{-i- 



1605 
256 



1539 75 1 15 3303 
128 ■*"64"'"8 .8 "*" 256 



2367^51 1651 , „ 

--6r+32-6ir}'"^ 



+ H 



15 91473^Jl^_15_165 1617 



8 8 8 ^ 16 ^ 16 ^ 8 8 64 ^ 128 



,33 1651 ^ 

+ 128-64/*" ^' 



+ 



11 64 "^256 64 + 64"*"64 64"*"64"*"l28'"64 

405 226_^ 2251 ^ 
"■ 64 "•" 64 32 ■*■ 82 J * 

r_^ ^ 63 735 45^225 _ 225 735 
■^l 64 "32 "^32"*" 64 +64 64 32 + 32 



163 



nfiecosJi 



+ 



^32 32/^' J 

J/ 15 15 . 15j.l5l 2J. /-Z^J-l?^ - 

1 t"32""32"^32"*"32J ^ "^^ I 32"*" 32 

441 ^ l??_?Zl s 
"•^ 32 "^ 32 - 8 8 J ^' 



45 441 63 45 
32"^ 64 ^64 ■'"32 



•• m' e cos (2 r — Q 



r3l5_135 21 _ 21^315 135 _ 945 135 525 
"^ I 64 64 "•■ 16 16 32 "^ 32 64 "*" 64 "^ 64 

225 315 135 1575 225 9^5 1361 , ^ 
"■ 64 "• 16 '*"T6 "^ 128 "■ 128 32 + 32 J ^ '' ""^ *^^ «' 

r 443 15 675 _ 171 _ ^,±__}_ 
"*" \ ' 128 "^ 16 "*" 256 64 8 "*" 8 8 



+ ^-f}m^e2cos(2r-2?) 



M- 



789 3471 __75 3 , Aj.?! 4. A 4.??5_51? _± ^ _ A 

128 "*" 256 128 "*" 4" "•" 8 "*" 8 ■*" 8 "*" 128 256 4 "«" 



8 8 



5403 51 . 99 . 231 . 357 789 693 33 



, 51 . 99 . 231 , 367 789 693 331 . .^ . ^ , 

■^ 128"" 64"^ 64"^ "er "^ eT "" i28 " eT "^ 64/'" '^'''*^ (^ + ^) 

J./115?_?25Z I_4.??4.5154_?.^_?l_ A 

"*" I 128 256 " 4 "*" 8 "^ 128 "^ 16 8 4 

2151 



128+^}'"'''''*^(^""^~^^ 



21 



-u /ll^__?^j-5?5^1 _^- Aj-l4.?5?^«i5._ 1 j_ — X 

"*" I 128 256''" 128"^ 4 "8 8 ''" 8 ^ 256 128 4 "*" 8 "*" 8 



_519 357 693 33 5523 51 99 2311 ^ 

128 "'"^'" 64 64"*" 128 " 64 "*" 64 "*" 64 J *" ^ <^/ ^^^^ (| - ^; 

1 . 27 .'513 3 






81 3483 1 27 513 _ 3^ A«A 

128 ''" 256 "*" 4"*" '8 "*" 128 16"^ 8 4 



""lej '»^^^/Cos(2t-$-|-|,) 

21 21 . 3 . 51 . 561 231 



128 
9 



16"*" 8""*" 8 "*" 64 128 



"*" \ - "8" "•" 8 8 16 " 

231 . 5611 . ^ ^^ 

-i28+-64/^^''"*'^^^' 

r 165 . 15 151 , , ,a „^, 
+ {-128+32- 64/ '"'^'^^^(^"-^^^ 

r 35 l??_45 189_35_45_315 
+ L-32-64 64''"32 16 32 64 

-h^-y}i»««2e,cos(2r-.2?-i) 



164 
63 . 765 63 105 . 765 1051 



4- 



m 



3 



, r 63 , 766 63 1U5 , 765 lOol , . ,v . o2'.^ 

r255_ 1?? , 1?5_441 135_ 189 
+ I 64 128+32 64 + 64 64 

81 441 18Q1 

+ 16- 32+ 8 l^'""''"^(^''-^-^^') 

, 1/63 63_315 765 315 765 1 3 

"*" I ;64 ''" 32 64 + 64 - 32 + 32 J *" 

3 3 1 

J -[ !??_ ^ « 5? j_ 155 . I?? _ ?1 _ 5? . £Zl 
1 I 128 32 64+ 64 + 64 16 32+ 8 J 

. r 495 , 135 , 225 315 , 405 225t , - ,. „ ,. 

+ {-256 + -64 + 6r-i28 + -6l-32|'"'^'"^'(^^-''^^ 

aSi? 4067 ^ 2 , 799 ^ - r 2295 , 5 , 495 _ „T , 

-7-= -T28-'»'^' + -64 *"''''+ {-•256"'^+ 32 "'^'7^^^^^ 

— j^m^ e/^e cos (2 r — |) 57""*' ^ ^/ ^°® ^/ 

-^m4e>cosf2r-29+?||5^4e,^cos(5-hi) 

1761 . ,a y y\ , 7645 . rr y\ 

- 256 '»^^/<^(2'' - ? - U + "128 '"^ ^«/<^s (? - I,) 

,12289 . - i:.»:a^1^19 4 2 Qn 

+ "256" ♦»^^/Cos(2T-H-^)+-^m4e,2cos2^ 

_J||^3e8co8(2r-.3|)-~m3.2^,cos(2T-2|-i) 
+ Sm8e^,2cos«-h2W-h^^^^^/Cos(2r-|-2|,) 

+ {^'^' + T'"'*'83+T''''^38}^^/'C0S«-2|,) 

4-{-J-'»^r88-h^'»«}ee,2cos(2r-^+2?,)-hJ||m3e3cos(4r- 

In order to obtain all the terms in R multiplied by 7 
7w4 e e^j and wz"* e^% it is necessary to consider some of the ten 

(i — j 9 (^ — ) ^^> *"^ (^^)'' ^^^ ^^^^ purpose it is suffi 
to take 



165 

1 15 

a 5 — = --- w ^ cos (2 T — f ) 
r 8 ^ - 

15 

d X ss — m e sin {2 r — ^) — S m e, sin ^^ 

{^]r)^^^^l^'e^^in{^--^i) 

45 
- jg »»'«?«/{- sin (2 T - ^-f,) + sin (2 T -? + ?,)} 

(3 X)« = ^ m« e« { 1 - cos (4 T - 2 ?) } 
45 

— — 7»'^^^{C0S (2 T — f — 0^) — COS r^ T — ? + J^)} 

+ -|^'^/'{1 ~cos2fJ 

a JR 

Hence the following terms arise in , (see p. 68,) 

ft 

-?|?!(l+3cos2r)a^(s|y 

-3w«sin2T(a8— ^ ^X -f- — m^ cos 2 t (^ Xf . (See p. 68.) 
675 4 4 12825 .^ ^^ ^ ^. 

+ &c. 

Uniting the terms above, multiplied by m^ and by m\ to others 
previously obtained (see pp. 30, 53, and 118), 

lu 4 96 8 8 ' 

16943 4 2 ^ 799 ^ , 
--712-^' -^-64^^' 
[0] 



L 



166 



r»«« »»»c» 3 4 o . 135 o . 5999 . 
^\2 84 '82 ^ 38* 

2295 3 , , 495 , -\ ^ 

-^56""^*^ + 12"^^'/**^^ 

[2] 



■ 235 . 

+ -6ir'» 



"" Tr ^^ ^'* > e cos (2 T — f ) 

[3] 

-L r 3 , 9 o . 27 a o , 16S 
+ |-T'«— 8 "* '^-32'" "' +16" 

2355 



m* 



wi^e* 



J- c, cos f, 



64. 

[5] 



, / 15 , 75 , g 45 g 8203 ..T .^ ,. .„ 
+ |- -g-m»+ -^V-ga*"'— 512 »»' }^'cos(2r-2f) 

[9] 
, r63 - 273 , , 1107 , , . 71 , 

+ !¥'" -eiT'"^ -eT'"^' +16'" 

— -25g »»'*J-e^(Cos(2T — f — f,) 

[12] 



f 3 g 3 

It""' -32 



+ -I ^'»'-:s3'»'«* + |^'»''^/*+^'»* 



* J X contains the term + 5^ m^ e^ gjn ^4 ^ _ 2 ^) omitted by mistake in p. 160, 
hence contains the term -|- tttsj mi^^cos (4r — 2Q in addition to those given 



in p. 163. 



167 



, 9265 .\ ,y ys 

[14] 



12289 . 
nr 



256 •V«iCos(2'" -? + £,) 

[15] . 



[»7] 

"^ {^'"'- li"^}^*^"" (2r - 3f) 

[21] 

+ -|^- ^m' - — wjs V«*e,cos (2t - 2? - ?,) 

[24] 

+ {|-»»« + ^«^} «f,'cos (? + 2 e,) 

[29] 

^ flSS 5 1659 o1 , ,„ V ^vx 
+ ■(^— w? + .^^ rn^>ee^ cos (Ct — jt — 2 ^,) 

[30] 



+ ||-m« + ^^ms +^w'r33 



1539 

64 ■■■ ' 4 



+ -J TO^Xgaj' e«?/cos(f - 2?,) 

[32] 

[33] 

The terms in d J3 multiplied by m* c% m* e e, and »»* f ', which 
arise from dififerentiating It with respect to n, t, only in as much as it 
is contained in the terms in r and X due to the perturbations (see 
p> 54), are given by the following expression : 

a 2 



168 



d^ 



=s {y+ Ym«co82T]'{ym3e2sin2r-^«i2|f«sin(2r-25) 

21 105 

+ g-m'ee,8in(|4-5,) + -grm'ee,siii(2r-5-|,) 

21 15 1 

-I- -g»»2ee,sin(|-|,)--^m2ge,sin(2r-$4-|,)| 

+ j-m^ecosg- -^w2ecos(2T-$)+-|-m«ecos(2r-|-^) 

3 21 ''I 1 

+ -^m«e,cos^ + -wi2e^co8(2T-?,)-^m2e,cos(2r + ^,)| 

{^m2esin(2r-?)} 

o r ije iff 

4--5-«i2sin2T|-^m2e2cos2r-^m2e2cos(2T-2^) 

— "T-^^^ ^' ^^ (^ "^ ^'^ "" 4~ *^^ e ^/Cos (2 T — I — ^) 

21 15 

— -^m'^ee, cos (^ — I/) + -jm^ e e, cos (2 r — 5 + 5/) 

9 1 

+ { - Y^'^*^" (2 r - I) + Am^esin (2 r + ^) 
+ ~m2e,siii (2 T - I,) _ i m'^e.sm (2 t + 5,) | 
4 — _ m2 e cos (2 T — ^) — 3 an^ e^ cos ^ L 

J 21 315 . 45 315 . 45 



+ tT6 



315 , 46 315 . 45 \ . .,,.,, 
- 32+32--16-+I6; '»**''*'"«+^> 



j^ ri05 63,45 63 27-1 . . ,. _ ,^ 

, r21 .45 315^45 3151 , . ,, ,, 
+ il6 ^- 32- 32 + 16 - 16 J *" '"'"" (^ - ^) 

, r 15 63 , 46 63 , 271 . . ,„ , . ,, 
+ i-l6-32+16-T6+T;"''"'"°(2'-« + ^) 

— /'dR= — II ot" c« cos (<2 T - 2 J) + 2* m* ^ e, cos (? + f ,) 
327 

-^w4eeyCOS(^T-g-?^) + 24 //i^ ^ r^ COS (f - f ,) 



169 



87 



--—m'^ee,cos{2r'-^ + it) + &c. 



a 



2 



^8l-y=m3|^+{^62-Ae,2}cos2r-h|-co«2?-~#3cos(2T-20 
7 H^7 12B9 

- ^e ^,cos (2 r + 5 -I- I) +-^3-ee,cos (5 - i) - ^ce,cos (2 r - $ -I- ?,) 



64 



64 



+ ^e^,cos(2T+|-i)-^e;cos2|/+2Vcos(2r-2i) 
-|.^eicos(4T-20 .{ ^mecos(2T-a+^H-2m2cos2T} 

4.2m2|-|-ecos^+^^cos(2r-0-hf|ecos(2r+e-|.e,cos|, 

+ |-e,cos(2r-|,)--|-cos(2T + ?J-|-^m3cos2T} {^TOe2cos2T 

21 35 

- -g- w»ee,cos($4.?,) 4- -g mee,cos (2 r- I - IJ 

21 15 1 

+ -g- w e e, cos (5 - ?,) - -g^ w e e, cos (2 r - I -I- 1,) I 

{2 187 33 

-^ w2 e cos ^ 4- -^ m2 e cos (2 t — ^) -|- jg w^ e cos (2 t + |) 

3 7 W|2 "I 2 

- Y rri^ e, cos i + y ^2 e, cos (2 r - I,) - y «/ cos (2 r + I,) | 

+ »i2|-i-f 2cos2t} |-?| me,2ecos(2r-|) + ^me3cos(2rH-0 
-f ^we2e^ cos (2 t - »,) - ~m^2 ^^cos (2 r + 1,) - ^me3cos (2 r - 3 © 



4 

21 
4 



4 

21 
4 



^?^^e2e,cos(2|4.?,)+^m.2e,cos(2^-?,)--^mee,2co8(?+2?,) 



64 

63 
32 



+ jmffC0s(2r-Q {-^^ w3ecos(2r - © + — w3<fcos(2r+ © 
+ -g-m3e,cos(2 t - | J - ^m^g^cos (2 t -f I) -f _ ^3^cos (4 r - © | 



^ J189 , 95 , 2 . 34969 , 1089 , 165565 \ ^, 
"116+ 8"^ 9"*" 2048" ^ 512 "*" 4096 } ^ ^' 



+ 
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1 I 128 32 "^ 128 "*" 64 "^ 64 J "*" I 16 "^ 16 "^ 16 



+ 



f r3375, 5t -. ri5,21 105 ^ 147 45 25\ A , ,^ 

|i5lF+Y}^'-^il6 + 16-l6- + l6+l6-i6r'|"*'^~^(^ 

r 19035 1455 105 15_2.,6545 7 2805 35 151 g^ 
■*" 1 612 512 "•" 8 8 4 "•" 256 ■*" 4 ""256""^T"TJ'^^^ 

, r5 6 , 225 , 187l , „ ,« «^, 
+ i3--T+ 64+18 }^^^'(^"-^0 

^ r 279 ,1269 33 .665 , 187 , 231 4551 , ,, . ^. 

+ i-6r+-6r-32+48-^--6r+32---64/'^^^'^^(^ + ^' 

^ r423 837 133 561 ^ 7 \ 4 ,« . ^, 

+ l-6r--64--[6- 64+-3/"^^'^(^'-^-^) 

. f371 97 , 231 95 , . 1309 33 . 23551 . .j, ^. 

+ i-64-64+32-"-T6-^ + -6r-32 + -6r}'"'^^'^^«-^) 

, r 97 ^ 1113 , 133 561 11, ,^ . , g. 

+ i-i92 + -6r + r6— "64--yr'^^'"^(^'-^+^'^ 

. ; 3 . 17 , 9 71 4 J. ^- 

+ {~-^}m3e8cos(2»-35) 

. r 12555 3927 .35 211 «„ _ ,„ ^, ^. 

+ i-Ti2--256- + l2-T;^'^^^^^^^'-^^-^) 

. r63 35 21 , 2551 . 2 ,^ . „-. 

+ il6-i6-32+32}^'^^'^^'(^ + ^^) 

. r 135 147 105 . 85 631 . 2^ .^ ^ ^^, 

+ 1-32— T6--l6"+32-32/^'^^''^^(2'-^-^«') 

. f r256 63 105 ,211 ,, „ 1 2_,, ^^. 

+ |ii6-i5-i6-+32;^+""'^j'''^^^^"-^^) 

f r 135 21 45 , 631 a , m' 1 „ ,^ v , o*r\ 
+ |i- 32- 16 + 16 + 32/ "'+T"»«|^^''~'(^'-^ + ^^) 

r 225 1051 » « ,. ojjx 
i- 32-"64-;*^'^'^^^''"^^) 



-I- 



o A IV S071151 4 2 119 4 5 
*nV) =-36864: ^*^'+24^^' 

[0] 



171 



{' 



^ ^ 32 ^ + 8 ^' 



> m^ e cos f 
[2] 



r*655 



[3] 



8345 



1503 



■ 128 ^^^i^^^i + -102 ^'^ ^ ^^ (^ "^ ~ ®f) 

[5] [9] 

+ -^m*ee,cos{^ + ^,) 

[H] 

*073 4 /« ,. ^\ 

~ "192 "»^ ^/ cos (2 T - f - ?,) 

[12] 

+ -^ »»* e e, cos (f - ^,) 

[14] 

+ 4?^^ TO* C C^ COS (2 T - f + f ^) + ^ TO* «,« COS 2 f , 



192 



[15] 



8 



[17] 



+ I^OT3eScos(2T-3?) 



64 



[21] 



- ^53g- w»® «* <?/ cos (2 T - 2 J - ?,) 

[24] 

+ — OT^ g f ,' cos (f + 2 ^i) 

[29] 

— -— • )»» e c,* cos (2 T — f — 2 ^,) 

[30] 

+ -T-gg "^ + *»' ''83 ]• « <?/* cos (f - 2 f () 

[32] 

{3 m^ 1 

- — w|3 + — Vssyeel'cos (2t - f + 2f^) 
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555 
"^ "fiZ" ^^ ^ ^^^ (4 T — S J) 

3 r"* 3 15 3 

-^^=-^ + — ^«-6ecosf+ — e*cos2f 

For the terms in a^ y—) multiplied by rri^y m^e^ rn'^e, 

m^ e^ see p. 55^ for the terms multiplied by m^^, and m^ee^ 

3 r^ / 1 \^ 
p. 120, and hence n^al^ — ) contains the terms 



— 6 tf cos I -< 



251 



3765 o o , 5 , 2 ^ , 2341 . ^ 

-^^ »<3e- + y m3g2co82r+ -^gg- >»4 e cos ^ 



65 



+ 'Oft"'"* * ^^^'^ (^ '' " ^) + 7« »^* * <^°^ (2 r -1- I) 



96 



48 



+ -^ i«4 e, cos I, - — e, cos (2 r - |,) - y »«* «, cos (2 r + I,) 
+ go »*-* e cos (4 r — ^) H- jg m-* e cos (4 r -f- |) 



»r 



-I- Y m^ <», cos (4 r - ^) - Y e, cos (4 t + |^ ) 

495 5 41 

-}- fo5»*' ^^ cos 2 ^ -f -J- w» e2 cos (2 r — 2 -I- -r^ w3 e <», cos (| -f- ^) 



128 



16 



191 21 

- ^ *»3 e e, cos (2 r - I - ^,) - Y '"^ ^ ^' *^°^ (2 '' + ^ "i" ^) 

89 13 

+ Ygm8<f e.cos (^ - I,) - jg»*'<?^/ cos (2 r - ^ -I- 1,) 

4- -g-mS ee, cos (2 r+? - 1,) -|- ygs*^'^^ *^**^ ^ ^ 

+ oE^ »»'«^cos (4 r - 2 y -!--__ m3e«, cos (4 r - 5 - ^ 



256 



16 



45 1 

— j^m3ee,cos(4r-54-$,) >- 



+ {ye^+|^»cos2 
15 



*}{ 



19 . , m< o 1 »»* A 
5gw* + -g-cos2r4--o-<^os4r 



15 



Id O Id T 

4--5-»»'«COS|-j--g-»»3eCOS(2«r— ^) -|- -T7- 9w3 e COS (4 r — ^) I 

3r* /. 1 V f r4905 11295 1485 . 225 . 451 .165 



2a^ 



A IV J /4905 11295 1485 , 225 , 451 , , 165 1 , 

y-^) =|l-6r--"i2r--[28-+T6+32/^'-+-T6"^*j^'^^° 
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, J rU98S 16 16 . 751 ^ ^ 147 ,1 
, f 85086 133 2671 . , 

I 

+ {^-.,y} «^««,cos(J+i) + { - ^+ l} «<«,CM(2r - t_5 
+ {^--3-}'»*"/«»»(«-l)+{S+5}«*"/<!<»(2'--?+i) 

j^ r 64811 , 191"! , . -a „, ,, 



32 ' — ^*T-v, 64 
r 68S . . 3 



+ {-|-m»+^%„} m»*^«co.(2r- S + 2i) 

, / 1665 8415 , 751 , . ,. „_, 
+ 1 - 128 - -256- + 32 1 •"''•~* <^ ' - ^ « 

[2] 
[3] [5] 

[9] [1 1] 

— -j^m4^e^cos(2T-f-f^) + -jgj- wi'* ^ ^/ cos (f - f ^) 

[12] [14] 

-V- ^^^»l*^<?^COS(2T-f + ?/) + -Jg m* ^^* COS 2 f , 

[15] [17] 

1 
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[21] [2*] 

435 1851 
+ --^m^ e e^ cos{^ + 2^,) — wi^ ^ ^^« cos (2 t — f — 2 f ^) 

[29] [30] 

[32] 

{9 OT* ~\ 

- g- w' + 2- »-.b| e e^ cos (2 T - f + 2 f,) 

[33] 

1 1145 

T—-- m^ (? cos (4 T — 3 f ) 

256 ^ 

(1 \^ 
I — \ contains only the terms of the order and of the arguments 

in question given by the expression, 



675 
128 



m^e^\ 1 + cos (4 T — 2 f ) > < ^ + »»• cos 2 t 



-^ — me cos 



(2 T - f)| 

Hence 

^, r^ /. 1 \3 225 4 , 1012.5 „ , ,„ 

[0] [3] 

675 
--j2^^»*^*cos(2T-2f) 

The preceding expressions for ^^—^ 18 — \ &c. serve, as i^ 

— a \ r / 

former instances, to obtain the quantities denoted by the general 
symbol r. 

I shall now attempt to determine other terms in the reciprocal of 
the radius vector, integrating as before by the method of indeter- 
minate coefficients, the equation 

„ 2 d^.r^S-?- Sd^.r^fs-l)' o^^^^Ul^ J 

2d/2 d/2 "^ 2d/2 d/* 



175 
r a %/ dr 

f38649 675 57 . 7245 191251 .^ , r 239 . 1471 . „ 

"*■ I 512 " 32'^32"^i024"'la2rj *" '^+i"'"r + T6 J "* *'* 

^27321 3 , 331 3 , 
+ -512-'" '^ -16'""' 

Let ra =^ m + '^^m*- y^ »« ^^ + ^'»'+ A m^e^+ Bm\^ 

Since c = I — —ni' —-^ tnP + — m^ e'^ — —m'^e,^ (Seep.80 
and p. 135.) 

4"^ «_L^l 3_L^ 2^^^ 2 2 15 2 2,27321 .^ 331 . ,1 

\y«i* + jg»n3 + -g me2 + _^2,2„__.^2e^2^.__„,8,2«_^3,^.| 
~2{2 + 2m} ||-^2_g^2,2«:J^2,^2_39^3^^^| 

Xquating coefficients 

%45 2244 33113 27321 405 495 39 

32 32 "•" 512 512 8 "^ 16 "^ 8 

825 . 135 ^ „ 331 , ,^ . 39 . 45 

- 32 + 32--^^=" 16- + ^^-^ T+T 

. 463 W — — £^ 

"" 128 " 32 

The terms in r^ multiplied by wPe^e,, rr? ef cannot be obtained 
without carrying further the development of JAR. 

I 2 



176 



5^ 
3 



Let r^ = -;j- m* + ^ m* 



tg = OT« + 



45 
256 



i»« (See p, 121.) 



»«_ 



m.a 






S , 225 



+ 3^-^m^+An^\ 



=4 



»!« + 



4f5 
256 



m 



■}-*{¥ 



•-'-+T"'} 



16 "^ 64 2 



> — 45 



Vn=- 



— -Wl* + 

4 
9 



123 
32 

123 



3 . ri347 . 935\ . 
L 32 ^ 32/ 



»|3 + 



nt 



Let r^i = 



4 32 16 

21 837 3^ . 3 

8 64 



rrt 



r 21 837 2^ . ,1 r^ 1 , 249 A 

-2J{2-m+m2}{i-«»»+^m»+lg5«4}+24«<i| 

5!^+??Z+2^ = iJil+i??+l-i?M .lii_1.48 

128^128^ 16 ^ 16 ^ 8 16 ^ 32 2 



.1= - 



7231 
128 



21 2 751 2, r3349 3945"! 
^^4 32 \ 32 128 J 



nC 



21 . . 751 3 . 9451 . 
4 32 128 



177 

LtCt ri2 = "TT" ^ H — 7n — ^ + il Wl* 



35 

8" 



8 64 

5355 26649 « ^ _ 9451 _ ms 441 1761 _ 213 567 327 
128 "^128 128 16 "*■ 8 "*■ 64 8 "" 4 "*" 16 

. . 4.8935 
■^ ■*" — ^^^ 
768 

9 o 267 a ri34.7 . 4855^ . 

^ 2 ^ 267 3 ^ 7049 4 
4 32 64 

Let ri4 = -g- wi + -^ 7»2 + ^ m^ 

4221 1113 9,_7049 267 9 9265 75? £ >» 
128 128 64 16 + 8 ~ 32 32 2 

453 



^ = 



4 



r,5=--|OT»-^'m3+^ -^^^+=^^}"«* 



r_i265 373 n 

L 96 128 / 



3 5 221 , 6133 . 



178 
/. a 5 ,1 r 3 , 221 , , 6133 ,1 

_ 3015 _ 485 _ 6133 221 15 12289 3 9 87 
128 128 384 "^ re 8 "" 64 "^ 4 "*" 4 "^ 16 

4.9277 



A=: 



768 



91 , ^ r 675 19 ^ 75 \ 3 
^«^=-16^ +l"-l2--96+T28/^ 



91 . 7951 3 
16 384 



Let roi = —-^T ni + J m^ 
«* 64? 






105 . 7951 _ ?1 , 135 2 

128 ■*■ 384 4 ■*" 32 ■•" 8 

. 7523 

768 

Let r^= —^m + Am^ 






315 _ 27 435 1287 £ 

g4 +4^- 2 "^ 32 32 "^ 2 

_ 1965 
256 



51 3 r799 1851 ^ a 51 o . 4541 . 



179 
12011 



^ = 



'2d6 



r 9 91 3 , »«« 



3 „ 9 , >»« 63 



4.5 45 

Tn; W ^js =* — tt; 

32 16 



27 J 585 3 3 , 27 a ^ 225 , 

"8 "* + 6* "* + "a-"* "■" = --8 "^ +12 "" 



1539 ,, , 3 2 j^ 3 2, 2673 3 

53 
Let rgg = — m + ^ w' 

{i-+-'-}{-'-+i-}-{'-'-}{-?+f-} 

315_.2^27_ 2673 9 
-- 32 "*■ 2 32 2 

. _ 4635 
If aS— = ^7»2^cos(4T-3f) 



g .^s_ [ 1^9385 111451 135 



33 „ 



- 227085 This term is affected by the value of r,.^, 

"" 2048 (see p. 128.) 



M. Plana has the terms 

895 
128 



rr^ ^ cos (2 T — f ) 
[3] 



+ 



/ 21 



837 o 7063 
mr 



64 



128 



. r35 1269 o 47255 



L8 



r2i 



64 



1113 



+ 1-8-^^+ 64 



7«« + 



768 
833 



m' 



m^\ e e^ cos (f + f ^) 
[il] 

»l^ W ^y cos (2 T — f — f ^) 

[12] 
[14] 



r 15 97 , , 16943 .\ ,^ ^ ^. 

[15] 
r 105 7703 j"\ , .- „ „ 

[2.1] 



+ 



675 
+ j-^wi'c^cos (4)T — 3f) 



1 + — j for ^ in this expression, the fol- 
lowing terms arise in lieu of those given by M. Plana, and with 
these mine ought to agree. 

m« e e, cos (f + f J + -^^^^ e ^^ cos (2 t — f — f,) 



128 



1687 



[H] 



768 



16703 



[12] 



4- - -~ m^ ^ ^y cos (f -?,) 4--23g- W2'^^yCOs(2T-.f + 5,) 

[1*] [15] 

I shall now endeavour to show how other terms in the expression 
for the longitude may be obtained from the equation 

dx h I PAR 



At 






A\ 



At 



"•^..-Ca?) 



— 8.-^-- = — a j rb h 

a d A da r 



dx 



IX 



181 



& dJB r45 15 

— i -| — s= — 3m'sin2T-{ -^^m e* cos 2 r — .-aih c* cos (2 t — 2 

- -g-mtftf,cos(5-|-f,) + -g-m6tf;COs(2T-5-i) 

+ -^wee.cos (5 - i) - Y"»*^/*»* (^ '' - ^ + W 



+ |9m2c8in(2r-0-3m2<?sin(2T + 5) 
i -^m tf COS (2 T — ^) j- 



75 



45 



+ 3iB3co82r jj|i»c2 8in2T + 52TOc2sm(2r-25) 
- jmetf,sin(|+t) + -j-i»tftf,dn(2T-|-g,) 
+ -J j»c«,sm (€ - i) - -j^mtf e,sin (2 T- 5 + W --J- 



?;8in25,} 



+ j - 9 m2 «j cos (2 T - I) + 3 m2 e COS (2 r + 5) 
+ ^ii»2e,cos(2T-U-|-«»2^,cos(2r + i)} 
-{ —OT e sin (2 r — 5) — 3 wi ^,sin ^ |- 



/ 9 631 , 2 . ^ , r 46 ,45 45 135\ , . . „_ 

= |-^-^|m3.,2sm2r+|-jg+^--g---32:|m»^sui25 

, r45 105 .45 106\ 3 . ,„ , ^. 

, f63 27 , 631 » . ,0 ^ ^. 
+ ll6"'"a"^T/^'^'''"(^''-^-^) 

+ {||-|--?}«»^^^,sm(2r + 5 + l) 

, r 315 , 45 315 , 45\ - . ., ,. 
+ 1-32 +16-16 +T/^"''^"(^-^^ 

+ {--S + ?-f}"''^^'""(^''-^ + ^^ 



182 



+ {?+^}«»»e,'siii(2r-2i) + {-J— ^}m»e,»sin(2r + 
r 135 45^225 ,461 , , . . 

, rl35^45 135,1351 ... ,. «,, 
+ iTg- + 32--8-+32 }•» *^°°(*''-^^) 

r 315 105 , 315 . 1051 . . ,, , ,, 
+ l-32-T6+T6+-8-}'""'*"'(*''-^-^> 

. r45 . 45 45 451 , • ,a k x i.\ 

— 18 tifie^ sin 2 T — -r-w* e* sin 2 f — -— m^ e e, sin (f + J,) 
[1] [8] [11] 



27 



135 



- j^m^ee,sia (2t - f - f<) - ^«j3tf f,sb (2t + f + f,) 



[12] 



[13] 



~-5S- »»^ « e< sin (f - f ,) + — J»'fe,sin(2T— f + f,) 



32 



[14] 



[15] 



-i-~n^ee,sia{2T + f — f,) + -^5- to^ c,« sin (2 r - 2 f ,) 



8 



[16] 



[18] 



— — rn^e^ sin (2 t + 2 f^) + -^ w»^ ^ sin 4« t 

o o 



[19J 



[131] 



45 



— — m® f® sin (4 T — 2 f ) 

[136] 

+ -^?»3 ^ ^; sin (4 '»■ - f - ?/) - "32 ^^ ^^/Sin (4t - f + f^) 

[138] [140] 



135 
16 



- ^r;r m'e C0S{ - "S-*"^^ (* + ^m) COS (2t - 9 



183 



15 3 

- -g-mc» cos (2T-.2|) + -^m««2cos(2r + 25) 



495 



(63 27 \ 

- -^m^ - ^m3^(l +3»a)ee,C08(2r- ^- I,) 



- 32 ♦»^^<^/COs($-^) 



+ ^-jm2 4-??,»3^(l+m)ee,cos(2r-| + 5,) 

(7 45 \ 

9 45 45 

- ^m^e^cos (2 r + 2 1) + -m^e^cosir + -g- f»|3«cos(4 r - Q 



16 
- g^mV cos (4 r - 2 a 4- g^ »»3tf f, cos (4 r - S - ?,) 

-g2»»'«^/COs(4r - 1 + ^) 



■"n7/'dT^^ = { 



3 2 3 



15 

8 



15 






15 q Q 87 Q o\ r% \^S Q w 

— —nre^ — —fn^er >cos2t — -—w^^cosf 
8 8 J 16 

L 2 16 



45 2 .1 



£ cos (2 T — f ) 






k2^ 



184> 



, rsi g , 99 8 105 , , 
+ |-8"* +16'" 16*"^ 



- -g^ »»« e^\ e, cos (2 T - f,) 



+ 



r 3 J 3 



6*" +16"*' 



— nfief\e,cos{9,T + ?,) 



- ^3- '"^ ^/ cos (? + f /) 



32 



{- 



63 g 783 „ 






675 



-^o ^^^/Cos(f-f^) 



32 



+ {- ^^' + ~7»3\^^^cos (2t - f + f,) 
+ {f m^ + ^^'} ^; cos (2t - 2?,) 



9^ 
16 



w?ef^ cos (2 T + 2 fy) 



+ ^i»«^ cos (2 T - 3 f) + -;^»i*^ cos (2t + Sf) 
16 16 

35 
— —me^e^ cos (2 t — 2 f — f^) 

-:^m^^^,cos(2T + 2f-f,) 



185 
15 

21 
+ jg mV^; cos (2 T + 2 f - f^) 

rt^ e e^ cos (2 t — f — f ,) 

^. llm^ee,^cos (2 t + f- 2 f^) 

845 1 

+ -g^w^e/^cos(2T- 3f,) -h^»»^^,*cos(2T+3f;) 

+ — m^ e* cos 4 T + TTj ^^ ^ COS (4 T — f ) 



— i»3e«cos(4T-2f)4-— 



wi^ e* COS ( 4 T — 2 f ) 4- ^^ wi^ ^ ^y COS (4 T — f — f y) 



— ^3 m^ ^ e^ COS (4 T — f + f ^) 

expression for the longitude is to be obtained^ as before, 
le equation 

dx 



A_ h 1 rdR. 



r* r r \ r / 



t 

d/i 



^r^/l - ^' - "^^ ?^ m*^ - ^^'\ See Phil. Trans. 
'^ V 2 3 384 2 /• 1834, p. 139. 

= {ac + biB + ci^}w^+ {aa> + bc + ciiB + 62l}»|3 

J terms in — -|- multiplied by m^^y m^ee^^ and rr^ef^ are 

in p. 131. I shall endeavour now to obtain those multiplied 
^, rr?e^ej^ m^ee^, 7v?ef^ m^e^y n^ee,, and m^el^. As 
itains no terms independent of the eccentricities, the terms 
nultiplied by the cubes of the eccentricities are not required 
duce the terms in question. 



186 



a = -^ = 1 + "I" + 2 c (l + -| c«) cosf + -|-c»cos2 f + ^c»o 

ft / ^\ o 

— = 1 + e f 1 — — 1 cos f + e* cos 2 f + — c^ cos 3 f 

Let a =s 1 + a(,j« + 8(4) c« + 8(3)^8 

b = b(,) <? + b(8j c« + 6(gj c» 

a C = { €(3) + 8(1) C(^ + a^,) €(,) + n^^ C} ^ 

a 2D = 3D, c^ + 8(1) SD(i)C« + a^g) 3D c» 

ft C = b(ij C(,) c* + b^gj c c» c« = c«4ff« 

Making m and ^ equal to unity, 

_^ = Cs + 2D2 + a^i) {C(2) + SDd)} + 3(2) {€(,) + 2D} + a 
+ K^ {*(«) +^(1)} + bs^ + c »2 + a {c + 6} 

The last equation merely serves as a guide to show the coml 
tions which enter into tne formation of the terms now under ir 
tigation, of the order m^ ^ and m^ e^. 



187 



L / 105 2 2 369 , j,\ .^ ,. 



+ »c2cos(2r-2 5)+~m2e2cos(2r + 2 
495 783 



48 

9 7^ 

+ ^w3ee,cos(2r-| + i)4-^m3e^,co8(2r4-«-y 



32 

3 
16 



+ ^m3e;cos(2r-2i)-^w/3^,2cos(2r + 2t) 
+ :^m2g3cos(2r-35)+^TO2e3cos(2r + 35) 



16 



16 



+ «34e3e,co8(2r-.2|-«,)-^ii»Ve,cos(2r + 25 + i) 
+ lRj7C«e,cos(2r-2|4-|,) + ?lm»c«^,cos(2r + 25-i) 

- l|?m2ee,cos(2 r - | - 2 ?,) + ^m^ee,^cos (2r -f- 1 - 2&) 

84*1 1 

+ ^m2e,3cos(2r-3?,) + gjmVcos(2r + 3W 

45 45 



32 



32 



+ 2ecosJ-|gm2e2-^V+{-^m2^2«^m2.,8}cc>s2 



135 



— -jg »n2« cos| - 9m3 ecos (2 r — I) -f ^ ecos (2r 4- 

99 39 A.^ 

+ ^m3e,cos(2r-y-:^ii»8e,cos(2r + ?,)-^m2c2cos(2r-.20 



16 



16 



Q on 

4--g-*»2c^co8(2T-f-20 — •^m«ee^cos(2r— |— ^J 



m' 



- -j-ge,cos (2 r -f. 5-1- J,)- ^ m«ee,co8 (2 r - 5 -I- {,) 
+ jw»e c.cos (2 r + 8 ~ ?,) + ^m«e,« cos (2 T - 2i) 



ft -- X 



188 



15 



H-yjn2g^cos(2T-?,)--g-»i2tf,cos(2T + |,) + -^OT8cos2r| 
-f.{He8cos3«4-4-«^cos|} |^^' + |.^2cos2r} 

15 r 15 9 

+ ~mecos(2r-e | - y me2cos(2T- 2|) - yi»2gcos(2T - |) 

+ ^ecos(2r+e+^m2e,cos(2r-|,)-|-«,2e,cos(2r+o} 

+ {^we2cos2r-^i»e2cos(2r-2|)-^»ge,cos(| + t) 

35 21 15 ^ 

+ — weg,cos(2r- ?-|,) + — me6,co8(5- {,) -^OTee,cos(2r-S + 5,) 



. 3765* a^ , 5 , 2 - ,225 - _ ^ 
■*"256 '^^H" 2"*^^ *^<^2'^+ 32 °^^ 

+ ^m2«2tf,cosi + ^^m2e2£r,cos(2r - t) -^m2^2^^cos(2 T-f-y 

iQ^i 5 41 

+ |||^3gacos25 + -jw3 62cos(2T-2|)-|. — m3ee,cos(| + 5,) 

1Q1 21 

-^^i»3ge^cos(2r-|-|,)— g-m3ee,co5(2T-f| + y 

4- ?| m3 e e, cos (I - ?,) - ^ m3 e e, cos (2 r - 5 + 1/) 

+ ^m3ee,cos(2r + S-0-^w'^^.cos(2T-22+{,) 

17*1 45 

-h j^fn^ee,coB (4 t- ? - i) - j^ m3e e,cos(4 t- 5 + y 



* For these tenns, see p. 120 and p. 144. 



189 



+ {-?|?»i»«' + -^"»V}<'/Co»(2r + i)-^mMco»2J 
-^»|3e«cos(2r-2$)+ -|^ i»3 ,.2 cos (2 t + 2 1) 

— '^m^ee,cos(2T + l+l) + -g- m» <? e, c w ($ - t) 

700 59 

+ ^m3e,2co8(2r-2|,) +32m2€3cos3$ 

- ^m2e3co8 (2r-3B +^m2e3cos(2r + 3$) 
-^i«2e»e,cas(2$ + y-i^m«e«e,cos(2r-2S-i) 

-lm2e2e,cos(2r + 2$H.^) + H??m2^2e^cos(2S-i) 
+ jm2«2e^cos(2T-2$ + |,)+^m2e2^,co8(2r+2$-i) 

-^«.*^^,2cos« + 2W + ^-Sr'«^^Ocos(2r-|-20 
+ ^m2ee,2co8«-2i) + 2r83m«e^,2cos(2r-S + 2^) 

+ 5^m2r«,2co8(2r + $-2i)-^m2e,3cos3i + ^m2^,3co8(2r-3y 
-f l^f/cos (2t -f 3 i) +1^ m3 «2 cos4 r+?^m8e2 cos (4 r- 29 

H- -j28 '^^ ^''' ^®® (4 '■ "■ ^ "" 5^) •" 128"*^^ ^ '^^ *^°* ^^ '" " ^ "^ ^^ 

L 



190 



225 ^S'i 

-jg w2 ^V,cos (4 T-2| + |J + -jgm2e2^,cos (4 r-2|-i) 



+ 2 e cos 5 * 



Til' 



'^,2+ {-\f m2e»-~m2e,2|cos2r 



-f 



33113 
1536 



101 



m^ecos (2 T — 9 + TT^^ ^ *^°^ (2 «* + I) 



+ — m3e,cos (2 r - |,) - — m^ p.cos (2 r + ?,) 

+ ym2e^.cos2| - ^^^2^2 cos (2 r - 2|) + l^-m-e^cos (2 r + 2 ^ 

837 „ 1269 

- -Q^m-e e, cos (| + ^) -f -«:r »w^ e e, cos (2 r - ^ - ^) 



64 



33 
32 

97 



1113 



- 32 '^^ ^ ^' cos (2 r + ? + 1,) + ^ m2 e e, cos (| - |J 

231 

-g^m2^e,cos(2r-| + |,)-j--2-m2^f,cos(2T-|-|-^) 



9 17 495 1 

--4;m2e,2cos2i + -^m2.,2cos(2r-2|,) + j^^m3ecos(4r-0l 

-f |2e2cos2|-e2| |^?^3cos2r + -|-m2ecos^-h^^m2ecos(2r-$) 

33 ^ 7 

+ Yg m2 e cos (2 r + I) - — m2 e, cos l.^^m^e, cos (2 r - $,) 

--2-^/COs(2r-f 1,^1 



+ |-7-^^cos3^ — - eacos^j- j ^.- + wi^cos2r }- 



Omitting terms which uave been obtained through previous de- 
velopments (see p. 151.); and others where the divisor introduced 
by integration is a multiple of »2, which I shall endeavour hereafter 
to treat by a different method ; 



_dA^_fr 15 Q.l 3 25 5 12883 
ndt \l 8""^+"3"""8""4"*"2"'"l28'^ 



33113 , 101 191 , 



+ 



-\-i 



r 87 239\ - 1 ^ 

J 803 1 22.^ 225 , _ ^ 5 , 2 2 SI 
i-3T4-4--64+-32+2''^+3+y-3^5I/^^ 



+ _ O 



» e cos I 



191 



■f 

"f 
+ 

+ 

-f 

+ 
■f 



fr3?_15 45 £,1.9 4^3 189 15 187 
1 116 T"M"" 4 "^ 8"^32"'gr'*"T6 "T" 32 

^ i^33\ .,, r46 15 386 51 , J 
135^15 135^495 IMT /, ^, 

-T6-+l6-7a- + l58-8i/"''^^«»*^ 

3 . 1 . 15 , 127 . 101 . 191 . , ,^ 
495 45 7 .105.41 723n , .^^^^ 

783,99 35 63 191. 48935 , 157 1 , ,« ,, .x 

""16"*"16""I2""32"" 48"^ 38r + ^/"'^''*^^f*''"^-W 



139 39 63 21 1687 911 3 ,« ^ ,. . ,.x 

-48'-r6"32-T--6r-24;'^'''"~(^'+«+«') 

675 .315 7 45 89 4531 , 
" 32+lJ'"T""32+16+^j'*'''*^~(^""^) 

9 39, 5 ,63 13.49277 911 . ,_ ^^^, 

16""l6+T + 32""l6+"38r"24j'* '''*^(^''""* + ^^ 

73 .99 ,63 ,21 5727 ,1571 , ,<, ^. rx 

l6+16+32+T + -6r + -8-J"'"'*^~(*'' + ^-W 

^+?^}m»e.«c«i(2r-2W 

13 , 95^ 5 . 2 j^ 3 1 ,^ o. 
"r2 + l6+T+-3+T/'»'^^~^« 

7 45 45 , 39 7523 15 ,187 , 9 1 , . ^^ 
16"32"T + 32- 384""T+32+T/'"'^*^(*''-30 

789 837 3-1,2 /o«_i_i'\ 

■" 16 " "64 " "2 } »»"«'«/«» (2?-f 6) 

1161 , 1113 3 1,, /oir 2^ 

-f ^gj- - y I m2c2e,co8(2|- t) 

153 .51 , 12011 , 171 , - ,0 If oifx 
4635_^|^J^^^2cos(|-20 



16 
1965 



128 

45 .15 ^ 15^225^975 ,105 ,4951 , . , 
S+16-^16+ 32 -^la + T + lM/"^* ^*'' 

l2 



192 
t 45,15 135 185 . 8805 . 39795 . 4»5i , , ,. ,„ 

, r 175 , 315 ^ 105 , 176 , 5775 1 , _,. . _. 
+ 1 38 + 64 +-M +ur+15?/ ""'*"<*•■-«- W 

, r 45 46 46 45 1486 \ , , . . , , . 

+ {-»- 64-38-16- 128 /"'"'«*»(*'■-«+«'> 

-^«»''cos(4,-3y 
nS 801 g ^67055 si «* f, , . «i 

f 55 , 1217 3\*,* ,, . , 
r7S 1101 g , 74671 si s 



r S5 a 691 ol « 
\ 16 24 J ' 

369 2 o . r 75 275 ol gr, . « . 
^"^ "" 64 "*■ \"¥*^-l6 J ^'^^ 4- 2»i} 

For A4, Aq, and A^, see p. 152. 

5 43 8 , 2765 , 
= T +1-6'" +256-'" 

r285 g , 1541 -T 1 /, ml 
^«' = is2-'"+li-'"7Ti' + 2> 

95 918 , 
= 82'" + 96« 



199 



21 111 3 8S79 . 

^ ^- -T- W — -rrr- TfT — — — r— ^ 
4 32 S2 

fSS 961 p . 12217 ol r, , ^ . 33 ^l 

^^*=lT^ + i2^ ■^-i2r^/ V + *^ + T^/ 

35 



1>7 o<:aa 



17 , 2633 „ 
16 192 



16 192 

^» - It *" '*"32" "* + ~64~ *" J V ■•■ * "^ T *" J 

-\T'" + l2-"* +-64-'^ 

IS 173 , 48325 - 

= -T'»--3-2'"+-38r'" 

> /857 . , 7965 g"! 1 ,, , ^ 

''«=\i6'« +-6r'^/T^*+'"> 

= 11?««+3131 
16 ^ 64 ^ 

. ri87 s , 8534 aX I ,, , a \ 

16 96 

r 9 3 \ m» 33 , 

'« = l-16-¥/¥=-32'" 

riS , 121 si 1 /, . 3 -1 



so 

18 ^ 10 , 

= T2 + -3'" 



AH: the discrepancies between the values giv^n in this jpage uid 






194* 
those of M. Plana, except that of A^, are removed as in former ii 
stances by sustituting e < I — ^ > for ^ in my expression. 

>..=-{-f- !!«•}{—} 

105 .6511 , 
32 ^384? 

For Xj2, A25, X28, A34, A36, and Agy, see p. 154, 

105 3669 4 

ss •— — ■ m ^ ■ tn 

16 128 

rl05 . 5661 ol 1 r, . ^\ 
105 . 6081 « 

=: tn + ITT 

16 128 

r 63 2253 ol f, o \ 

^=l-16^-l28-^>i'-''"/ 



63 124.5 , 

="-16^"" "128"^ 



r225 , 9019 gl r, L . \ 



255 17179 « 

= -TTT ^ H — r;;:^^ ^ 
16 128 



^-{i»' + w»'}{'+^'»} 



63 . 6355 , 
= 16'" + T28-'» 



3075 a , 
^'31=^56'"' 



> ni25 o 319335 3\ 1 / I 






1125 
256 



«ii* + 



82158 5 
512 



m' 



2975 - 

Aioo ^ Wr 



'138 



128 



Al40 — 



765 , 
128 



And the longitude contains the following terms, to which I have 
not assigned any index : 

227085 o s • /4 af\ 1125 - « . ,^ ^v vx 
i»*e3sm(4T — 3f) — -j^^^ w'c^e^ sin (4t — 2f + f J 



1024 



28 



+ -j^w«c*e^sin(4T-2f-f,) 

M. de Pont^conlant, to whom I communicated these sheets in 
their progress through the press, kindly favoured me with the no- 
tice of some numerical corrections (see p. xix), which have enabled 
me to obtain values of ^,3, A|4, Xjg, and A^i, agreeing with those 
given by M. Plana. 

I shall next attempt to arrive at the terms in the longitude mul- 
tiplied by m^^, those multiplied by mPei have already been ob- 
tiuneil in p. 64. 

a«A— y=yW»ecosf-f 4^^cos(2T-ft 



8 



15 



+ — »i^^cos(4t — f) 



(See p. 55.) 



a (8— j =^+ (^* + — m^jcos2T + — w'ecosf 



{¥ 



187 , . 3S11S 
"' + I2'" +1636 



m^K-e cos (2 T — f ) 






= {aaD + ftC + CB4-tia}w» (Seep.lS4.) 



assi 4- S^COSf 



15 



b = —m ^ cos (2 T — 0) 

4 



JB-O 



a 
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d X l35 m* 

15 r «m3 A 1 

-|-^«»«co8(2t-0 + ^m»ecoB(2* + 04-^m8ec6sS 

+ A«8^cos(2r-0 + -g-«»eco«(4 4'-0 
_r 136,45.151 . ^ 

_!./ OJ.3 6 ,33113 ,19^5 1 3 ,. ^, 

r 1 3 , 101 , 191 . ,. , ^, 
. ri5 . 45 . 495 . 151 . ,. r^ 

Uniting to thesej terms found before^ 
d/ , r^ 9 165 ^1 -, 

ri5 , 143 4 . 28729 ,T ,„ „. 

+ {y»»«+^»»^}«cos(2r +f) 

4- -— - m® ^ cos (4 T — I) 
64 

Int^ratingj 

X=:n^ + ^2+-2«^ + -g2 w^ J- ^ sm | 

[2] 
ri5 263 o . 51817 o\ . ,^ ^ 

-^\T^ + T6"^ +^6r^/"^"(^^-^ 

[8] 
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[♦] 



+ — - mP e cos (4 T — f ) 

[132] 

The coefficient of e sin ^ in the expression for the longitude, ac- 
cording to M. Plana, is 

3 75 

and of e cos £ in that for a S — is 

r 

, . w^ 645 , , 

In order that these values may be consistent with those found in 
this Treatise, it is evident that the following equation ought to ob~ 
tain, 

2 p ^ 5 3 285 „ 

3 2 32 

, . m^ 645 3 "" 7~3 I 7 5~T 
^+"6-128^ ^+-2^ -64^ 

which, however, is not the case. 
M. Plana has 

-^^m*^ instead of -^gg-^^ (Arg. 3.) 

these figures may be arrived at, as in former instances, by substi- 
tuting el\ — —) for ^ in my expression. 

I shall now endeavour to show how the terms in the reciprocal 
of the radius vector and of the longitude may be obtained, which 
are multiplied by m"^ e. For this purpose it is necessary to find the 
terms in the disturbing function (Are. 3,) multiplied by m^. 

Considering only the terms multiplied by m^, 

a8 — = -— m^ cos 2x4- , ,^ ' m^ e cos (2 t — 0) 
r 6 1536 ^ 

+ -j^»i^tfcos(2T + f) H- j2g»»^^cos(4T-0) 

M 
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— = 1 — tf C08$ 

a 

1* '•-^ • 1^ / 19.331131 , ,« -. 

rr —- W^ COS 2 T + »r ^ COS (2 T — fe) 

6 o\A 

227 495 

-f — 7w3^cos(2T + f) + j2g/»^ecos(4.T-f) 

8 A = —■ m^ sin 2 T + Ao m' ^ sin f + -=*^^ w^ e sin (2 t — £) 
12 7oo 

169 o /^ ►. 255 „ ,^ ^v 

+ -— m3^cos(2T + f) +— j-7n3^cos(4T — f) 
24 64 

Considering only those combinations in the expression 

which can give rise to the coefficient of the argument in question^ 

• — 8jR = m2|y-f^C082r| |r2 wi^tf cos$ + -^^w^ecos (2r — 5) 

— m' e cos 5 ] -5" ♦»' cos 2 «r V 

-f -2-TO2sin2r i Xam'gsin^-f -gj-m3«cos(4r — \) V 



— S JB contains the term 

ri0227^3 ,1485 19^3,, 7651 , ,„ -. 
lfr, = 0, X,=:^m3 

* These terms are left indeterminate, in order to facilitate any correction which n 
hereafter become necessary from the discrepancy noticed in p. 197. 
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= irr=7: W* ^ COS (2 T — f ) 

3072 ^ ^^ 

Considering only the terms multiplied by m', 

^ (^ — ) =-g-»i^^cosf + — m3^cos(2T-.f)+-g»i«^cos(4T— J) 
(See p. 55.) 

8 — ^A = J — +WI* cos 2 T >- — m ^ sin (2 T — f ) 

+ -— wi ^ cos (2 T — f ) — w^ sin 2 t 

= |^--^ + y2g Vm^esinf +— OT'^sin(2T-f) 
. f\5 ^ 165\ 3 . .^ V. 

= — j2gWi3esinf+^m3esin(2T — f) 

} ^)* = -^^' ^ COS? — — • m^ e cos (4 t — f ) 
The disturbing function contains the terms, (see p. 68,) 

- jm*{lH-3cos2r} V-m^ecos^ 

-h-g- »»3 tf COS (2 r — S) -!--«-»»'« COS (4 r— |) >• 

- 3 m3 sin 2 r j — ^^ m^ e sin ^ 

+ |-f»»*sin(2r-|) + ^m3esin(4r-0| 



3^ 
2 



)n^C0B2 r -j -gr- m^ e cos $ — -^j- m^ ecos (4 r — |) >• 



Hence — R contains the term 



15 135 135 , 225 1215 . 495 4951 . .„ ,. 
"32" "ST ""14 +^6 ""256 "^256" 256;'^'*^^*''"^^ 



m2 



200 

ft 

1095 



128 



w* e cos (2 T — f ) 

■ a.R r9 5 15 , 2S5 ^ 

Hence — = -s "T"^ + T^*" +"^7"^' 
a L 4? ID 64? 

+ "3072^/^^^^^-^ 

[3] 

In the equation which serves to determine the expression for the 
radius vector, d 72 signifies the differential of It^ only as regards the 
coordinates of the moon. Hence d ^ = the differential of Mj sup- 
posing only n / variable + the differential of R with regard to n^ tj 
only in as much as it is contained in the terms in r, A and s due to 
the perturbations ; hence, neglecting y\ d i2 = the differential 
of Ry supposing only n t variable 

d . ^ r, and d ^ A being restrained to mean the differentials of those 
quantities with regard to n^t only. 

8r =- r^^y + r3 (^y)^ " ^(^tV "*" *^* 

As ( $ — ) ^^ already of the order m\ it is evidently sufficient, 
when seeking terms in / dR of the order m^y to take 

, ^ vdR, ^ 1 , dR , ^^ 

die = J — d . ro h -5 — do A 

dr r ciT 

= m2 -[1 + 1- cos2r} ^m3csin(2r - 
— fn« e co8|(2 m^ sin 3 r) 

J Ty r^^^A 139 ,1 . ,« y. 

d/i = |-g ^^ + 32-^ / ^sm(2T - f) 

* See p. 55. 



a« 
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Let a^— =:bw+Cm* + Jm5+£7w* 

V 

(^^y={2b£+2C0}mS 

187 33 1 

+ -j^in2tfco8(2T-|) + gm2«cos(2r + |)| 

ri9 , ^ ,33113 , ,o ifN 

|-g-m>cos2T + ^ggg m'«coB(2r — I) 

101 495 1 

+ ^«8^co8(2r + S) + j^m»eco8(4r-0} 

1» « . 19 * o 

= -rr»I» + -r^m*C08 2T 

, r 2686 ,105 ,33113 ,38 .4951 . ,_ ^. 
■^1-1152+ 64 + 4605 +-9+mj'"^*^*(^'-0 

19 s 19 c « 2240S c 

r 22403 191 . ,^ ^, 

11024:"- 6"/^ "^'^^^-^^^ 

It is sufficient to take 

= ~wi?cos(2T-f) J ~;»4 h.~cos2t+^cos4t^ 
315 



2 

contains the term 
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Hence, 
ts contains the terms 

(-383 SU81 _ 3151 rSr - t^ 

I 18 + 3072^ 3?/"* '''='** (^^^' 

287899 5 ,„ ^, 

= '92r6~'"''"'^<^''~^) 

Uniting to this, terms found before, (see p. 122,) 
_ 3 91 , , 2657 4 . 287899 . 

T * 16 , 187 , , 33113 , , . , ^. 

L.et ""a = t'"+ 32 "'*+-j53g- "»+•<*<»*» then 

ri6 ,187 ..33113 .^..l 
{-4m+^m' + ^m» + ^m«} (See p. 122.) 

r 3 , , 91 , , 2657 , , 287899 ,1 
15 ^ 259 /\ 

Equating coefficients, 

43155 33099 364243 _ . . 
16 "^ 512 "^ 3072 

287899 2657 . 1001 , 531 19787 235 15 __ 117 259 
9216 48 "^ 32 "^ 32 "768" 16 ""2' "4"^ 16 

J _ 3406141 
4608 

r4=:|-m«-f^|^' + {^+||}m^ (Seep.123.) 

33 „ 101 . . 
^^^~ 16 "^ le"^' "^ 

{g«.+ iS». + ^»^}{8-12.-^'} 
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-»{«+T-+T-*} {-f-'-S'-'} 
Equating coefficients, 

^ 303,^. 3441 _. 3 .31 2 
32" T"'""^ — 32" "^^"T^T^T 

J _ 629S 

M. Plana has A = -^r-r-' these figures may be arrived at, as in for- 
mer instances, by substituting ell — --Vfor e in my expression. 

The calculation of the terms in rjgg and 7\qq multiplied by m^ is 
fiven in p. 128. 

The expression for the longitude is to be obtained, as before, 
rom the equation 

= i/^{ 1 - ^ + ^m^l (See p. 135.) 

Neglecting ^, a = 1 + 2 e cos f , 2^ = 1 

Of = «(i) + a(i)« b S) = bi D 

Making m and ^ equal to unity, 

dA 

^ = «(i)t + a(,) « + b^j^ !D + c C(,) + C(,> C + e^,). 

The last equation merely serves as a guide to show the combina- 
tions which enter into the formation of the terms now under inves- 
tigation of the order m^ e. 

^^ _ 26491 4 . 141 , ,^ irx l77 4 ,o j^^N 
Id! --gj- «»*^cos5--g-m*gcos(2T^©+^m*<JC08(2T + Q 

• See p. 53. f This notation is explained in p. 186. % See p. 60. 
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-j- 2e cos C I jjf «*+ y C082 r 4- gj«i<cos4 r I 

-j- -j-w e COB (2 T — I) -< -j-m} cos2 t\ 

+ {y + 2»i3cos2r} {-|-««eco8(2r-0+^<fco8(2r + 5)} 

+ {|m2ecos5 + ^»|2ecos(2r-.0 + ^*»«ecos(2r + o} 

1253 ^ ^ , 1337369 . .^ .,, , 6293 ^ ,« . ^ 
■" U4^ ^^^"*""92T6~ °*^ ''""^^■*"T92** ^^^^^^'^S 

. 13725 . ,. ifx , 805 . .^ , irx 
■*"256'^ ^*^^^ ^""^^■^■iSs'^ ^^^^ "^^^ 

r 131 7 ) 

+ 2eco8H -jg-»i*cos2T-f ym<cos4r V 

,4051*. ..251 . ,^ «N.65 . /o . irx 

■*■ 288" ^*«cos5+-^m<eco8(2 9--.y +jgm*<?coB(2T-j-5) 

"*■ 3^ *»^^<^<»(^''-0+-jg«i*«cos(4T4-5) 

r 2649 11 45 9 1 6 609 123 1253 4051-1 
" \""'6r'*"72'*'32"* 2 "•■ T-T+XIS"*" 64 "144 ■*■ 288 /"" """^ 

. r 141 , 1 3 , 5 ,203 ,1337369 ,131 25n . ,. ,. 

+ {-T-*-Y"T+T+48"+-92l6"-*-T8+-96-/"*^^(^'-6 

, r77^1 , 1 , 5 41 6293 ,131 ,651 , ,o ^ r^ 

r399,9.45 9 , 609 , 13725 . 7 . 3771 . ,. ,, 
+ l-6r+S + 32-T+l28-*--256-+8' + -^/*^"°*^^'-0 

. J» j^ ^ . 1 .123 , 805 . 7 , 331 . ,. ^„ 

+ is+64 + -2"*-64+l28 + -8+T6/^^~'(^'' + ® 

Uniting to these, terms found before, (see p. I960 
dX r^ . o 165 3 37259 /^ ^ 

5d-^= i^ + ^^ ^^ - Ti52-^7 "^^f 

. ri5 . 14^3 2 . 28729 , . 1301625 A ,^ ^ 

+ 1T^-^W^ "^-76r^+-92T6~'^/'^^^ 

* The miB in p« 55 and p^ 61 require oorrvctioii. 



205 



, P'Jl o 135 , , 13989 .-] 



f765 3 , 12373 . 



1545 . 

Integi*ating, 

f^ 5 a 285 , 41599 '1 . ^ 

[2] 

, ri5 263 2 , 51817 „ , 3549833 ."I . ,^ ^, 

+ |T^* + 16 "^ + -76r^* + -2304- "* /^ ^^" (^ " - « 

[3] 

, ri7 ^ \69 , 2005 .1 . ,^ ^, 

"^lY^ +24^ +T92'^/"^"(^^ + ^) 

[4] 

. f255 , 16453 .1 . ,, 

+ 1m-^ +-76r^/''^"(^^"^^ 



[132] 



. 309 . . ,, ^, 

+ 128 '^^'^ ^ ■*" ^^ 

[133] 



Some of these terms cannot be expected to coincide with those 
given by M. Plana, on account of several discrepancies, which have 
already been noticed : as soon however as these discrepancies shall 
have been removed, it will be easy to introduce any modifications 
which may be rendered necessary in the expressions contained in 
the latter pages. 

I now propose to obtain some of the terms in the reciprocal of 
the radius vector depending upon the fourth powers of the eccen- 
tricities, by methods precisely the same as those employed in 
p. 37 and p. 143. 

a2 A y Y= ^m^cos (2 r - e { - [^mg e.Scos (2 r - 5) + ^me^cos (2 r-|- 5) 
4- ?^m««ff,cos(2T-^)-^me2f,co8(2r + g,)-^wig«co8(2r-35) 

91 91 ^ 

» :^me2e,cos(25+&) + ^in^2g,cos(2S-i)-^m^e,2cos(| + 2i) 

N 
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+ i -J m e^ cos 2 T — -g-w e ^, cos (| + ^) + -^wi g ff, cos (2 r — g — 5,) 

21 15 1 ^ 

+ g-i»ee,cos(|-^)- — mef,cos(2T-| + y| 



22^^3^^^1 2 2 2 
l2 ^ "^ 64 ' 



— ./w2 /»2 >,2 pYic O 



32 



[0] 



nr e*- €{- cos Si t 
[1] 



rio5 

1 51 



. , .0575 , 441 
^^ "^2 64 



^y^ > m^ ^^ COS 2 
[8] 






32 



[9] 



8 



[11] 



315 75 

— -Jg w2€3^/COS(2t-}- f + Jy) +_w2^^/COS(0 — f/) 



[13] 



[14] 



315 
32 



315 



+ -7r;z fv^ ^ ^1 COS (2 t — f + f ^) + -^ m^ ^ e, cos (2 t + f 



[15] 



16 



-£) 



[16] 



- -— »i« e^ «(« cos 2 0, + ^r^m* e' ^,* cos (2 t + 2 ?,) 



128 ' ' ■ 256 



[17] 



[19] 



315 315 



32 



441 



32 



[42] 



[45] 



+ ^m^e^e^cos{2^-\-^^,) 



[47] 
^^^^m«^«^/«cos(2T-2f-.2fy) + ^w^ ^2^^8^08(2 f— 2 f,) 



256 



[48] 



128 



[50] 



[51] [131] 

— 5^m'«*ff,*cos (4t — 2 0) + -—m'^e.cos (^t — f — f,) 

[136] [138] 

Y^m^^efCos (4t — f + 0^) — — ^ iw^ ^ cos (4? t — 4 f ). 

[UO] 

+ ^wV^/cos(4T--.2f--.20,)-|^mV6r2cos(4T-20+2j^) 

3 r^ 3 15 

For the terms in a? 1 8 — ) multiplied by m^ ^ &c. see p. 144; 

1 3 r^ / 1 \^ . 

hence ]r— r (8 — I contains the terms 
2 a* \ r / 

{225 75 315 

-^ »i2 e^ cos 5 -)- Yg to2 ga e, cos ^ + -gj »i2 e« e, cos (2 T — g,) 

-^m»£!«e,C08(2r + $,) -^«i>e2ff,cos(2r-2^- i) 

-|-^m2 62e,cos(2r-2$ + $,)+^'*in2,2e^co8(4r-2|-0 
225 



-64*^" 



<f2e,cos(4T-2^4.|,)} 



+ {je2 + 3e2cos2|} {— m^e^ -f.g|«.2,«cos(4T - 2^)} 

^"^A ^ ^* 1575 , , , ,„ „., , r225 2251 , . ,„ , ^, 

2^^8— ^ =-^«,2^Vcos(2r-2«+|^- lg-|m«e»e,cos« + |,) 



. 945 , , ,„ y vx . /225 2251 , , ,^ ^, 

+ -gj«|2^e,cos(2r-$-^)+ j-j^ - -j^ | m« e« e, cos (5 - i) 

n2 
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1935 

lE^m'e^e^cos (2t - 2f) + ^^'c^^^cos (2.t - ?-f;) 



[9] 



[12] 



+ ^»»*^<?/COs(2t - 3f + 5,) + |||otVcos(4 T - 4f) 



32 



-« = 1 + 3e2 



[45] 



256 



0+T)-^K^ + f^')'^°^^ 



+ — ^ COS 2 f + — COS 3 f + — COS 4 f 



ri35 . 12151 ^225 , , 



675 .225 , „ 
= 6r'^"^-32'^^'^' 

15 



Let Ti = -—m e* + Ame^ + Bm^ ef^ 

lyl-me^^Am^^^Bme^e?\ {3+12^} 



675 . 225 _ . 

^-16 

15 



« = -'^ 



Let ro = - — m* + ul »»* e* + ;B m^t/, (See p. 124.) 



^=0 



5 = 2f 

8 



tio 



ri215 15 1 , 150 - ,- ,^, ,. 2 



16 



rii = 



^2 ^ ^ L r 27 27 23671 « „ 81 , ^ 
-4'^--8"*'^+i--8-32--6r|*"^-32'"^'' 



63 



_ 2637 , . 81 2 , 



1'"'-^'"''"-^ 33 



-U^t \ i !> s 63 ' 2637 , „ 81 „ ,1 
. r 3 , 3 , , , 27 , jl 



63 3511 



4 84 ^ M 



, . 35 , 1269 J , . - „ , 

Let rj^ = — m + - ^ wr + j1 to e* + j8 /» e,% 

{f ™ + ^™' + ^m<- + B™.,'} {(l+3^)(l-6™)-l} 
,. « 1 /21 5 1 ^I^S ., 4605 , - 369 - ,1 

Is'" ti4 *" " 64' "" '''; 
315 3807 315 4603 2":i 

"4" + '64" 4 "•" 64 ■^ la 



369 , 1107 



315 



B = -- 



64 



M. Plana has A 



r,a=--r«f' 



35 
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Let r,4 = — - »i + -T-r-ff^ + Ame^ -^ BmeS 
* 8 64? ' 

{^^'\-^^^-\-^^<^+^^^J'} {(l+3e2) (l-2*ii)-l} 
/I o \/ ^ 2.^3 2,3213 .- 81 2 j\ 

63 , 3339 - . 63 , 3213 , 3 

"T'^"6r~^^=^"T+"6r + "8- 

*-^- 32 T 

. _ 51 ^^ 189 

"64 ""64 

r,, = --^m2--g-me«4-|-32-32 + r6}'^^+32**'^'' 
3 . 45 ^ 135 ,_„ , 3 , , 

Let ri5 = — —m— —m^ + Ame^ + Bme^, 

|_]^«-g«,2^.^^e2 + 5me,2|{(i^.3e2)(l-2m)-l} 

45_291^45_135_39 
4 64 4 8 16 

"^^-32"r6 

._945 B^ — 

" 128 64 

15 
M. Plana has -4 = — -- . 

o 

M. Plana has rj, = -g|- w «» 



211 



= 






39 



3 



= 4r89 



16 



''8 



1 



165 
-""64'^ 



3 1 

" 2"''«"l6''« 



63 



255 o 



55 



^1 = 9 r4i 



3 1 _ r 315 7 \ 

Y»-24-ygr6- I -16" -32/ 



637 



»»"'==— ■s:s-«» 



32 



^41= - 



567 
64 



m 



637 



4.49 



3 1 63 

4- yrss- ie»'5- g-** 



'•44 = 9r44 



«--5r»-27-T«»7 + 



2 



16 



945 
32 



m' 



■{ 



^42 — "* 



245 
64 



7» 



567 



^44 =^r7- W 



64 



45 1 945-1 2 
16 "•■ 32 ■*" "32 J*^ 



259 



4.7 



m^ 



M. Plana has -g^ «». 



259 

ss » Ml' 

8 



^45 = 



625 
32 



m 



3 


189 
=="64 '^ 




3 


189 
= 64 '^ 




3 


159 . 
^-32'^^ 


5 


WJ^M = — 


159 2 4 
32 *" " 


.53 
32 '^ 


^. Plana has — 


53 
64^- 


3 


845 
"" 32 




-10«ir«4 


845 4. 
"" 32 


2535 
64 


3 


159 
"■"32*" 


« 



3'-47 = 4r47 



3 rgo = 4 tso 



63 
^47 = —-rzLtn 



16 



63 



r5o = Yg/« 



371 
''^=""192^ 



345 
^«=6^^ 



^ 159 . 4.53 „ ^71 , 

3 __ W.2 

»i» 4.3 ^ 5 

591 2 
^ 32 

I now proceed to find terms in the longitude multiplied bj 
m^ep m^ef^ meef and me^^ by means of the equation 

"d"^ " r2 r«y dA ^^ 



d^ 



It is sufficient to take 

d.Sx _2^g 1 1_ i^djR 

d ^ "" r r r^^ d A 

/ -1— d ^ = — T- 7W e^ cos (2 T — 2 f ) 

njxc/ dx 8 ^ ^' 

35 « , *. wx 

— — /» ^2 ^/ cos (2 T — 2 J — f^) 

15 

f y w^^^yCos(2T — 2f + f^) 

Since 
L= 1 4.eA +-0 cosf + ^^(l -^)cos2f 



a 
r 



+ -^^cosSf + 4 ^cos4f (Seep.8.) 

o o 



dx 



— ; — =s 2eco8S i wie2e.cosr2r — 2| — I,) 4--^wie2e-cosr2r — 22- 
nd^ La ^yig'^ 

+ {y--|-e2cos2|} {- g^me2cos(2r-2a| 

/-.^^e4_^ mt^e?\ cos2 r + 207»e4tos(2T + 2|) 

,/ 51 - 189 J ,j, , ^, 

■^ l"32'" W*"^' J ^<^'"^(^ + ^/) 

r 315 , 615 „1 ,« ^ ^. 

405 , /o . r . r^ . /SI a . 1^9 .T 



213 



{945 15 1 



245 



567 



625 63 

4- jg».c»«,cos(2r-35-|-i)-~mtf3e,2co8(25 + 2t) 



63 ^71 

+ -g-'»«Vcos(25-.2i)-:^me^/co8(5+3i) 



845 



371 



+ -q3-»»««/^cos(2r-|-3i)+ gg-nitf«,8cos(5-3g,) 



"^^ee^'cosi^r^l + SD 



96 



32 



lecos 



75 



5{-ig'n«e,2cos(2T-e+-^me»cos(2r + 

-f ^ine2<»^cos(2r — t) "" x *» ^* ^/ co« (2 «" + W - -gjwic'cos 

21 21 

- - me^e,cos{2l-\-^,)-\--^me^ e, cos2 ^ — ^,) 

~me.,2cos«+2i)+ «9mee,2cos(2T-5-20 



r-30 



32 



32 



+ ||m.e,2cosK-20-||«^^/'cos(2r-5 + 2i)} 

{2e2co82|-e2} j^mtf2cos2 r - ^mce,C08(H-y 

+ -^ w 6 6, cos (2 r - S - i) + -g- »» e <j, cos (5 - g,) 
15 1 



|y«^co83 5 j-cos5>- i -^t»ccos(2T — 5) J- 

r 15 , 75 , 405 15 75 \ . , r 75 75\ , , 
'^ 1"16+64"^I28-T-1P/**' +l"T--327^* "' 



15 . 375 3 2 

16 32 ' 



214 



10 



^11 



r 51 21 21,211 _ 189 , 



405 15 135"! 2 _ 
^56 16"^256j''*^ "■ 64. 



2 515 . 



51 2 189 3 



32 



32 



^12 



_ r 35 315 35 35 
"18 32 "^ 4 8 



/ 



r me* — 



615 
32 



tne 



2 



315 p 615 5 



32 



32 



'/ 



13 



'•H 



_ r 405 15 151 195^3 



_r5121_21_21 
"■ L 32 "^ 4 8' 8 






I 'W^^ + W'WV 



189 
32 



^16== 



> 51 2 189 , 
32 32 ' 

r945 15 15 1 _ 15 J 



545 



15 



= 64'^^^32^^' 



2 



^16 — 



Aj8 — . 



r 945 35 35 

L 32 "^ 4 "^ 8 



J 32 



me' 



f255 2551 

< — — H y me 

L »6 64 J 



,9 



1275 
64 



me^ 



A,n = ^ — ~ — 



19 



45 451 2 225 . 

me^ = ^ ---— m er 
64 



16 64 



^ 



73 105 135\ 45 

"64"^i28""l28j^=-64^'' 



^41 



={ 

""\ 32 4 8J3"^ 



273 
32 



m 



X44 — 



'4& 



r567 21 . 2n m 
1.32 "^ 

rio5 

\l2 "'t-^'tI'" 



21 2n 

15 151 



273 
32 



105 
32 



21.5 



_ _ r 63 631 m 315 



={ 



_ 63 631 m _315 



371 ,371 ,5 

96 ^ 96 ^^ 32 



The expression for the reciprocal of the radius vector is re- 
quired merely for the purpose of obtaining the expression for the 
longitude. Most of the terms in the latter expression, as far as the 
fifth order, which result when the latitude is neglected from that 
portion of the disturbing function which is equal to 



m,r^ 



-rT-3{l + 3cos(2X-2A,)} 



4 r 



I 



have now been obtained. 

There still remain a few terms, Arg. 5, Arg. 9, &c. where the 
divisor introduced by integration is a multiple of tti, and a term in A33, 
vhich depends immediately upon the corresponding term in rgg. 

I now proceed to find the term in Xg, multiplied by m^. 

If 8r, 8r^, 8 A and 5 Ay represent the terms in r, ry, X and Xy 

multiplied by e^^ -r— , f-j — , "TT J> [between brackets,] 

the values of those quantities when 5 r, ^ r^, S X and ^ \^ are neg- 
lected, the terms in R multiplied by e^ 

= -2[iq[r]8i-+[i|](8A-Jx,)-3[i2][i-]jr, 

The expressions for \^R] and --7--- are given in pages 138 
and 141. 
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, r 7 , , 157 , , 3349 ,1 ,„ -, 

, r m» 91 , 1265 .1 „ , ,, 

= |-t'»'+{^+t-y+t}'"7''~'^ 

.J' « ■ 157 , , f3349 7 , 3 1 .1 ,„ 

, r »,« 91 , , / 1265 . 1 . 3 \ ,1 ,„ , r, 

+ |- T- 2i"+i-T44+l2 + T/'"|''"="(^'"+^^ 

r 3 jj 429 .-\ ^ 

= \~ Y "^ l6 J ^' *^°^ ^' 

{7 157 3357 1 

r )»* 91 „ 114.5 .\ ,„ , y. 

+ 1-Y-24'"— r44'"j''*^°'(^'' + ^') 

With reference only to the argument 5 and to obtaininig oi 
the term in r^ multiplied by 972^^ it is sufficient to take 

±[iJ] = -^V^OT4+|^m5-A;;,«cos2T (See p. 138 

IT"'96 '^ 16"* J {-3-3m2}^,cos5, 
+ i-ni«cos2 r J j; w2 + 1— j«3| ^,cos(2 r - $,) 



aJR 



-f- -^-m28in2r 



+ {-i»«-^m'}e,cos(2r + ?,)l 



, r 11 , 257 J . ,« ^, J 
J 3 2./ 3 ,179.21 3 ,231 331 . 

, r291 , 471 91 , 1437 2571 J • 

+ i-i(r+32-32 + -64--l64/"|^'*^^^ 

r 3 2 163 . , 97 c1 y 

d ^ d r^ ' d A, 

From the form of this expression it is obviously sufficient to take 
only the terms of Arg. in -| — , and -^ — may be neglected 
because this quantity contains no term Arg. 0, so that 

ri47 » . 485 jT ^ 

In this approximation fj may be taken = 0, and finally if 
3 , 44.9 , . . 

(«»-l){--|-m2+^».«H-^««} 

3 , 163 . „, . H7 . 485 . 

A - - g- 
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3 , 4*9 . . 1261 , 



I now propose to determine the term in Ag multiplied by m^. 
I have hitherto employed solely the equation 

dx If, MR 



j->?{*-yiT-"} 



to determine the inequalities of longitude; but this equation pre- 
sents an inconvenience in certain cases where the divisor intro- 
duced by integration is a multiple of ;«, as in Arg. 5, Arg. 9, &c., 
because it follows from this circumstance, and from the double in- 
tegration, that to find terms in A5, Aj,, &c., multiplied by any given 
power of 7/2, as m^, it is necessary (according to that method) first to 

obtain the terms in -j— of the same arguments multiplied by nfi^K 

The calculations which have hitherto been given, and which 
have been instituted with the view of confirming the accuracy of 
M. Plana's results, or of detecting some of those inaccuracies which 
may be supposed to exist in a work of such labour and extent, are 
only, however, examples of the methods of arriving at the lunar 
inequalities already explained in the former portion of this treatise. 
I shall now give examples of the determination of inequalities of 
longitude by a method which is peculiarly applicable to Arguments 
5, 9, 77, &c., and which is not subject to the inconvenience I have 
just noticed. It will be seen, also, in treating these arguments, that 
reductions occur, which facilitate the process. 

drd^r a J ar 

dT*"^(i 4- s')d/-'^(i-f 5«)2d^2 ^ + ^ +2yd7i:-o 



''--^*'^('^)+"={/3T-"}' 
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. . . d a'* 
r* =s r"* (1 + s^) and eliminating -r-^, I obtain the following equa- 
tions: 

dV _ ^(1 4-^^) ft rd^r r» dj^ 

d^- 2r« "^ 2Ar"*" 2Ad^« 2A(l+5«)M/« 

r da _ (1 4- 5«) 
2Adr 2A 

or. 



^{f'^^^y 



i?:__ h{l-\-s^) ft ft dr^ r^ d^^ 

d/" 2r« "*"Ar 2Aa 2Ad^^ 2A(l+52)2dl^ 

Either of these equations may serve to determine the inequali- 
ties of longitude in the planetary or in the lunar theory, but the 
latter is rather the more advantageous. 



r* — lit:*—.,. 




^ - ^ _ ^« ^ ' ^ - r« - ;s« 




^ r d« 

dx^ k ^ ^ ft dr* \d^ 


dr-l» 
■^d^> 


d/^2(r*-2«) ' hr 2ha 2hAt^ 2A(r*- 


-*») 


-i/^«-.v^){/m^'y 




Neglecting quantities depending upon y*, 




dV A As* «t 1* dr* 


• 


.yA'\ 1 As-d+^'O/ /-diz,; 


V 



^ NegLecti^g quantities multiplied by y% 



■^■" 3A^- x/*^*" ^{f^^^y 



2f0 

gr* hv 2ha r r h r 



dx 

d 



Neglecting ( S — \ , this equation may be put in die form 
t 2r«^Ar 2ha^ t r ^ k r ^2\r) 



dr« 2rdr«- 1 , r'dr r Sr^d 



d.S-i- . .,^d.(«-iy 



2Ad<»^Ad<* r Ad* d< 2A d< d< 
■~Ad<*\ r/ 2A d<* ~ Ay 2A73"[y dx J 



I shall now endeavour, by means df the following equation, to 
determine the term in X5 multiplied by m*. 



dx 
d 



i~ir '^Ajr'^'gVr/ 2 A d7« 



-Tf^'^-^^iTirM 



% 



This equation is sufBcient, because there is no term in -r— in- 

d t 

dependent of e. 

It is sufficient to take 



(«f)'= ({»•-¥-} (I 



a^tS— ) =•{-< OT' + -^ »»">.-{ -^ m* + i^ «»8 






J 
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= |"2 ^'^"^ y^/"^'^^*^' 



^ — = (»«* + -j^'^) 



cos 2 T — - e^ cos ^^ 



r »i* 91 ,~i 



(d.s-LV 



|(2'»'+^-'»')(2-3'») 

H-(-y-|5'»')(2-«)|«,c<»i 

, 208 n y 

♦ + — m* W, cos ?, 



= {- 



{/ax'"}'={l-+4-}{¥-+S 

- 8 16 J ^'^^^' 



TO* 






I/''*- 



147 
32 



m^ + 



485 
16 



rw 



449 



1261 



le'"'-^ 8 



m 



') 



449 
16 



m^4- 



126 1 
8 



m' 



') 



. 5 4 .38 . ^ . 104 . 147 4 485 c 
4 3 3 32 16 

2*^ 4 9 5 
"32^ -T^ 



X -/ 3 3\ , /449,449, 5 . 147 27\ 



TO* 
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, /1261 , 1261 . 38 104 485 9\ ^ 

+ V"^^-8- + y"-r~T6 -T^" 

^ 735 3 , 4171 4 

= - 3 7» + -g ?»3 + -j^ w^ 

I next proceed to determine some of the terms in Xg ; but in 
order to procure that multiplied by m^ it is necessary previously 
to procure the term in r^ multiplied by m^. 



Since d r^ is multiplied by ^^ and since 

dR dR 



dX^ dA 



in order to obtain the term in / d i2, Arg. 9., independent of e^, 
it is sufficient to take d A^ = m n d /, 

/"dR=zR + mJ"^ndt 

— 8 -^r- = -37»2sin2rl4-'»^«^cos2$-f ^m2e2cos(4r -2l)\ 
ft d A J^ 4 64 / 

+ 9m^esm (2 r - © (y^cos A - ^m^e^ein (2r - 2© Q^^ 
+ 3OT2cos2r{^m2e2sin2|-f?2g^gm2e2sin(4r-2|)} 

- 9 m2 g cos (2 r - I) ^A m2 esin |^ 

+ -|-m2 sin2 T I ?||m2e2cos (4 r - 2 Q l 

{225 1 

-gjm2e2sin(4r-2|)| 

r 225 1 

- 3m2sm2r j - -^ m2e9cos (4 r - 2 Q | 

_ J 15 675 9 5 129 3375 45 
"■ I 8 128"^ 4 4 32 "^ 612 "^ 4 

, 2025 675 6751 . - . ,o q.n 

Hence it appears that 
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di2 . , 

-3-— contains the term 
dx 



dx 



1 , ri5 1213 ,1 1 r, , 3 , 243 _\ _ .^ ^^^ 



r 13 2 45 3 8203 4'\ o /^ ot\ 

= \- y '^^ ""32 "" ~512 J ^^^ ^ '»■ - 2f) 



(See p. 166.) 



Hence— fdH^ _ _^|4?''i*^'cos (2t - 2f) 
45 , 561 2 

Let rq = -?»* — TTT^ -\- Am* 

^ 4 16 

,15 -45 ,^8203 , , 3339 , 

561 _ 135 8203 3339 
^ " 8 8 "^ 256 "^ '^56 

14507 
^-""128 

15 . 225 . 14507 4 
I now revert to the equation 



dA__A_ ^ __ dr^ 



-/^-i/^^-i^l/jf'"} 



When the fourth powers of the eccentricities are neglected, Arg. 9 
results only from the combinations of Arg. 2 with Arg, 3, 8 with 1 1 
and 136 with 1 ; and it will be found sufficient, in order to obtain 
the term of Arg. 9 multiplied by m\ to take 

p2 
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the terms multiplied by m' in Arg. 1 

m^ . . 2 

m^ . . 3 

m^ . . 8 

m* . . 136 

— - J I -^ — d / I gives no term multiplied by m* of Arg. 9. 
r = r - r^S-i 4- r^^siy - r* (S ^y + &c. 



— (8 — I s= {l — 3ecos5} -I — cos2T-|-^m'ecos| 

+ {-|-i«^ + ^«»*}^co9(2r-e+?||m2e2cos(4r-28| 
15 3 >: . /^ 3 . 203 .1 ,^ y. 

=z—m^ecosS+ 1 "c"^ + '96"'^ Wcos(2t — f) 



H — -- 7»^ e^ cos (4? T — 2 ) 



^2 
r* = — 2 ^ cos f — — cos 2 f 



d ?* 
It will be found sufficient, in order to procure .-- , to take 

— = — r^ cos 2t — -< 1 +r2 — 2rQ — ^^^r^ ^^s J 

{5 q 203 r[ 
^3-^1 ~~8 96 ^ J^cos(2T-f) 

- \Y ■♦■ ''8 "■ ^2 " 4- ^0/ ^^cos2f 

{225 1 
''iss- Ygg ^*J ^cos (4t - 2f) 

i?r« 2r«^r r^2Vr/ 

— = 1 + ecosf + c*cos2 //=\/a/*(l — i 






= |{r,-r,-|«.-^«^}{l+r,-2r,}||2-2m-c}(l+-*; 
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+ 4ri {r,36-f-||m3} I ne2 cos (2r- 20 
f r 5 , 203 ^1 r 1 , m2 , w3T 



J /I , »«» m31 r 1 779 j1 

= |^3-[-2 -^ + -3+121 -hr^l-g-h-^m^l 



5 3 
16 



83 ,1 
-192^1" 



e2cos(2r-20 



f"fH-j'-;-{-.+-K'-i')- 

+ Y(l-'^-)r,}ne2cos(2 



-20 






^ ^L 2 12 J 96 



4.5*, 501 
96^ + 8-^+128 



?»' 



83 



3339 



^16 ^ 192 ^ 512 



wi^ 



► e^ cos ('2 T — 2 J) 



11507 



, r 15 225 , 11a 



64 
33113 



Wi" 



, rl5 ,187 „, 33113 ,1 f, m 1 i 



795 



501 



"'#"*'+ 1 ''*' + li^''*' + '"« ^^'^ 



5 

16 



, 83 , . 3339 ,1 1 r, . 3 . 243 ,1 

+ 192 ''' + 5 12 '" / -2 i ^ ^ 4 ^ + 32 ''^ } 

-/l^«i5l r225 187 15 5 5 135 1 

~L4 leJ^'^+lie 64+32 16 32+64 

r 14507 28385 795 501 83 3339 2229 10935 1 3 
+ I 128 3072 +192 256 384 1024+ 256 + 512 J ^'^ 



Ym^ 



45 



5S 



48007 



= 16^ + T^'+ 384 



«»" 



In this investigation certain quantities have been left indetermi- 

* For this term and the following, see p. 155 and p. 171. 
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tiate, in order to show more clearly the nature of the reducti 
which ensue, and without which A^ would contain a term indef 
dent of w. Without these reductions the term in r^ multiplied 
m^ would have been required. 

I shall now endeavour to calculate the term in x,^ multiplied 
m^j for which purpose it is necessary first to procure the term 
r,7 multiplied by rri^. 

r,djg _ g d^^ dig 

dr^ d A/ ~ d A 

d Ji 

-T — contains no term Arg. or 5 multiplied by m"*, and may thei 

fore be neglected, and it is sufficient to take 

dr 

— *=. {me^siTl^^ + me^siu 2f^} n dt 



d 
r 



— '= -^ m CfSiu ^f -^ -— m e^ sin 2 ^f > ndt 



i/ds={-|„. + L« 






^ 9 , 489 4 
16 64 

1323 . „ 

9 

Let r,7 = — — m^ -\- Am'^ 

4 



> £^^ cos 2 f y 



(4m«~ 1) («!-..« + ^^^) =-|.7;^«- ^^^^m^- 



-9-^=- 



64 
4161 



1323 . 



64 
3585 



^^■" 64 



dr* 
In order to have -7—, Arg. 17, it is sufficient to take 

r 7 

— = — m^cosSr — ^wi'^;Cos(2t — f^) 
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4- Y^^cos (2t + f/) - ^m^e^cos (2 t - 2 f^) 

a /»dJRj^ 3 3 ^ 21 ^ ,^ ^, 

/ -^-r at =:-—rrr cos 2 t + — - »i' ^. cos (2 t — f .) 

n fA^ d X 4 g I \ -// 

-4 ^^^/Cos(2t + f^) + 1^ wi2^2cos(2t- 2f^) 

o o 

jq^= 27 »»««,* COS 2?, 

[J dJ:^^\=-6^""'''°'^^' 

9 , r3385 , 57 27 1323 243"! , 
>17= -T"'+ iei +32" 4 ~~256 -256; *" 

9 5751 , 



Calculation of terms in the latitude : 

Considering if as a function of r\ the projection of the radius 
ector r upon the ecliptic, x' the longitude reckoned upon the 
^me plane, and s the tangent of the latitude, 

dig _ /diZ\ dj li = Jl 

ds~\ds/d;: dz~ r 

Hence, through an expression for iJ, given in p. 25, 

d^z [uz TTiiZ Sm^zr cos (X' — ^) _ rv 

I shall now endeavour to arrive at an approximate expression for 
the coordinate z of the moon, by the integration of the equation 

d® 2 ft 2 rrifZ SnifZr cos (x' — ^) _ ^ 
dT2 "^ 73" "^ Tf "^ ^/^ - 

The last quantity gives only terms multiplied by the small quan- 
tity — ; these I omit for the present, so that the equation assumes 

Of 

he following very simple form, 
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d? z fi z nifZ 

I make ^ + ^^ = ;r + Z 

and if z = a. Eyzn sin {in t -{- q) 

2„ being the coefficient corresponding to the n^ argument in tl 
expression for ;: and £, a function of the eccentricities of tl 
form €^ ej^ */ 

^ = 1 + -|- ^2 + 3 e COS f + |-^« COS 2 f (See p. 8.) 

2? e^ 5 

-p- = 1 + Y + ^ ^ cos f 4- Y^^ cos2 f 

3 a® 1 

8 — contains the terms 
r* r 

6 tf COS 5 -J - - -f -j m2 -|- - - mS J. cos 2 t f - m^ e cos^ 

- Y»n2g^cos|, + y»|2e,cos(2T-y--^e,cos(2T+5,) k 



15 



+ [je^+^^-eUos2lj j^ + n»«cos2r} 

3 a^ ( 8 — j contains the following terms, (See p. 55.) 

19 45 15 

— wi* + w'^cos2t + —m^ecos^+ m^ecos{2T — f) 

3 45 

+ -^T-^"^ cos 4 T 4- -^ wi® ^ cos (4 t — f) 



229 



Hence 



a- wi^a^ 1.3., rl ,,1 , . r 179,19-1 . 
+ {3+ {2+l}m2H-^m3lecos| 

4¥-+{f+'}-+{w+?+?}-}""'"- 

•<{{b+'}-+{^+y}-}""<"+b 

+ {3--|-}m»ecosi+{-2«.='+^».3}«,cos(2r-?,) 

+ {-|-«»-^m«}«,C08(2r + i) 
./s./kioiSI ,,/ 495, 45, 14851 ,1 , „, 

r 21 99 1^1 

+ iy^i6+T}"**"'^^(^^+^^) 

, ri05 , r3807,2n J ^^ ^ ^^ 

+ ^-g-m+ j-gj-+--|»*2L^^^cos(2r-5-y 

{99 3 1 
""32" 2";'"'^^'*'*^^^^ + ^ + ^) 

, r63 ^ r3339 91 J ,^ ^ ^ 

. I 45 r 291 3 1 1 

8 



230 



137 135 

+ -^ 3 wi« + ^ ^3 + -— wi* + -— m e^ 

o 8 



^3wi«+Y 

^ 1941 2 , 15 o 2\ 

+ nre* — m- ef > cos 2 t 

45 
4- {3 + 3^24. OT'^}ecosf 

o 

^ r45 657 2 . 38937 3I ,^ t. 

+ |T''' + li2-^ +-5l2-^ j'^^'(^'"-^) 

rl47 p 455 ^T ,^ ^, 

+ ^ -jg" w*^ 4- -jg- w^ > ^ cos (2 T -I- f) 

— — 7W* e^ cos ?/ 4- ^ o'^^ '^ -^ '^\^\ ^^^ (2 T — f ^) 

+ I -^m«- — 7w3l^^cos(2T + f^) 
r9 :3,S . 855 „1 » 

{45 3^1 1 

-g-^ + -^wn^^cos(2T-2f) 

. 327 2 2 ,^ . nirx . r ^^ 2799 .I ,^^.. 

+ — wi*e*cos(CT + 2f) 4- ^ — »» fil" ^^^/COs(f 4-f/, 

, ri05 ^4479 ,\ .^ ^ ^. 

4- -^ -g- ^ + -gj- wi^ W ^^ cos (2 T - f - f ^) 

147 
"""32'"*^^'^°^^^''"*' ^ + ^^ 

(63 . 3051 ,"\ ,v ,.x 

, r 45 387 2^ ,^ ^ ^, 

L "" T ^ "" "64 J ^ ^/ cos (2 T - f 4- f y) 
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-f -^ wi* e ^^ cos (2 T + f — f/) — —m^e^^cos2^f 

51 9 33 

+ —m^e^cos{2T - 2f^) — -- m^ ^ « cos (2 t + 2 f ;) + — »i* cos 4- r 
Z 4f o 

+ l^^^ ^ COS (4 T — f) 4- joQ ^^ ^^ c^'^ (4 T — 2 f) 

I first take 

Z = y sin ij J ~ m* + 3 m* cos 2 t > 

3 3 3 . 

= — w^ y sin ij — -—Tw^ y sin (2 T — ij) + — 7W* 7 sin (2 t + ij) 

If s = a y tj47 sin (2 T — »)) + ay 3,43 sin (2 t + ij) 

{(2-2»» + gr-l}s,48 = |-m* 2,48 =^».* 

I next take 

19 



oLd =: y^nn i-^m^ cos 2 t L 



3 r 3 "I 

•{■ -^ m y sin (2 r — f)) -j -^ w* -|- 3 m« cos 2 t |- 

9 67 

== -— 7»3ysinij-— 7»^ysin(2T-)j) 

19 9 

-f - m^y sin (2 t + ij) + -— 7»^ y sin (4? t — )j) 
4- Jo 

1) = gn^ + e — § 

p , 3?w2 9 
g2-. I = 



2 16 



3 



S 



g=l+T'" "32 



nv^ 



3 

If 2r^4^ = _m + Am^ 

o 



3 . 67 , 



82 
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J|_4^ = -g ^ = ii 

16 16 32 

3 

If »i48= — »»* •}- Am* 

/s - 12 m\ l^gW* + AnA' = 1. ;„« 4. ^^ 

-- + 8A = - A=- 

If J2 contain the term ^ a y sin (4 t — ij) , 

In order to find the term in g multiplied by m^ and that in z^^ 
multiplied by w?j I now take 

Zr 9 . 137 . ^ "1 
= ysm)j< — ±^w +-t;-wz^cos2t > 

3 . ri9 1 

+ — - m y sin (2 T — )j) -^ — w^ cos 2 t > 

+ ^i^w»2sin(2T-ij) 4. Jim2sin(2T + 1J)J- 
< -^w* -h 3 m* cos 2 T > 

r 9 57 . 9 1231 . . 
= t"32-32 + 32-64/"^""'' 

, r 137 , 1231 . . .0 , 



1823 
ysinij — — ^ m4ysin(2T-ij) 



192^ ' ' 192 

I now find 



. , 3w« 9 3 711 4 

fir* — 1 = — — rrr '^ — rn, 

^ 2 16 192 

» 1 _i_ ^ •«« ^ WJ ^"^ «.4 See p. 46 for M. Plana's 

K= 1 +-rWi* — ^r;;^w^"" t:^ ^ 

® 4 32 128 expression. 



3 . 41 
8^ + 32 



If ari47 s= -^ m + ^r;;»i* -^^ Aw? 
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823 



L 2 16 J L 8 ^32 J 192 



w^ 



171 205 , - 1823 

128^ 64 192 

5389 






>2 



» = ay sm i, + ^ _ m + — w* + 



15iJ6 



A 


5389 
1536 


w? 


> a V si] 



{3 7 T 9 

— m^-i- — w«|aysin(2T4-ij) + y^w3aysin(4T-ij) 

I next take 
— ^ = 1 + 3 ^ cos f z = a y sin 1} 

Z = ^ y« {sin (f f ,,) - sin (f - ij)} 

3 1 

{(c + g)*- l}2;,5o=-2 ^»«>= Y 

In order to procure a further approximation I take 

Z = y sin « < 3 m^ tf COS 5 -f -j - - HI -|- -5^ TO^ l e COS (2 r - 



147 ^ 

H- yg-m3ecos(2r-|-0--2-»|3e,cosg, 

21 3 

+ -g- wi« e, cos (2 r - i) - y m^e, cos (2 T -f 



"} 



-f -^ m y sin (2 r — >») \ 3 e cos ^ + g- m e cos (2 r — f 

+ "f 32 ^'>'^sin(2T — »») + jg w' y e sin (2 r + if)| 3ecos| 

2-yfisin(S-»»)+ 2 ye8in(S + »»)| | g- m«H-3m2cos2r| 
r 3 , 135 . 9 "I ^ . ,^ A , / 3 , 3 1 , . ,v . X 



* As the terms multiplied by m and fn^ can have no influence upon tne value of A 
ley are omitted. 
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, r 9 , r 657 ,123 3 1 ,1 . „ , 

+ {il'»+{?T+S-T}'»'}^«»"(2,-s + ,) 



•.) 



+ 



r 9 ^ r 147 . 123 , 9 l -1 . ,o . , 
|l6"*+ 1- 32 +-64 +7/"» / '""'°^^' + ^- 

r 147 9 3 1 
+ i32'+32+T}"''''""°(^''+^-^'') 

3 3 

-f — m^y e,sln(l - „) - - m^y c^sin (^-h »») 

- -J to2 y c.sin (2 r- ?, - «) 4- — m^ye, sin (2 r - |, + «) 

3 3 

+ • ^2 y e, sin (2 T -f i - «) - ~ m2 y e, sin (2 r + 1, -I- n) 



•») 



231 9 



m + -Tr;r m* > y ^ sin (2 t — f — ij) 



[149] [150] 

\ 4 32 

[151] 

7»^ > y ^ sin (2 T — + >j) 

[152] 



r45 , 531 



"9 27 "1 

[153] 

+ — w^y^sin(2T+ f +'?) + -^ m^ y ^^ sin (f ^ — jj) 



[lo4] 



[155] 



3 



21 



- — 7w*y ^/sin (0^ + ij) — ^ ?»* y ^/ sin (2t - f^ - ,j) 



[156] 



[157] 



21 3 

+ --»i'yf,sin (2t — f, + tj) + -— ffj*yc,sin(2T + f, 



[158] 



[159] 
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3 

— — m»y^,sin(2T + 0^ + jj) 

[160] 

Vom this development and by the integration of the difierential 
ation it is easy to deduce the following terms in ^, 

231 3 

— — ?»®ay^sin(0- )j)+ — TW^ay^sin (0 + vj) 

H- -{ ^wz + — w^ Say^sm(2T- f + 'j) 

{3 ^3 1 

Te^ + ^^'* /^y^s^" (^^ + ? — '}) 

3 3 

-h— wi^ay^^sin (2t + f + ij) — — 7/i ay^/Sin(0/ — ij) 

3 7 

— — 771 a ^^y sin (0^ + ij) + ~ m a ^^y sin (2t — 0^ — ij) 

ox 3 

+ ^ w^ a y ^/ sin (2 T - 0/ + )j) - — m a y f ^ sin (2 T + 0/ - ij) 

"32^''*'^^'^^"^^''"*"^''^''^ 

[q order to obtain the terms in z multiplied by m\ Arguments 
5, 156, 157 and 159, I now take 

— in^e,co8{2r — l,) ^ mP e,cos (2 t -\- i,) V 

q r 3 21 

-I- «,ysm(2T- *>)<- 2-»»2e,cos|, + -2m2e,cos(2T-5,) 

-|-7//2e,cos(2r f ?,)| 
r 3 3 7 

« ^ tn y e.sin (2 r + |, - n) | {-|-m2 + 3m2co52 r | 



2S6 
9 9 21 



. r 471 9 , 9 , 21 1 , . ,^ „ . 
+ {-16-^32+ 16+16}*^ ''"'"" (^^-^-•'> 

, r91 9 9 9 -1 , • /o . IT 

27 51 

= 32^V ^/ sin (0/ - >j) - — m3 y ^^ sin (0, + ij) 

[155] [156] 

891 1 S7 

~ 12" "^ "^ *^' *"' ^® *■ ~ ^' ~ ""^ ■*■ "§2 '"^ ^ ^' *'° ^^ '^ "^ ^' 

[157] [159] 



If «155 = — -j »» + -^ »»' 



■j— 2j»+ — m*>--| — — »i + ^ »i* y = ^ »»* + 5H ""^ 

16 ^"^-32 "*-~6i 

3 
If «i56 = — — m + -^ m^ 

7 

If 2,57 = — m + ^OT* 

/ /J . 15 g"l f? , ;, al 21 , 891 , 

105 „ . 891 . 367 

l6-^^=-l2 ^ = "64 

I next take 

a^ 3 9 

-^ = 1 + — e* + 3 ^cos + Y ^cos 2f 



237 



3 ' & *)/ c 

« = a y sin ij + Y a y ^sin (0 - )j) -f -|- sin (0 + ni) 

3 

= 3 ^ y sin (2 + ij) ^1^2 = ^ 

In order to procure the term in z^q^ multiplied by m^^ it is neces- 
sary first to procure that in z^^q multiplied by m^; for this purpose 
it is sufficient to take 

r fx,rp 2 

CAS 657 r[ rr. y^ 

{3 4j1 1 3 

-^m + ^2^1^ ^aysin(2T — )j)+ — a^sin(0;— ))) 

15 3 

4-T^way^sin(2T — -h )j) + --tw aye sin (2t + f — ij) 
lo 10 

i^ _ 3 231 r 45 1971,1845 45 £"l ^ 

"^149 — " 2 "^iP*^ "^ I " 16 "^ "MF"^ T12 "32'+'32J "* 

3 231 o . 225 3 
2 ^ 128 64 

3 231 a 225 o 
^^«=T-T28^ --64^ 

I next take 
!" + ^= 1 + 1^2+ 3m«cos2T 



4- < 3 + 3 7W^ + -g ^^ f ^ ^^^ f 
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+ -zr^ m^ e cos {2 T + f) 
io 



+ {l + ?»' + Ti"^}'^--2f 



. r4^5 . 321 



L8 "' ' 82^'}^cos(2T-2f) 

« = a y sm )j + < '^- ?» + «^ m* > a y sin (2 T — ij) 

^ f3 231 2 225 o\ . ,^ V 

■^ IT"" 128'" 64 '^/''^^''''^^•"''^ 

_^ ri5 , 337 ,1 . ,^ ^ . , 

+ ^ Yg w» + Qirn^ I ay^sin(2T + f — ij) 

Z — 3 2 j^ / 693 , 9 33 . 135 , 1351 « 3 . 

r27__675 135 1035 1971 2205 855 963 18451 3 
• "^ 1128 128"^ 32 "^ 1024 "^ 1024 "■ 512 "256"*"512'^ 512 J *" 



r 9 2 441 3\ 3 ^ ^ ^ 



135 « 9s 
128 128 



45 
Let ^igi = ^ + -Bw afi64 = ^ ^ • (See p. 240. 

2 2 2 

_441_ 9^^_ J^^_135 9^ 135 

32 2 "" 2 128 128 64 

t 

In order to have the term in z^q^ multiplied by m^ by this n 
thod, it would be necessary to procure previously the terms in ; 
and in r^ multiplied by tri^, M. Plana notices the difficulty of < 
taining this term * . 

* De tous les coeffideas de la latitude le plus difficile k d^Telopper est celui qui 
partieiit k rargument 2gv — cv, (toL ii. p. 2G9.) 
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In order to arrive at z^^^ I take 

^ = — j-m^e,cos2l,i -g- my sin (2t — n) f 
-^«i3^,2cos(2r + 2t){y8inii} 



{3 3 



9 
"32 '^ 



= {{-ii+l + l2 + S-ii}-^+T-'*^«3}re,^sin(2.+ 2i-.) 

— 7»3 + Y^^«i83| y ^/'sin (2t + 2f^ - 1,) 
3 , 27 3 3 2 9 

In order to arrive at the remaining terms in z multiplied by 
ne\me e^^ and m e^, d further development of ^ is necessary. 

Z contains the terms 

3 



2'' 



|{|-m + |im'}8in(2T-,)+^m>Mii(2T + ,)| 



— j2g »»* y * sin (I — «) 4- -j»»' y ^ sin (5 + »») 

+ {|-m + ^m2|y,8in(2r-5-»»)+{{|»i. + ^m2jy6sin(2r-5+«) 

+ {^m + ^m2|y68in(2r + I- «)+|-«»2ye8in(2r + $ + »») 

— -g- 1» «/ sin (^ — »>) — -g- w e^ sin (^4- «) 

7 3 

+ -«- 1» e^ sin (2 T — {, — ir) — -g- wie^sin (2 r + {, — n) 

+ j{-g-m + ^m2}ecos(2r-e + ^'»^^co8(2rH.o| 

{3 19 

y yesinC^- n)-f — yc5in(|+«)-|- -j-mycsin (2 r - 5 - »») 

R 2 
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+ {^f»e2co8(2T-.2©--|-m3e,Scos2^| {-|-my8in(2T - if)| 




+ ^ ^«**^-"+ {3m2 +ip«.e2 + i?ll ^2^ 



cos2 r 



+ ^m2e2cos2 

4 



l + ^»n2e8co8(2r-2oU(l-0«in, 



+ {^ + 3m2co82T} {yye»sin(25-«) + -|yc»8in(25+«)} 

I 116^ 8 ^32 16 ^32/*"^ 

ri23 1941^873^69^1971 147 . 3 i s^.^^ s si ^^q \ 
+ i64--6r+64+i28 + T28-64-+4}"'^+T^'^''h"(2'-') 

[147] 
. r45 , 45 . 1351 , . ,« . ^ 
+ {32 + 32+16"/'"^^"''^^' + *'^ 



+ 



I 18 "'"32 16 32 J 

r873 657 , 369 321 9 1 J « . ,„ „^ 
i-64-T28 + l28--6r-i6}^'7''^""(^'-^^- 



+ 



, . .45 .45 1351 



{{ 



32 ^16 32 J 



, rlOU 1971 , 27 , 321 3 "j ,1 , . ,^ ov . x 

+ ir28--T28'+64 + -6r-T}'"7''^'""(^"-2^ + *'^ 

■^ {l6'~l6}'^''^*'"'*(^^"^'~''^+{"l6"l6}'^''^^'^^^'^^"*"''' 
, r 105 , 211 . ,y V N , 105 . .^ « « , ^ 

{63 9 1 

"*■ { 16 + is} '"''^^'^^'^^^'"^''^*'^"*" Lie" 16/'^''^^''"'^^''"^+^"*'^ 

45 21 

^—^myee,sm(2T — 5 + i + »») + |^»» yc«,sin(2r + i — I, — «) 



9 
-16*" 



16 



16 



4-4"»*y^'''^"(^5r-»')--|-'^'''''''"°(^^'+'') 



24fl 
3 , , ^ 93 ^ 93 '^ 45 „ 46 

From the last development containing terms in Z of the order 
the squares of the eccentricities, it is easy to deduce other terms 
z of the same order, and uniting these to terms previously ob- 

Jied, the following expression results for z. 

/, ^^\ . . rs 41 . 5389 

= ay(^l--jsm, + |-^ + 3^m« + j^g 

[U6] 



n^ 



S 2 15 



15 1 

+ Tg ^ ^f > a y sin (2 T — ij) 

[147] 

"*" I 16^'* "*■ y^^ "^ 32 ^ ^* y a y sin (2t + ij) 

[148] 

[149] 

+ S^y + 4; ^*J^ a y ^ sin (0 + ij) 

[150] 

(9 291 ^ 

— w + — m«j-ay^sin(2T — f — ij) 

[151] 

{I ff SS7 "^ 

[152] 

{3 23 1 

YgOT + g^OT*Uaycsin(2T + — >)) 

[153] 

3 
+ — wi^ a y e sin (6 T + f 4- ij) 

[154] 

"*" L T "* ~ 32 "* J * y *' ®'° (^' ~ '^ 

[155] 
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[156] 
367 



r 7 ^ 367 -\ . ,^ ^ 

LT^"*" 6?^ J *^^'*^"^^^"'^' 

[157] 



-n) 



21 



+ Q5^''ay^,sm(2T-f, + )j) 



32 



[158] 



+ 



m* a y ^y sin (2 T + 0y + ij) 



{" T '^ " ^ w^l ay ^^sin (2t + f, 

[159] 
3 

32 

[160] 

{1 135 1 o . /^^ 

"2 --64-^/»y^^^^(2f-'») 

[161] 



+ -g-ay^sin(2 + ii) 



-ij) 



[162] 



93 



+ — m a y e^ sm{2 T — 2f — ij) 



[163] 



45 



+ >,v w a y e* sin {2 T — 2 + )j) 



[164] 



9 



+ — am^sin (2t + 2f — )j) 



[165] 



15 



3 



- — wi a y ^ ^; sin (0 + f ^ — ij) - — fw a y e ^; sin (0 + 0^ + 1]) 



[167] 



[168] 



21 



+ -.-may^^/Sin(2T-f-0/-ii) 



4 



[169] 



us 

35 
+ Y^wi a y ^ ^; sin (2 T — - f ^ + ^j) 

[170] 

3 27 

— jg7»ay^^,sin(2T + 0+ 0/-1J) + ~»2ay^^^sin(0— f, -ij) 

[171] [173] 

3 9 

+ -g ^*y^^'""(^""^/ + '')""4 '«ay^^^sin(2T— f 4-0/ — ij) 

[174] [175] 

15 7 

— yg^ay^^,sin(2T-f+0/+ij) 4- — way^e^sin(2T + f— f^-j,) 

[176] [177] 

9 9 

-— wiay^2sin(2 0/-)j)-— 7»ay£'/2sin(2 0/ +ri) 

[179] [180] 

51 9 

+ — way^«sin(2T-2f/-ij) - ^may^«sin(2T + 2 0^-1,) 

[181] ^ [183] 

9 

"^128^^^'^^*°^*'^""''^ 
The latitude of the moon is equal to the arc of which the sine 
= — , and* therefore the moon's 



r 



z ' :^ S z^ 



Latitude =- + 273^ + 2^^-^ + &c. 

Hence, neglecting y^, the moon's latitude = — . 

r 

In addition to — , the latitude contains the following terms: 



I J ysinif+|-g-«» + g2«i2|ysin(2 



3 3 1 

9 15 

3 3 



. .«. ^li-i 
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3 7 

+ j^ + «»'co62T4.-g^-meco8(2r-0H-e2co825l 

{3* 3 1 "1 

ysinif + -g-mr8m(2T-if) + ygsm(5-ii) + -^<fsin(5 + ii)| 

r r 15 19 1 2 187 

33 3 7 



m^ 21 

- Y ^, cos (2 T + y - -g-m e «, cos (5 4- 1) 

+ -g mee,(2T - $ - 5,) + -g-m«^,co8(§ - ^) 



1 ') 

— -s-mec,C03(2T— | + J,) ^ ysin^ 



> 7sii 



Hence the latitude of the moon 

+ I 8-**+l32"T/"* + 11536 + 16- 12/'^' 

'^/3. 9, 3^45 151 • 15 J . ,o ^ 

+ i^ + T + 32 + 32--8-;'"' -16*^'' J^''"^^'-''^ 



+{{^-5-}-+{MI}- 

, r45 , 15 . 15 , 151 ^1 . ,o i ^ 
+ iM + 32 + 32 + TJ'"'^/''"°^^' + "^ 

.fa i.r23j.i.45 11 .1 . ,, . 

+ |t- 2 + 1-128+ 4 +128- 3 /"•*| ''*»•"«--) 

+ {T+T+{T+i + T}"''}''*"^« + ') 

, f r9 , 3 16\ ./^Sl.il 1 187-1 ,1 . ,„ , , 
+ |iT+16-16|'»+iw + 64-4-64}~'j'""°(2r-?-.) 

■friS , 151 , r337 ,3 3 , 187\ .1 . ,„ 
+ |ii6+i6} " + {■64 +M-T+64l'»°| '""»(*'-«+•) 
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I f /3 , 31 , r23, 41 . 3 331 ,1 . ,- 
+ |ii6+16}'"+i64+6l + T-32}"''|»"»"(» 

+ -I - g-»+-[-gj+-j-}«'[o"'/""(i-") 



' + {-<») 



•) 



+ \ -'8''"+ {-64-T}"f '"'*'" ^^ + 
+ -I ^m + |-gj - -j-j ««n ye>ii (2 T- i- ») 
+ {|^ + -j}'»«y<',sm(2r-i + «) 

+ {¥+"4"+ j}»"''^(^^ + ''^ 

, r 15 3 ,211 . /v , r ^ 

+ {-2--|g-ig}.»»y^«/S>n (? + ?/ + »») 
, f21 7 351 ' io z t \ 

+ {i6+ 16; «»y««/Mn(2'--|-i + »») 
+ { - jg - jg} w y e ^.sin (2 r H- 1+ $, - u) 
, f27 , 3 , 211 . /i: . ^ 



S 
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9 9 

- 3^ m y e,2 sin (2 ^ - «) - ^ m y e,2 sin (2 5, + «) 

+ ~mye,2sin(2r-2J,-n)-^mye,>sin(2T + 2?,-,) 

Hence arises the following approximate expression for the lati- 
tude of the moon : 

[14.6] 
r 3 .25 , . 3053 3 27 » 15 jl . ,„ , 

[1*7] 

, ril , , 59 , 135 al . ,- , . 
■*" \ 16 "^ 2i "^ ■*" 32 *" ^ J y ^"^ (^ '^ + ""^ 

[148] 

+ -[l-^nA-yesmi^-ri} + 1 1 + -|- >»« J- y e sin (f + ') 

[149 [150] 

r 3 105 ,■"! . ,^ y , 

+ -| 2 m + — OT»|ycsm(2T — g — J)) 

[151] 

ri5 241 ,1 . ,^ ^ . 

+ -{ -g »» + -gg- w' J- y e sin (2 T - f + t)) 

[152] 

{3 23 ~1 

"S" ^ "^ 32^ J '^^ ^^"^ (2 T + - )j) 

[153] 
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+ J "i^y "^sin (2t + f + ij) + I - -|- »» - ^m^\ye,sin (f,-i)) 

[154] [155] 

+ /- _m-|^»»» J- ye, sin (?, + .)) 

[156] 
255 







+ -S "TT ^ + "TTT ^ 



64 



' Vy^/Sin(2T-f^-il) 

[157] 



77 

[158] 

"*■ I ¥ ^ " "64 ^ J ^^' ^^" (2t + 0/ - >j) 

[159] 



- ^^*y^/Sin(2T + 0; + ij) +-{^-^ -^ wj-y ^2sin(2f - ,,) 

[160] [161] 



9 147 



8 



[162] 



64 



[163) 



-i^7»y^^sin(2T-20+ ij) +?^wy^2sin (2t + 25 -,j) 



64 



[164] 



[165] 



- — wiy^^;Sin(f + ?/ — ij) — 3/wy^^/Sin (0 + 0/ + ij) 



[167] 



[168] 



+ — my^^/sin(2T — ? — 0/ — )j) 

[169] 

35 3 

+ — iwy^^;Sin(2T — 0-f^ + ij) — — fwy^^,sin(2T+f +f/-ij) 



8 



[170] 



[171] 



+ --»jye^|Sm(f — 0y-)j) + Smyee,sin{j£'- ^t + tj) 



[173] 



s 2 



[174] 
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3 15 

[175] [176] 

7 9 

+ — 7»y^^,sin(2T + f - f, - >j) - ^^ ^^ ^*^^°(^^' ""''^ 

[177] [179] 

9 51 

-^'«y^/^sin(2f^ + ij) + r3W2y^2sin(2T -2f;^ij) 



32 ' ' ^ -'•''• 32 

[]80] [181] 

9^ a . ,^ ^^ X 33 

32 

[183] 



- -^m y e,^ sin {2 T + 20^ — ij) + y^q ''^ 7 ^^" (* "^ "" '') 



45 



As the quantities which I have denoted by e and y are not iden- 
tical with the quantities denoted by the same letters in M. Plana's 
work, many of the calculations given in this Treatise lead to results 
which are consistent with those of M. Plana, although they are not 
identical with them. 

Thus, M. Plana has the terms 

-^J --— m^i ey sin {^ - yi) 4 4 1 + ^T ^ y sin (0 -f- ij), 

while I have given the terms, (see p. 24?6.) 

1 - — mH ^y sin (0 - ,) + J^l + _ m« J^ ^y sin (f + ij) 

But these results are not really inconsistent with each other, for 
the coefficient of sin ij in M. Plana's expression for the latitude has 

not the term — ; hence y ( 1 — -- J must be substituted for y ; and, 

as in former instances, ^ f 1 — — j must be substituted for e in my 

expression, in order to institute a just comparison. These substi- 
tutions suffice to obtain M. Plana's results. I have ascertained that 
the only terms in my approximate expression for the latitude in- 
consistent with those given by M. Plana are the following: 

3 33 

- — w y <? ^/ sin (2 T + + 0/ - »?) -f T^^w'* 7 s"i (4^ t - ij) 
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Calculation of terms in the reciprocal of the radius vector mul- 
tiplied by y*. 

From the term — r- y* ^ cos (f — 2 ij) (see p. 40), in the 

reciprocal of the radius vector it is easy to deduce the term 

5 . 

--- y* ^ sin (f — 2 )j) in the longitude. I now take 

— - = »»« -j^— + -g- cos 2 T + y «, cos ?, + J e, cos (2 T - f,) 

- |-e, cos (2 T +?,)]- ^-|-yC«COS(f-2,)} 

- |-e,sin(2 T + g,)J- {-|yc»sin (f - 2,) j. 
Hence — contains the terms 

{|--^}<»Veco8(|-2,)+{-g + }|}mVeco8(3r-«+2«) 

+ {-^ + ^}mV«<',co»(2r-«-i + 2,) 

+ {?|-^}mV«e,cos(«-?,-2,)+ jg_g}m«y«e,cos(2T-?+|,+2,) 

% 

, r21 105 1051 „ , ,o . y y ox 

13 15 

= jgW' 7^ ^ cos (f — 2 )j) + — 7»2 y« ^ cos (2 T — f + 2 ij) 

[65] [68] 

33 39 

— — wi«y2^cos(2T + f - 2)j) + — 7»2y2e'e;COs(g + f/ — 2ij) 

[69] [83] 
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8^68=- 



9.15 
16 

33 



w«- 



4.15 
32 



nr 



— 4OTrrtQ= —Tzinr + 



(» 



16 



4.8 3 
32 



m^ 



165 
''««="T28'* 

33 



21 , 

'•73=--8-'" 



»-74 = 



71 



= T'" ^'■«= 16" " 

7 7 

M. Plana has -^ wi — ^ m* 



3 9 



^76=0 



^70 = 



^72- f 



3 . 45 , 81 2 ^ 3 63 ^ 



32 

3 15 , ^^ a 

1^87 = -2^75 + 32^ = — ^ 



33 
32 



16 
^ 2 ^* 32 32 



»'9i--2-'-7s = j6™ 



81 



4.39 



2i«re8=32m«- ^^ 



TO' 



63 « 
6 Wl roc = —-:-:: m* — 



85 



16 



4.2 1 
16 



m 



2 



33 



4.33 



^^'*«7 = 32^^-^^^*"^ 



81 



64 
4.39 



m" 



2»«r89=-m»- 32 



m' 



2 wi roi = t;; ^ 4- 



4.3 



^^16" ' 16 



— 6 TO rgg S= — 



231 
32 



m^ + 



m' 



4.231 



64 



m 



2 



3 105 - 


2S1 

-32" 


75 




49 

""^ - 32 '" 




33 

^«7 = 64'" 




75 




21 

^9t - 32 




77 
^93- 64 *" 





35 



49 



M. Plana has roc = — x;; m and roq = — :t- m 

85 32 ^64 

In order to find the term in r^g multiplied by to, I take 

^ = m3{i + |-cos»r+|-y2co8(2r-2„)} {-|mecos(3r - » 



'25S 



33 T 

4.re5t!y8co9(5-2«)-g?»wey3cos(2r+^-2i,)| 

| — mean (2 T - e + jg TO y2sin (2 r - 2 u) 
-J|mey2sin(2r-5-f2«)-^mey«sin(2r + ^-2«)} 
+ wJ -[-1-008 2 T - —ecos (2 r - ^) I 

1 1. m y2 cos C2 r - 2 1,) - Y »» e y2 cos (2 T - g 4- 2 ♦, ) I 

_ JwiS , f 99 45 45 99 81 
-|2"'*««"'"l 256 "^64 64 128 64 



+ 



45 
32 



- 64-64 r^'j 



f 72 cos (5 — 2 «) 



= I "2 ^65 - 2^ ^'^ I ^ r COS (J - 2 )J ) 
a^(a— j = /y + 2m«cos2T4-^Jwecos(2r-^)l 

{re55ey2cos(5-2«)--^-mVcos(2r-2«)-^wey3cos(2T-|-?-2«)| 






m" 



^^y^COs(f — 2ij) 



Let r65 = 



— ^ -^ Am (see p. 40), then 

o 



(-9,207 1/ 5,.l 3 



9 5 

8 '^ " 16" 



. ^ 369* ,5 ^ ^ 9 , 549 

+ 'J"»-j28'"'^T'""2'"*"«^'^ 



64 



1035 9 _ 9 ^_369 549 

128 "^ 2 8 "*" 2 128" "^154 



A = 



135 
64 



I 



I shall next endeavour to obtain terms in a 8 — multiplied by 
m^ y\ For this purpose I take 



25* 



8V=^^-»i/sin(2T- *2i,) 



nsn 



S 8 

— —my* cos 2 T -f — 7» 7^ cos (2 t — 2 ij) 
o 8 



-— _«.s 



-j^m'sin 



2 r J Y^ »* 0^ sin (2 T — 2 «) j- 



+ TO2|At_j_|.cos2r| |--|-my2cos2r4--|-fiiy3cos(2r- 



2*)} 



9 9 9 \ 

— — m^y*cos2T+ — m^ y^ cos 2 ij + — wi^y*cos(2T— 2il) 



32 



82 



9 9 
— —m^y^cos^T m^7^cos(4T — 2i)) 

Let ri = -.^ + ^m»72 
(3 - 8m) (- y + ^'^) = - (4 - 2 w) {-g m^-h^m^} 



4-3^=-|- + | 



^"24 



fn-* 



Let rgs = YH--rffii3 



3{-' + ^m.} =!».»- 



9 



m* 






8 



9 



16 



r,si=8o'^''^ 



^ = - -"- 



3 

4 



^3 = - 

3ri44 = 



3 9 



9^ 
8 



— wi^ 



'•144 = 



3 S 



Calculation of tettris in the longitude multiplied by y^. 

I shall now endeavour to arrive at some of the terms in the lon- 
gitude multiplied by y^, by means of the equation 



d A^ _ (1 4- 6-g) 

d^ ~ r« 



-/ 






d^ 



For this purpose I begin by the development of those terms in 



* This term will be obtained hereafter. 

f See the expression for -^ — given at p. 28. 



^55 



3 R fi 

-T-Tx which arise from the terms — ^ ^ 7* ^^^ (f "" 2 ij) and 



5 1 

-^-^y^sinff — 213) in aS— and 8x. 

4? r 

— 8 jp^ = j^- 3 w^sm 2 T - ^ m^^^sm (2 t - f^) 

+ -|m2^,sin(2T-hf,)| |-|-^/cos(f-2i,)]^ 

{21 
3 ///* cos 2 T -h — m^ ^^ cos (2 t — f ^) 

- — W2«^; cos (2 T + f^) j- ^^ ^ y^ sin (g - 2 jj) | 
Hence 

ad/2r3i5i5^ 

7: dr= {- 4 +16 + -8-}-'^'^'^^-(^^ + ^~2^) 

+ {-ll-^^}m^ee,y^sin(2r^li.l-\-2f,) 

j 21 , 105 , 1051 „ o • .« . V r ON 

= -- rn^ey'^ sin (2 t + f — 2 ij) — -— m'^y^sin (2t — J + 2 ij) 
16 o 

[67] [68] 

-^m*ee,y«sin(2T-f-f,+ 2i) 

[86] 

33 
— ^»«* ^ ^/ y* sin (2t — f — f, + 2>i) 

[87] 

+ l^m'ee,Y' sin {2t - ^ + ^, + 2r>) 

[92] 
T 2 



256 



+ ^m««,y«sin(2T + f-f,-2i,) 



+ 



+ 



[98] 

I next proceed to the development of s^» (See p. 246 for ll 
value of 5.) 

"-f+i-i + il-^^+il+iil-V + i-^e + Sl-V 

^J *«4./ »5 in r 3053 69 1-1 

, r 87 , 135 , 3 15 , 3 3 1 , , 15 ,\ , „ 
+ i-S+ 35r+¥- 8-+ 8 -T; ""^ + 16""' I »'~*^'' 

f . . , r295 ,7 1 . 1 . 9 , 9 ■> ,1 . 

I - ^ + ^ + {m+ T - 6 + 6 + 16 + 64 } •»') »'"«»« 

+{{-M-}'»+{-M-S-{J}'»'}^'-(-+« 

+ {-5-^+{-'lf+32-i}'»'}^'''*(2^-«') 

j^ r 147 15 j^ 9 j^ 3. 151 „. ,„ ,,. 

+ i--64-64 + 32 + -2+¥l'"'"*'~*(^'-^^^ 

+ {y- T+ y} mr'ee,cos(2r-l-l) 



2.57 



+ { - |-+ 2 - -g-} «»y»««,a)8(3T- l + i) 

+ {32 - i} »y»«,'c«»2?.-|5"»y''/*<:<»(3'- 2 J,) 
+ 32«»»'=e,«cos(2r + 2J,) 



cos8 



+ |-7 + ''-«-+i-16+i28}'"7^ 

, J3 ,25 jj^ r3053^ 1 1 , 
+ |-8-" + 32'"+ 11536 + 16/"' 

+ {§-¥-|+-8}'"''-r6'»'4^~*(2.-2,) 

{-Ii»'-24'»'+{-f-¥}''-^}^'«»(2r + 2,) 
r r 295 I 45 1 1 



+ 



+ 



+ 



y« e cos (I + 2 n) 



{-.+{-1-1-}-} 
+{{-}+-j}-+{!S+g}-}^ 



e cos (2 r — I — 2 n) 



+ |-ym+{-^VJJ}''.»|r"os(2r-? + 2«) 

{3 9 '' r 3 69 1 



77 



258 



+ {"T'^+{-^ + ^}"'4^''^^^' + ^ ^'^ 



+ 3-^«V^/C08(2r + ?, + 2«) 



-h -[-g --j-|wy-«^/Cos(^ + |,-2i,)+ {-g +3 I TO y«ce, cos (5-1-^-1-2 
g-+Y|wiy»c^,cos(2T-5-|,-2»,)-^7wy2e^^eos(2r-5-^-f-2 

f ^»»y»^/'co8(2i+2«) + ^^my2e,2cos(2T-2i-2«) 
-^TOy2e/co8(2r + 2^-2«) 



+ 



{-4"'^+{S-2X6}''4^^-«(^-^«) 



{^-j|}mVccos4r-.^-2«) - ^ wV^co8^4 r -f 5- 2«) 



-|j«V<f/C«i(4r-i-3»i) + ^mVe/COs(4T + i-2„) 



259 



\ + ^r' + ;r^^'y' + S^^'r' 



384 

[0] 



256 



{-|^-.^ 



4f 16 J 



32 ' 512 



+ 



109 
32 



{3 39 1 

— »i 4- vt; rn^ [^ 7* ^ cos (2 t — f) 

[2] [S] 



y^cos2T 

[1] 



{8 9 T 3 

— -T- »» + -g- *"' r y' * cos (2 T + f ) — — m* y8 c, cos f , 

W [5] 

[6] 

"^ {t'" "^ 32 '»'/ y' «/ COS (2 T + f,) 

[7] 

{5 135 "1 9 

— -g- "^^ "^ ^ ^/^*cos2f +-g »iy*^*cos(2T— 2f) 

[8] [9] 



+ 



39 7 

— - ^w» y* ^^ ^^^ (2 T + 2 f ) + - m y« ^ f^ cos (2 T — f — f,) 



3 



[10] 



[12] 



+ ■~wy3^^^cos(2T + f + f,) 

[13] 

3 7 



[15] 



[16] 



51 9 

- ^»iy^^/*cos(2T-2f^) + ~w»y«^/cos(2T + 2fJ 



[18] 



+ 



l-i 



w^ 



+ ^ - ~ + Ygg »i3 J^ y' cos 2 ij 

[62] 



32 



■} 



[19] 



260 



{ 



3 25 3 3149 „ 21 

8 ^32 ^ 1536 3-J 



.>2 



15 1 

— -r^ 711 £*y* y y^ COS (2 T — 2 1)) 

[63] 



f 11 , 59 , 195 5~1 , 
+ 'j^--J6»' -2i»f'--32"*^j'r cos(2t + 2i,) 

[6't] 

1 — — TO |- y« e cos (f — 2 >)) 

[65] 

+ -T- 1 -I" m«"Vy« e cos (f + 2 ij) 

[66] 
235 



+ 



ri5 , 235 ,"1 „ ,„ ,. „ > 

-|-g-»»+ 32-»»*J'r*^cos(2T-?-20 



[67] 



, f 15 219 g\ , ,„ vox 

+ -I -y'" --§2 »»« J^/ e cos (2 T - f + 2>)) 

[68] 



39 



- ^Q y'ecos (2 T + f - 2i,) _ — m'ySecos (2t + f + 2r,) 

[69] [70] 

■*" L ~ "S *" ~ 64"* J ''* '''*^°* ^^' ~ ^ ""^ 

[71] 



[72] 



r7 



123 



+ -S TT »» + -^^TT "* 



L8 



77 o ... 



32 



'V7«f,COS(2T-f, -2,) 

[73] 



- 32*" y «/COS (2 T - f, + 2 1)) 

[74] 

{3 53 '1 

~ "S *" ~ §2'" J ^* ^'^°^ (2 T + f( - 2 1,) 

[75] 



861 



11 



+ 5i'"'y' '' *^°* (2 r + f, + 2 ,) 



[76] 



[77J 



13 
— — 7*e*cos{2g + 2i|) 

[78] 
+ *5»»y'«*cos(2T-2?-2i))+ i|^»iy«c*cos(2T-2f + 2i) 



[79] 



[80] 



— ^»ty*«*cos(2T + 2f — 2i)) — — »ty*cf,cos(f+f,— 2>|) 



64 



[81] 



[83] 



27 



35 
8 



[84] [85] 

[86] [89] 



8 



27 15 



[90] 



[91] 



15 9 

+ — »»ee,cos(2T — f + f, + 2))) — — my*e,*cos(2g,— 2i|) 



32 



[92] 



[95] 



+^my«c,»cos(2f, + 2i|) + |i»iy«c;cos(2T - 2f, - 2i|) 



[96] 



[97] 



— — wi y* ef cos (2 T -f 2 f ^ — 2 ij) •" ^ ^^ 7* cos 4 t 



[99] 



[131] 



45 



— ^»»*/^cos(4t — f) 

[132] 



u 



262 



[144] 



9 9 

+ ^rw'y'tf cos (4t — f — 2ij) — ^7Wl*y*^COS(4T + f — 2i|) 
d4j o4f 



21 9 

g^m«y»^,COS (4T-f,-2,)) + — 



— ""^ m^ y* e, COS {*T —S, — 2 ri) + — m* y'e^cos (4t + ?,— 2i|) 



If a 8 — and 8 -JA - /*t^x d t\ are restricted to mean the 
terms in — and in A — / s~~^^ * which are multiplied by y\ and 

— and T— i-; represent the terms in those quantities in- 
dependent of •)?, 

^^=l + |-m»+-m3+-m^|cos2r 

{15 143 1 

— w» 4- -TTT '^i* ?• ^ cos (2 T — i) 

77 11 

+ — w^f^cos(2T — g^) — — m2^/COs(2T + f^) 

o o 

+ — ^' COS 2{ w ^ ^y cos(S+Si) + -7-^ ^ ^/ cos(2t— f-fj 

+ — m ^^;Cos (f — fy) — -^meefCos (2 t— f + f^) 

See pp. 132, 142, 192, 204, &c. 
I take 

-j=l+^+Y + 2m*cos2T + 2^cosf 



268 
+ — m e cos {2t — ^) '\' — e^ cos2 ^ + &c. 

9 
-h —m^y^e cos (2 t — f) 

1 21 

— -7-m*y*^cos(2T + f) — — w*y*f^cos (2t — f^) 

3 
4-Ygm«7*^/Cos(2T + ?/) 

15 8 

+ — my*^cos(2T — 2f) — — -w»y*cos(2T — 2))) 
Id o 

3 
+ — m*y* ^ cos (2 T — f — 2 ij) 

+ — m^y*cos(2T-|-f— 2ij) — ;r-w»*^y'cos (2t— f H-2)j) 

7 3 

— ~m^^7*cos(2T— fy— 2)j)4- — wiy'^yCos(2T + fy— 2ii) 

o o 

The following expression for a 5 — will serve as a recapitulation 
terms multiplied by y^ obtained already in this treatise : 

9 7 

+ — OT^y^^yCOsfy — -7-m*y*tfyCOs(2T — f^) 

m^ y^ 68 

-f — ^ ^,cos(2t 4- f/) -f jgWy«^^;COs(f + f^) 

— — wy^^^ycos (2t - f - f/) — Yg»»/^^/COs(f - f^) 

15 
H- jg wi 7« tf ^; cos (2 T — g + f/) 



u 2 



264 

{5 135 1 ,v ^ V 

■"¥ "^ "6? '^J y«ecos(f ^ 2i,) 

21 

— g2»»y*^cos(2T-f-2ij) 

S3 3 

— gj»»y*^cos(2T+f-2ii) +-^m«y«^^cos(f^-2ij) 

+ ±wi«y«^^cos(f;+ 2ij) 

21 3 

— g-»»' y* ^/COs(2t— f;— 2 1|) + — w« y^e^ cos (2 t + f^ - 2i); 

75 49 

+ g^»»y*^^iCos(f + f/-2i})-— wi<r^,y«cos(2T-f— f,-i 

21 

77 

— — m^^,y«cos(2T + f — f^-2ij) 

— r- 5* contains the terms 
Lnd/J 

3 3 

H--j-mecos(2T — |) — 3-i»ecos(2r + |) 

7 3 

— -g- m e, cos (3 r — fj -f ^ m e, cos (8 r 4- {,) 

-~m«co8(3r + 2ii) + «cos(|-2ii)-«cos« + »ii) 

+ -g-«#COi(2r-|-2ii)--g-m#cos(2r— 54-2«) 

3 3 

--g-m«^coi(t-f») + -g-m«,cos(t + 2.) 



+ ^«»,c«i{»*-i-».)- 



•'} 



+ ^»>. CM (J ■■ + B-3„.,,co,i, + ^.'.,c». (>,-!,) 
-^■'.,c«(!r + l)+|-^«»Ji-S.,,,co.(i + i) 

--..„„,..-c+t,}{i-i.-..} 

^={-4"+{-S+M--'}- 

r 15 , 8 3 15 151 , „ „ 

+{-l-+{-l-^-S-l+S}-}^--.(>'-« 
-{Ml - -- 




266 



. ri5 3 15 3 151 

+ {-^--J-}«nee,y3co8(2r + |-i)-|i«e,Vco.(2r-2i) 



r-|-.2«) 



. r, 1 5 . 135 1 , ,^ „ X 

, r 15 21 ^ 3 15 3 1 , ,^ 

+ {-y-{|}«ey3cos(2r-| + 2«) 



2,) 



+{f-+{i+i+i}-}-. 



»«cos(J, + 9,) 



+ {^ + ^}«»»«/y'co.(2T + i + 2,) 

r 15 3 , 75 , 21"! . ,, , , - . 

+ {t + t + Is} "«/**«» (1 + 1+3,) 

, f86 *9. 7 7 351 . ,„ . , „ , 

+ {-y-Y|}««,y'co.(2r-«-J, + 2,) 

+ {--|-+g} «.«,*' CO. (8T + e + i-2,) 
fl5 76 S 211 . ,, , m \ 



267 

+ {y + J§} «««,»» cos (9r-{ + «, + S,) 
+ {|- -11} «««,*» COS (ST + ?-i-2,) 

+ {-i-S}'»''^~»*' 

9 

gi Q 

-gjmV«cos(4r-i-2«) + gjmV^/C08(4r + i-'2*) 

From the expression for — ^ it is easy to infer, by integration, 
it the longitude contains the following terms : 

3 3 . 

— ^ w y* ^ sin (2 T — f ) — — wi 7* e sin (2 T H- f ) 

+ |^»» + g».«j. /^,s1n (2 r + fO 

+ l-wir ^^y* sin (2t - f + fj - ~m^^^y*sin(2T + f -f^) 



3 a • /a V . V \ ' 9 * 



2 ' / — V- • H . -1/ 8 



_g^^«y2sin(2T-2f,)+^m^,2sm(2T + 2ft) 



9«6 



- {- -^ + fg «« j- y« sin « , - i^mV «n (« T + 2 ,) 

{3 135 1 1 

3 15 

4- — m^y*sin(2T— f — 2ij)— — wi^y^sin (2t — f + 2ij) 

33 r 3 123 1 

- — »jf y*sin(2T+f-2)))+ j jg»B - iggW^Ki/sinCfz-Sl) 

, f 3 201 gl a . ,^ 

"•■ lie'" "•■ las'" J *'^ '°^^' ■•■ ""^ 



77 
64 



m* y' e^ sin (2 T — f , + 2i|) 



"*■ 64*"*^^'^'^^*'' +'f' t2l>- g^»»*tf,y*sin(f + fc-2^) 

27 7 

+ YgW^^,y«sin(f+?/H-2ij) + — m^^;y«sin(2T— f — f^-3ii) 

35 5 

45 27 

+ 32 "**'*' y^ *"»(?-?/- 2l) - jg»»*«/y*sm(g-f.+2ii) 

3 

- — m^^^/sin(2T-?+f^— 2ij) 

+ — m^^,y*sin(2T — ? + ?i + 2ij) 

49 

- 32 wi ^ ^, y« sin (2 T -h f - g^ - 2 )j) 

9 9 

+ g^, ^ ^i' y* sin (2 f ^ - 2 ij) + — m ^^ V sin (2 f ^ + 2 ij) 

I shall now endeavour to obtain certain terms from the equation 

dr* r» ds* 



d^^_ A(l + sg) ft ft 

d^ "■ 2r« ■*"Ar 2Aa 2Ad^ 2A(l + 5«)«df« 
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In order to procure the two first terms in X^ it is suflScient to take 

-T— =1 — < 2 nr -{- —- nr /- cos 2 t 
h L S J 



A^^l + {2 m^ + --7n^\ cos 2 t 



From the expression for Ry p. 33, it nay be inferred that the 

portion of d 72 which arises from the differentiation with respect 

9 
to n / = — I ^ ''*'* y^ cos (2 t — 2 13) . In order to obtain the portion 

of d R whicli arises from the differentiation with respect to n, /, 
in as much as this quantity is contained in $r, $A, and ^s, it will 

be found sufficient to take R=z-- ' 5^, 5^ = -— mcos(2T — 2))). 

Hence d 72 = 0, considering Arg. 63 and the term multiplied by 
wi** inclusive. 

--j7= 2 ^146 *147- 2 ^146 ^147^(2-2w-aO 



r 2 19 .. 1 f 1 11 3 2 



8 



9 , , 61 ^ .9 11 « 

In the same way it may easily be shown from the same equation, 
considering only the first term, that 



fSm ^^ 1 21 

"^ I 2 *^' ^'^ J 3 w 16 

I shall now endeavour to obtain >^. This argument results 
from the following combinations : 

{62,8} {63,9} {64,10 r {65,2} {68,4} {69,3} {77,0} 

Since the eccentricity e^ may be neglected, it is sufficient to take 

'dR 



^ Ji + / — ^ mndtszR-^mnh^mn 



^d)C 
dt 



270 
In order to obtain R^ it is sufficient to take 

fSt 15 

-^ = 1 — 2 ^ cos J — — ^ cos 2 f 4- — ^ y' ^^^ (f ~" 2 ^) 
a iu 4* 

5«= --^-H./^cos(f-2)j)H- ^ y«^«cos(2f-2ij) 

^""32"^ 16 4 "^32"" 

In order to find the term in ^''^tt multiplied by m, it is suf- 
ficient to take 

V* r 1 135 1 

5*=— -|-cos2ij + /^cos(?— 2)j)+^ — - -g^wJ^y*^cos(2f-2ii) 

fSt ^ r 5 135 "I 

^ = 1 — 2^cos0-— cos2f+<— — -32"^ i^^y*cos(f — 2ij) 

r 15 405 1 , a .^v ^ N 
+ ^- y + 64- ^/ ^ r ^os (2 f - 2ij) 



a« " a* 



= 1 — 2 ^ cos jr COS 2 + -^ cos 2 13 

+ 1^-—- 32 /"|^y*cos(?-2i3) 

{5 135 1 
- -^ + ^ w«J^ y ^^ cos (2 f - 2 ij) 

— j- = 1 -f- 2^cos^ 4- -^^*cos2f 

r^dV_ r 1 _2. 5 3 _^ 
a^nd^-js 4"*"8 + '4" 4 

, rl35 135 135-1 1 . , ,^, ^ , 
= 



u 



'211 

T d It /^ Sl 

Hence I conclude that . , / d H and — contain no term 

dr J r 

(Arg. 77) multiplied by m\ 
I propose only to seek at present the term in —r- multiplied by 

m^l in this approximation / iX R and r^^ may be taken equal to 

zero ; and if the quantities between brackets denote as before the 
values when y' is neglected, it is sufficient to take, by the method of 
p. 219, 

At ■" Lsr^J ^ L2Ajd^* 

[^1= 1 +{2 + w2}ecosf 

[2] 

H- J^— + — m* W*cos20 -h — 7»^cos(2t — 2f) 

[8] [9] 

- Y --|y*cos2,+ — OTy«cos (2t- 2,) 
[62] [63] 

+ i 1 -OT* >-y'«cos(0— 2»)) 

[65] 

[77] 
f-^ si — 2 c COS f — — TO <: cos (2 T — 0) 

[2] [3] 

{1 3 T 45 
— f»^ W* cos 2 H- — w e* cos (2 T — 2 f ; 

[8] [9] 

[62] [63] 

x2 
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3 3 



S2 



[65] 



[69] 



[77] 



15 



^COS + ^*COS 2 + --- 7W ^ COS (2 T — f) 



8 



v/|[l] -(•-?) 






15 
-f — wi^'sin (2t — f) 

o 






— g7 w e y* sin (2 T + f — 2 1)) 
dZ2 



/ T7^ d / = — — w e^ cos (2 T — 2 0) — — m y^cos (2 T - 2r|) 

dA' J 1 ;•'> , 7 «i r 1 m^l 1 r 1 3 ,1 r 1 11 ,1 



"^ 2.16 "*^ 256 



1 r 1 .3497 .1 1 r , 883 J . »;2 



45 



64 



-: m* 



m3 
2 



495 



495 



"■ 1024*** "^1024 



. 45 



► gSySJcos 2$ — 2ii) 



16^ 16^ 2 4 



{ 

r 5 _J^.31145_135_ 
■*" L 4B 16"*" 16 "^96 "^206 256 



1 . JL_ 3 45 
3 "^ 4 64"*" 64 



349; _ 883 
■*" 3072 1024 



,1 1 5 .79 45 1 ^1 . , ,^^ ^ , 
+ T^-2-r8+';96""l28H7^'>«*f*«-*''^ 



273 



3 

= -- m^ ^ y' cos (2 — 2 ij) 

o 
^7 = -- g- 



The qaantities ^i^^ and r^ have been left indeterminate, in order 
to show that they are eliminated by the nature of the reductions in 
tliis method. This inequality is the subject of a Memoir by Laplace 
in the Connoissance de Temps for 18^24, which is not free u'om inac- 
Gurac}\ M. Poisson has shown that the coefficient may be obtained 
with great facility by the method of the variation of the elliptic con- 



stants. 

153 
M. Plana has -f -— m^ e^ y* sin (f^ + 2 ij) 

[72] 

-f ||^e^/y*siii(2T + f + 0,-2i))~-f»^e,/sin(2T + f-f,-2,3) 

* [87] [93] 

instead of the corresponding terms which T have given in p. 268; 

the other discrepancies are removed by substituting ^ ( I — -^ ) 

for e and y ( 1 — — j for y in my expression, agreeably to the re- 
mark in p. 248. 

Calculation of terms in the reciprocal of the radius vector^ and in 

the longitude multiplied by — . 

Of 

It is easy to show, as a first approximation, that 

.1 15 a , 25 o a ^ 5,^ 15 a . 

Ho — = — -— m — COST + ^n^ — cos 3t dAss — -— m — smr 
r 16 a, 64 fly 8 a^ 

In order to find the next terms in a 8 — , Arg. 101 and 1 16, it 
is sufficient to take 

3 
2 



3/ 1 . 3 2 ^ \15 a 
= — wi^ i — - H- — m^ cos 2 T > T-r w — COS 
L 2 2 J 16 a, 



— ~ m^ sm 



. „ ri5 ^ . "1 
m 2 T -< "- 7n — sm T > 
\S a, J 
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165 .. a 45 , a 

= — ~- mr — cos T + -— vr — cos 3 r 
64 a^ 64 a^ 

a* IS — I = — -<-— + 2 m* cos 2T>--m — cos t 
\ r / i^ 3 J Id Ay 

5 „ a 15 « a . 

= — -m^ — COST — tt;W — cos 3t 
4 tti 16 at 

*°^ 8 fl^ "^ 32 a^ 

Let rjoi = —ig^— + '^^*'^» ^'^^'^ 



+ {5 + 2m}|i«^ + ^i»' 



15 _ ._ 15 165 3 

^-""16 
Let r„e = |m*|. + ^m3A, then 



/?£;„2 + ^^ST {8 _ 18^} = 



9.45 . 
mr 



32 



+ {5 + 2«}Af;i»-j^«' 



225 . 405 5 45 

-^+8^--— + -- - 

._ 115 
^- "128 

It may easily be inferred, from the development of ii in p. 34^ 

that / -rr d t contains the terms 

nit«/ dX 



- i»* — cos T + -r- m' - cos 3 T 
8 «r^ 8 ff, 
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Hence 



dx r 15 / 81, 3\ ,\ a 



COST 



V32+ 8/"* a, 



COS 3t 



= -< wi mr >- cos T + -" w* — cos 3 t 

L 8 4. J «^ 32 a, 

f 15 93 oT a • . 15 a a . ^ 

= ^, — —m — Trm^r — sin TH---m* — sinSr 
L 8 8 J «, 32 fl^ 



In order to find the next term in aS — , Arg. 101, I take 



aSiB 






cos2t 



y << 



81 2 a 25 . a 

— 77:^ COST+— -?w* — cos3t 
It) fl/ 64? a^ 



} 



+ — wi' sin 2 T -« 



93 o a • . 15 3 a . ^ T 
--8"'\'^"" + 32^^^^"^V 
3/9 a 15 a ^ \ fm^ ^ T 

, . CS a . 15 a . ^ \11 . . ^ 

+ wi* < — — sm T + — — sin 3 T r-^m^ sin 2 t 
L8 «/ 8 «y J 8 



={ 



_?1 75 243 279 45 



32 ' 256 64 32 128 



3 9 15 33 . 1651 4 a 
16 16 16 128 128J a^ 



rdR 
dr 



2859 4 a 

:7r:r ^ — cos t 

256 a, 

2445 . a 
= — -— - nr — cos T 



128 a 



I 



a^ 



(4)*=jfK-'-'M 



cos2t 



n-i 



15 SI . 



Ha 25 a a 1 

' > — cos T 4- -7: wi' — cos 3 T }- 
J «/ 16 a, J 
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" \ 16 16 32 "^ 16/ Of 



COST 



261 . a 

=: —r nr — COST 



32 a, 
It is sufficient to take 

j* .(1/2 o 4 • o / 15 a \ 

"- -i — = — 3 m* sm 2 T I — ~— m — cos t I 
a dx \ lb a, / 

« a ^ / ^5 a . \ 
-h 3 t/r cos 2 T ( — — m - sin t I 

\ 8 a^ / 

" 132^-16} ~' «;"""+ 132 - 16/ ~ a-;""*' 

135 „ a . 45 o a . „ 

= — - nr- sin t — ^^ m^ - - sin 3 t 
32 a^ 32 a^ 



-f 



r3 2^ 147 3\ a 
\ 8 32 ] a^ 



COST 



d A d <2 i a 



165 , 2859 , 3 , u; 



• A o ; 3 .. 165 3 2859 , 3 _ 147 ,\ a 

Vy^^=i~"«'"'"64"''-256'" ~-8'^'-32"7a; 



COSr 



r 3 , 189 , 4035 .T a 
\ 8 64 256 J a, 



COST 



15 a 81 , a ^ q a 

16 a^ 16 fl^ a^ 



l^et Tjoi = — ^~ m - — ^;, wi*— + ^»r ^-, then 



_i_ » -j_^^ «_i_2445 ,,3 ,,189 _ , 4035 , 

+ T"*"+32'» +T5»'* +4'^ + 3ir^ +T2&~ 
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-?l-«>^- 783 15 2445 4035 

16 64 "^ 4 "^ 128 ■•" 128 

, S021 ,- ^, , 5857 

-4 = — -r-— r- M. Flana has — -r-— . 
1 28 256 



I shall now endeavour to find the terms multiplied by rr? in Xjqj 
and A,ig 



- Ji_i_ J 1^ 81 2 3021 ,-1 a 

, r25 J 115 .1 a - 5 - a 15 . a « 1 

Ld2 d4 J a^ 4 a^ 16 a^ J 

f 1 w^ . 3 , „ , r 3 , . 147 ,1 a 
|l.^ + ^^2cos2.+ {-g-m3 + — m3|-co8r 

dX _ J5 15 147 _ 5^ _ 3021 T j^ 
nd^"" IS 64"^ 32 4 64 J *" a. 



»»• COf T 



smr 



, r 45 15 115, 5-1 .a _ 

+ i-64-l6--64-^32}'"'^^°«3^ 

X=-< — TT^ r^ — TTT »i^ r (1 H- wi + w') — cos T 

L 8 4 16 J ^ "/ 

. f^6 2 105 gl 1 „ , .a 
+ \32^— 32^/y(^+^)^^^^^" 

r 15 93 2 889 „1 a . 

= -< — —m — — rrr — -— m^ > — si 
L 8 8 16 J a^ 

, ri5 « 5 ql a . ^ 

M. Plana has — -j^^^ — sin t. This discrepancy is accounted 
for by the discrepancy in r^Q^ . 

5 a a 

The term - — ^^cos (t + f^) in — , (See p. 41.) 

^ = — ^ and hence it may be easily shown that 
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I shall now consider the terms which arise in 



(^ 



from 



*r Oft ^ Vkf 

iK = |^^,sin (r + ?,) + ^ f ^, sin (r + f + f,) 
These are the only terms of this order independent of m. 



aSiZ 



{971^ 3 9 

— + ~m*cos2T — m*^cosf^) - — m*ecos(2T — f) 

S S 21 

+ ~ m*^cos(2TH-f)+ ~ m^efCosSi+ — f»*e,cos(2T— f/) 

- j»n«e,cos(2T+ 0,) V 4 ^f,cos (t+ f,) 

+ -g^^^/ COS (t + f -h ?/) - g^^ ^/ cos (t — f + ?,) y 
+ < — wi^sinr — — wi^^sin (t — f) + — wi^^sin{T + f) 
+ — wi*^,sin(T -f^) — — 7»*^;Sin(T + f;)\ 
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m? 



.aJrlS 15 151 , ^ . fl5 , 151 - ^, 

j_ 5 /^_j_vNj_/46 46,75 45\ , , .^ 



, r 15 , 15 , 15 . 3 1 / . y .r . 

, ri05 1051 , , . ri5 151 

, r45, 15 75 151 ,- ^.,.x 

"^132 + 16-32- 8-/"''^°'(^'' + ^ + ^) 



+{- 



15 45 45 3^ 
32" 16"^ 8 4 ^"° 



j- ee^co8(dr-. 5 + 5/) 



+{-S+il}'''*^°^(^'+^^> 






15 2 a ^2 



45 o a 



[101] [104] 



8 fli 



[105] 



16 a, 



[108] 



+ — m« -^^^^cos (t + f + f^)- j^m*^ ^i?^cos(T -f + f,) 

[109] ' [110] 

[111] 



32 a 



[112] 



15 . a 

16 a^ 



105 o a 



+ T^»** -T ^/*cos (t + 2?^) - ^ ^'X^'* ^^ ^ "^ 



[113] 
Y 2 



[116] 



280 



15 a a* .^ -, V 15 a a 

[120] ' [124] 



^V ' 



L32 ~ T ^"»/ '"'-J <^«/ COS (3 r - f + f,) 

[125] 



+ ^ »«'-*-<'' cos (3T + 2f,) 

[128] 

By doubling these terms the corresponding development 

-% — is at once obtained. 
dr 



a* 



-m2e,co8(2r4-^) I ||^ e, cos (t + {,) + ^^ e e, cos (r+H6) } 

= — -w? — e? cos T +-—m^ — e, cos (t — f ,) 
4 fl^ ' 4 fly ' ^ " 

[101] [104] 



+ 132^ ■^128"^ 



[105] 

J-y^^^COS(T-f-fJ 

[108] 



+ — w«-~^e^cos(TH-0 +^^) 

[109] 

[111] 
+ "^ >»*-7-^i*cos (t - 2 f^) - — »j2±.^«cQ5 j^ ^ 2J^] 

Zj Of ^ III 

[112] [lis] 
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35 a a a « . 5 « ^ /o . >-\ 



[116] 



[120] 



+ -;rr ^* — ^ ^^ cos (3 T 4- f + f^) 



64 



I 



+ /?! 



L32 



m 4- 



935 
128 



m 



[124.] 

^\^ ^^^cos(3T-g 4-f/) 

[125] 



^101 = — — »i — 



15 a 

r— W^ 

16 Of 



45 a a 



/ 



45 a 



15 a 



tino = — -rr WJ — r,nQ = zrTn — 



103 



32 a^ 



103 



8 a, 



_ 75 a 



'103 



•,„{(! -2m)2- 1} =(1 -2»«)2r,o4 + ^'n'-^ 



45 a a 

4 a. 



. 15 o a , 4j5 2 a 45 o a 



104 



S a, 8 a, 



a, 



^104 -—rtl 



15 a 

16 o^ 



15 ^ 

a 



^104 "" 'g' ^ 



/ 



^106 — "^ 



135 o a 

2 ^°* 32 a 



I 



^^106 = 



135 « a 5 . 33 
32 a^ 



6¥ 



m" 



a, 



_ 3 _ 45 a 
_435 a 



106 



128 a 



106 



I 



435 fl 
64 a 



^^07=- 



9.45 a 
,^ • wi — 
16 a 



107 



405 a ^ 195 a 



i 



128 a 



/ 



'107 



64 



^111 = 



45 a 
32 a 



15 a 



75 a 



/ 



•„,=-m- ^m = 32«»^ 



^^112 — 



105 . a 



16 a 



I 



105 
- 6 w rii2 = — 



.2 



a, 



5 . 159 p a 315 9 a 
— — — mr — — m' — 



64 a 



I 



8 1% 



^112 — 



435 a 
128 a 



/ 



435 a a 
^n2 = -64:^^i - 



lis 



45 Q a 

— 77; w* — 

16 a^ 



_ 45 2 a 5.33 2 a 15 - a 



16 Oi 



64 



a^ 
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265 a ^ 255 & 

.. _ 3 _ 75 , 8 
iR.. _ 16-75 -. a 5.15 _. a 15 ,a 

^^'^"• = -i2r'" ^--le-" -^ '*"'' = 16'"\ 

_6.25 , a 126 o a 

^ -^^-a^ o* 9.16 ga 5.6,a,15 

'^•"=i6'»-5r «'^>»=-8-'"^--r'"-^+T" 

35 o a 



225 a 75 a 



a' ( $ — ) contains the terms 



15 

—-Wl^COS 

4 



(2T-f){-^m^cosr| 
225 , a , ^. 225 g a 



_ r 75 675^ « a _ 525 ^ a 
^"7 - \i28 " 256/ "" '^■"■"256"* "^ 

525 pa 135 3 a 45 , a 
"^ 64 a^ 16 a, 8 a^ 

475 , a 
^»7=--64^\ 

•r 15 a , . g a 

Let r,os^-Yni--^Am^- 

45 a 243 ^ a 



tio3= — ::r;;»»^ -x;r^ 



s 



32 a^ 32 Of 

{8-4m}{-~m4-^m2}-{4-4m}{-||m-^m«}-^«J 
16 « . 243 .45 16 ^ _ 177 
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I shall now calculate the second term in r^os* For this purpose 
[ take 



%8R 



+ «« { |.e,co«t+ ^ e,co«(2T-L)- -^ e,cos(2T+i) I { - 1| « ± cos 

+ i»*{-j-<?/Sin(2T-t)- 4-<f/8in(2r-|-g,)| |--^OT±sinr| 

4.«,2|||8inT-h^8in3r| {-3me,sini} 

fl f45 45,46,45,45,91 al, 

= |t'"i«»+ IS 64 -^128+32+ 64+16/ '"^j'»''~»('" + t) 

aJR r 1 3a ^ 387 a\ 2 / , ,.x 

— =12-^0,-- + — m^|7««.,COS(T+f,) 

r d JR r 9 a 423 a 



{9 a 423 a 1 o 

It IS sufficient in this approximation to take 

ar.diJ 3 wi'a dr. . . . 

— ^ — = -TT cos T — * = ^iSm ^.m n d / 

jxdr^ 2 a^ ^/ 

adU 34a. 34a,, ^. 

d X^ = { 1 + 2 ^, cos f J m n d ^ 

^ Pa T> J 3 a . 1 , r387 ,3 3 3 1 a 1 , , ., 

— y d/J = |--g-- + 2no5 + {i5g+ j--8-^-g-|«~|«.«e,eo.(r+i) 

r3al ^387a\ja ,. 

■l 

+ •[-3m»e,co«5,-m>«,co»(2T-y} {-«• 
= |4 >•■« + { 11 + S + g} «»^ I •».,«)• (r J 



a« 
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/ 1 45 a 1 , , 

Let r,os = -: \- Am — , then 

**** 4a^ Of 

A 5.1^. ^^.3 5 . 387 6 ^,9 423 



^ fl , ,1 ^ . 135 387 



423 
64 



A- *^ 



45 



'•io9 = Y-T'" 



225 
l6"' 



{5 45 1 a 

f ^ 45 ,5 45 "\ 1 25 

It is easy to obtain the first term in the longitude^ (Arg. 110,) by 
the method of the variation of the elliptic constants. 

The disturbing function contains the terms 

- g— '--3 e^ + le-Va ^ ^/ ^^s (^ - f + f/) (See. p. 32.) 

, e cl22j, 2 di? -^ 

de =s — J— d^+ — -J- At 

2ande anda 

It is sufficient to take 

d R 

d ^ = 2 ^i ., d / (see p. 76), which gives 

^e = —m^ -^ e^ cos (r - f + f^) 
^ 5 f = — ;»* — ^ ^i cos (t — f + f J 

4 fl^ 

^^^'^^^^^T ^^iCos (t - f + f/) d ^ 

at = -^ -^£*^/sin(T- g + g^) 
which is the term required in the expression for the longitude. 



'2S5 



— R contains the terms 



16 Of ' 32 ar^ ' ^ *' 

[114] [129] 



45 , a 45 a 

114— T^^ ~ ^114 



hence 2 mr,.. = -»,«- '•n4=32'»i; 



^ 75 o a 25 a 

Since — contains the term m — cos t, 'Z contains the terms 

r 16 a, ' 

45 a . / s 45 a . . . , 

32«-s.n(,-,)--m-s.n(r + ,) 

[I85J [186] 

_ 45 a 45 a 



^185 



^186 



r 45 151 a 15 a 

\ 32 32 J a, 16 ^Of 

_r_15_151 ±. ^ _}A ^ 
"■ L 32 32J ^ «, "" 16^ fl; 



s^ contains the terms 

'* 15 a . . , ^ . 15 a 



— -|^cos2ii- j^m — y*sm(T- 2)j) -^ —m —y^ sin {r -h 2ifi) 



a* 

-5- contains the terms 



^5 a 45 a o , ^ . 25 a « /^ « \ 

— 7W — COST -h~^— r cos(t-2)j)- — m — /cos(3t-2ij) 



Hence 

dx 



dX r45 15 15-1 a 2 . . , 
nd^ \16 32 16J a '^ ^ 

ri5 151 a 5 , 
"^ir6+32|^^^^^'(^"^^'') 

^m— y«cos(ST-2)j) 
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^ = "3^"' |-y*s>n(T - 21) + — m-|-y»sin(T + 2i,) 

I shall now recapitulate the terms in the longitude multiplied by 

— which have been obtained in the latter pages. 
a^ 

[101] [102] 

{75 117 a"! a . , vx 15 a . . ^v 

[103] [104] 

, C 5 45 la . / . w \ 435 oft., ^ ^v 

[105] [106] 

[107] 
r25 225 1 a . , . ^ . ^, 

[109] 

+ -g-^^/-^ sm (t - f + f,) + ^mee,— sin (t + - f,) 

[110] ' [111] 

+ -g^ »» «/* ^ sin (»• - 2 f,) - — m «/*-|-sin (2 t + f,) 

[112] ' [113] 



[114] 
+ -< i^»»* — -^'»* f — sin3T 



\32 8 



[116] 



2535 9 a . ,^ vN . 115 o a . ,_ , ^ 

[117] [118] 
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[129] 



Calculation of Terms in the Parallactic Ineqtiality ivhich depend 

upon the Mass of the Moon. 

According to the Mec. CeL, vol. iii. p. 107) and to M. Poisson, 
^/ + nto?, and 1/1+ my must be substituted in the disturbing 
function, i2, or^ y, being the elliptic values of the coordinates of the 
sun, and tti the ratio of the mass of the moon to that of the earth ; 
so that neglecting the eccentricities, 

Sr^=:niacosT §x^=nt — sinr 



«i 



Hence I take 

= < -r ^ + -r'w cos2t > m — cost— -jr-mrni — sm2TsmT 

ft l_4f 4 J ^/ 2 a^ 

9 a 15 a 

= -TT ^^ ni cos T + -— »l^ nt cos 3 T 

8 tfy S a, 

I take d r, = — m a(l — to) sin T d A^ = ttl (1 — m) — cos t 

In order to procure the variation of 22 which ariseb from these 
values of r^^^ and A^oij ' ^^^ 

cos T 



^ o ri . 3 ^ \15^ a 



* d A is of course here restrained to mean the differential of R with regard only to 
the coordinates of the moon. 

z2 
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CIS , 45 ^ 45-1 o^ a . 
165 „ a 

= -S^ ^ ni COST 

32 fly 

a^diZ 9©.^ a ^o ^^.a- 

— 5 — = — ;rWi*sin2Tm — COST — 3 7»^ cos 2 Till — siriT 
fioX 2 a I a^ 

{9 3\ o a . 

= -mrXtl — sm t — - 7»* Itl — sin 3 t 

4 a, 4 Ay 

a /»d /2,^3pa 5pa 

— / -J— d / = --^ tn — cos T + -— 7»* m — cos 3 T 
n/ic/ uA 4 a, 4 a. 

This value of — / t — d t gives in — I A R the term 

/ijx«/ dA ^ \t.J 

3 « a 

-— »2^in — COST 

4 a^ 

{5 151 Q a 5 o a 

-IT -^--TT \rr^X(l — cos T = -77 wr m — cos t 
8 8 J a^ 2 a, 

Hence, if r^^^ ^-^mVCi-^ + -4»»^m 



a« 



8 a^ ttf 



i-2M + m^{llm + Am^} = '-^m^-ip 



65 q 3 ^ 

TT- wr — -- m^ 
8 2 



^ . 15 15 165 3 
^- 8 
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^101 — "^ 



15 ^ 
— m + 

4 



{T-lj-'l'-t"*-) 



15 ^ a 93 2^ a 



4 fly 4 fly 

Uniting these to the terms found before, (see p. 286)9 
15 93 



^101 — 



__^__.^8 + 



ris 93 oi^l » 



This result is in accordance with that of M . Plana, but not with 
that of M. Poisson*. 



Calcidation of Terms due to the Non-sphericity of the Earth. 

If the ellipticity of the earth be called aq^ 2) its mean radius, 
A ^ the ratio of the centrifugal force to gravity at the equator, I the 
declination of the moon, the quantity to be added to the disturbing 
function in order to take into account the non-sphericity of the 
earth, is 



{«P-4«?)^'{«in*8-l-} 



See Mec. Cel.^ vol. iii. p. 251. 



. ^ sin fx sin CO H- 5 cos m 
sm 8 = — ^ . 



c0 being the obliquity of the ecliptic, and f\ the longitude of the 
moon, reckoned from the first point of Aries. 

Considering 22 as a function of r, A", and s. 



• « Le coefficient total de 1* Equation parallactique depend de la masse de la lune, ou 
de la quantity que nous avons appeU^e >. (m). II est n^gatif ; et, en le d^gnant par 
— P, on a P s= (JT— A. X) m 1} ; n repr^ntant le rapport de la parallaxe du soleU a 
ceUe de la lune i K et L ^tant des quandtes ind^pendantes de >. et de n. Pour avoir 
^gard ^ la masse de la lune, il suffirait selon M. Plana de multiplier cette quantity K 

par . "7 > ou 4 tres peu pr^ par 1 — 2 A. ; en sorte que la quantity X serait double de 

ceUe de K, Mais cctte regie ne convient qu*aux premiers termes des series que K^ L 

repr^nteut ; et en calculant dircctement les deux premiers termes de la vafeur de X > 

15 27 
j*ai trouT^ L ^ ~. -^r-r-n^*" — Poisson^ Memmre sur le Mouvement de la Lune, 

4 4 
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dz " \ds) dz^ \dr)dz 

rs cl^l , dr z 

T7=- nearly, t- = — 



v^l 4-5* dz r ^^ dz r 

In order to have the term in the latitude of which the argument 
is yn tf it is sufficient to take 

d^ 

dz 



= 2 I a g — o"^^) — 4~" ^''^ ^ ^^^ ^ smjn t 



d?z ^ U.Z m,z ^/ 1 \mZ)* . . ^ 

J79+^ + -73- + 2|^ag- — «(pj-^sma)COSa)sm/n/. 

See p. 227. 
Let 2 = ^ a sin J'n t 

(/* — 1)^ = -—m^ A + 2(ag — ~q^^) ^~ since cos co 
y* may be taken equal to unity, and 



. 4 / 1 \ fiB" . 



sm cu cos CO 



s=-~^ag=ya^j ^r^ sm co cos co sm/n / 

This result agrees with that of Laplace {Mec. CeL^ vol. iii. p. 251), 
and with that of M. Plana. In M. Plana's notation, 

In order to obtain the term in the longitude of which the argu- 
ment is y*n ^ — )j, it is sufficient to take 

5 = 7 sm)} — iaq — o"*P) ^"2" siJ^ «* cos CO sm y n / 



'"- SV^ 2*^ 


la^ y«» 


contains tbe term 




Sao / 1 


«0 a« 



y sin CO cos co cos (^n ^ — »j) 



i 
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contains also the term 

^/ 1 \Z)«a . . ^ 

\^^ 2^^/ ~r3~ ^*^ "* ^^^ ^ ^ Sin/ X 

= \^« g — -g-^ P ) "73" "y ^*" "^ ^^^ ^ ^^^ (/" ^ — 1) 

J? 

These terms destroy each other, so that — = 

f^ 

a •» a jR . /^ 

— / d 2? = in this case, therefore / d /i = 0. 

^dy. = { - 2 - 3} ^a g - — a ^ j. ^y smcocoseocos (/n^-ij) 

a r 1 \2)2 rr . \ 

— = ^ 5 '^ 0L§ — —■ a (p > -—^ Y Sin 01) cos eo COS (y n ^ — ij) 

In order to procure the term in the longitude of which the argu- 
ment isyn / — ij by the method of p. 219, it is sufficient to take 

s = ^1 + — ] y sin )j + -^ sin /n t 



5« 



= (a§ a<pj— ^ysinco COS eo cos (J'n t ^ rj) 

Moreover, it is sufficient to take 



dV h ^ SL^ ds^ 2>/a 



d ^ 2 a^ 2hdt^ \/&r 

^^=|^-lo| |ag-^ap}^ysincuco8coco8(/n/-f^ 

= < otg — -^reKpy—^ y SUl » COS «0 COS (/n < — If) 

2 L. 2 _J a 
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3 
Since y — g = — -7- ^* 



1 "1 D* 

ag- — a(pj ^»;;ay sin 2 « sm (/n < - ,) 



19/ 1 1 I>* 



This result agrees with that of Laplace {Mec. CSLf vpl. iiL p. 255)) 
and with that of M. Plana. 



THE END. 



1>KlNTt:D BY RICHARD TAYLOR, 

MKD UON COURT, FLRET STSEKT. 



ON 



THE THEORY OF THE MOON, 



AND ON 



HE PERTURBATIONS OF THE PLANETS. 



By J. W. LUBBOCK, Esq., F.R., R.A., and L.SS. 

VICB-CHANCELLOR OF THE UNIVERSITY OF LONDON, 

MEMBER OF THE AMERICAN ACADEMY OF ARTS AND SCIENCES, 

AND OF TUB ACADEMY OF PALERMO. 



PART III. 



LONDON. 

1837. 



PBtNTED BY RICHARD AND JOHN E. TAYLOKi 
RED LION COURT, FLEET STREET. 



PREFACE. 



1 HE objects which I have in view in these investigations, and the 
methods I propose to substitute for those hitherto employed, are 
explained in the Introduction to each of the former parts of this 
work. However, it did not escape me that one difficulty remained, 
if possible, to be surmounted, by furnishing some means of calcu- 
lating with facility tlie remarkable quantity /^(d R) in the case of 

ineqwaVities of long period ; at least unless we are content in this 
instance to abandon processes analogous to those employed in the 
rest of my work, and to derive our knowledge of the properties of 
the function in question entirely from a totally different manner of 
considering the subject, namely, that employed by M. Poisson. I 
have at length found that in all cases in the Theory of the Moon 
when the argument of the inequality is independent of the mean 
motion of the sun (or of the quantity 7/1 ), which case includes ail 
inequalities of long period, the following equation obtains rigo- 
rously : 



J*(dR) 



dFd7""d7d/ Ti dt 
dtTi di dt Ti'Sl ' 




die: a^ of ^fifarentiation with regard only to fit n/. 
nnyftpftfpuJityi e¥en when we assume or admit that 

aS 
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/ (d R) = 0» we cannot dispense with the calculation of the co- 

efScient of the corresponding argument in R if we wish to arrive 
at the coefficient of the inequality in longitude. When R is ob- 
tained, the supplementary quantity 

d a;- d' x d y iV y d 5; d' 2 

d7 d7 "*" TT/ TT "*" "dT "dT 

necessary for finding the value of / (d R)j and which is of the 

order of the square of the disturbing mass multiplied by tn^ is easily 
found, and thus the difficulty to which I have alluded is completely 
removed. 

In p. 321 I have given a rigorous equation, of which an approxi- 
mate form is employed by Laplace in the Mec. CeL ; and in p. :$44 1 
have applied this equation to the problem of determining the term 
in A9 multiplied by m^. 

The further I proceed the more I fikid cause to admire the 
fidelity and skill with which M. Plana's calculations have been 
executed, although there can be little doubt that some terms in bis 
expressions require correction. Thus, for instance, I find the 
term 

4171 

-— - w* (Arg. 5.) (See p. 222.) 

in the annual eqiuition instead of 

1261 4 

according to M. Plana. M. de Pont^coulant has not discovered 
error in my calculation, and if this result be established, M. Plana's 
coefficient of the anrnial eqiuition (— 668*644) will require to be 
altered nearly 6" sex. ; after which alteration it will nearly agree 
with thQ coefficient of M. Damoiseau (— 673*70). One of M. 
Plana's coefficients of the latitude seems to require an alteration of 
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more than 15", (see p. 335,) arising from an inadvertence in the 
numerical conversion. I mention these instances in order to show 
the practical utility ot the investigation which I commenced, but 
which must be greatly extended before the expressions for the lon- 
gitude and latitude of the moon can be said to have reached the 
desirable state of perfection. I trust, however, the examples I 
have furnished will render manifest the superiority of the methods 
which I have endeavoured to explain, over the indirect and circuitous 
process previously employed. It is difficult to account for the cir- 
cumstance that a desire of generalization and a love of symmetry 
should not have induced mathematicians at an earlier period to 
seek uniformity in the manner of arriving at the perturbations 
of the moon and planets. When I began the inquiry (Phil. 
Trans. 1831. Part II.), even the more elementary developments, 
as those of different powers of the radius vector, of the disturbing 
function in terms of the mean longitude, &c., were wanting. I 
was therefore sensible that to determine the coefficients of all the 
inequalities of the moon's motion would require much greater 
labour and skill than I could command, but I hoped to draw 
attention to the subject and to lay the foundation of improved me- 
thods. 

As far as I have proceeded I have constantly endeavoured to 
retain all quantities of a given order, and therefore wherever the 
numerical coefficient of a given term in the longitude or latitude is 
found to be inaccurate or incomplete, this circumstance is to be 
attributed to some involuntary omission. Well knowing the diffi- 
culty of avoiding numerical mistakes in such intricate calculations, 
I have given the details of all the operations, in order that where 
my results may be found in error the source of the evil may be 
discovered with the greatest possible facility. 

Although the intermediate steps of M. Plana's work were of no 
assistance to me, yet the form in which M. Plana's final results are 
presented has been of essential service, by enabling me to verify 
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separately the several terms of which a coefficient is composed. 
Indeed, I think that the most excellent and remarkable feature of 
M. Piana's work consists in the form in which the expressions for 
the longitude and latitude of the moon are exhibited, by means of 
the development of the denominators which arise from the sac« 
cessive integrations. If calculations of this kind were less subject to 
error the case would be different; but until methods shall have been 
devised for obtaining the Lunar inequalities^ far easier of execution 
than any which have yet been imagined, in order to advance se- 
curely, we must be content to proceed slowly and cautiously, and 
that form of result is to be preferred which is most easy of verifi- 
cation. 

Burg's Lunar Tables were principally founded upon 3^200 ob« 
servations of the moon made at Greenwich between 1765 and 1793. 
( Tables j^stronomiques publiies par le Bureaii des Longitudes, Paris^ 
1806.) Burckhardt's Tables are rather more recent, and are pro- 
bably more accurate. Unfortunately the form of both is such that 
they are not directly comparable with the final results of MM. 
Damoiseau and Plana. 

At the last meeting of the British Association for the Advance- 
ment of Science, held at Bristol, I suggested the importance of at- 
tempting to determine empirically the coefficients of the principal 
iCifms in the expressions for the longitude and latitude of the moon. 
This method is by no means free from difficulty and is attended 
with great labour ; an obstacle exists also at present in the paucity 
of unexceptionable data, owing to the practice, so much to be re- 
gretted, which formerly prevailed of publishing only unreduced ob- 
servations. The difficulties however which have already been over- 
come by Burg and Burckhardt would not be increased by seeking 
expressions in an unobjectionable form. Considerable labour 
would be avoided in this inquiry by using the expressions of M. 
Plana (with such corrections as may then have been discovered) 
as a first approximation, and by only endeavouring to improve (or 
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verify) a certain number of coefficients. Each observi^tion of R.A. 
and Dec**, would, of course, furnish equations of the form 

8(R.A.) = ^8X + B^s 8(Dec^) = C8x + 2J§5; 

i (R.A.) qpd 8 (Dec°.) being the errors of the calculated R.A. 
and Dec**. ; S A and 8 s the errors of the calculated longitude and 
latitude and a linear function of the errors of the coefficients ; 
AjBfCyD known quantities depending upon the R. A. and Dec°. 

The construction of Lunar Tables in this manner was formerly re- 
commended by Laplace. (See Conn, des Temps^ 1823, p. 231.) 
'< La m^thode d'approximation, tir^e des observations, pent done 
etre utilement employee. Mais on la rendra plus exacte et plus 
facile, si Ton y regarde comme auiant de donn^es certaines, les co- 
efficiens sur lesquels la theorie ne laisse point d'incertitude et les 
rapports qu'elle indique avec precision entre ces coefficiens. Par ce 
moyen, on diminuera consid^rablement le nombre des coefficiens a 
determiner par le comparaison des observations ; ce qui simplifiera 
le calcul, et donnera plus de precision a ses resultais." But it is only 
since M. Plana's calculations have exposed the divergence of the 
numerical coefficients of the higher powers of m, that the import-* 
ance or rather necessity of having recourse to this method can be 
fully appreciated. 

I have endeavoured (chiefly at the instigation of the Astronomer 

Royal) to transform Burckhardt's expressions for the longitude 

and latitude of the moon into such a shape that they may become 

comparable with the final results of M. Plana, Mr. Airy has also 

executed the troublesome calculation of the longitude independently, 

and having favoured me with the communication of his result, 

ivhilst mine was in the press, I was enabled to render my own more 

accurate. I confess, however, that I do not place reliance upon 

the accuracy of Burckhardt's coefficients. Since the formation of 

these Tables the Lunar Theory has been considerably improved 

through the labours of MM. Damoiseau and Plana, and less un- 
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certainty now exists with respect to the numerical amoaut of the 
coefficients of the smaller inequalities. 

I am indebted to M. de Pont^coulant for various numeridi 
corrections. M. de Pont^oulant has kindlj communicated to me 
results which he has obtained, and has frequently enabled me to 
ascertain the cause of discrepancies between my results and thoie 
of M. Plana. Thus, for example, M. de Pont^coulant has obtainel 
by the method of p. 205 the same term in A3 multiplied by ai^ai 
that given by M. Plana. This agreement in a term arrived at wtdij 
so much difficulty would alone suffice to prove the extraordimuy 
skill with which M. Plana's calculations have been conducted. 



29 Eaton Placet 

August^ 1837. 
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'15 
Page 241, line 8, read — -.-^ ^ ^/^* ^^"^ correction gives in p. 309 

— -T- 1» f,2 l ^ y sin (2 T — 5 — n), and — Tg *» ^/^ f « y sin (2 «• -j- 5 - «»)» 

[151] [158] 

agreeing with M. Plana. M. de PontkouUnt has also found the terms p. 309 

g^ifi»^y8in(2r + |-«)+^iit«e3ysin(2r4-2|-.,;, 

[156] [165] 

but in the case of other terms marked with an asterisk in that page my calculations n 
require revision. 



ON 



THE THEORY OF THE MOON. 



Calculation of Terms in the Latitude of the Moon. 

HE method adopted in this work is explained p. 227) to which I 
fer. 

— ^ § — contains the terms 
r* r 



,„H¥.^~«.-^...,«-(i+i,) 



35 21 15 

4- y mee, cos (2 T - 5 - 1) -f -g-» «^/ cos (|-i) - -g-me e^cos (2 r-5 -|- i) 

, r 16 81 -I a ,25 „a „ 1 

-|-{|-^'+ Y*"*"""^^} {¥«^cos(2t-5)} 

— 'r^mee,^cos(2r — + -gj- w c* cos (2 r -|- ft H — j- m e^ e,cos (2 r — J,) 

-^»pic»if,co8(2T + i)-^iiie«cos(2r-30-^me2e,cos(2H-5/) 

-h^i«e«£f,cos(25-i)-^mee,»cos(|-|.2i) + ^i»£fif,8cos(2r-5-2W 

I go 105 

-|-3^«^^,2cos«-2i)-^mee,«cos(2T-|4-2i) 

^ / 45 243 3\ a . 135 , a , -, 

■»-i-l6^-T6''" /'^'^'' + 16'" -^"^^^('-^^ 

, r 45 531 ^1 a ,,,.>. 45 a , -, 

+ |--g-m--Yg m«|—tf cos (r-h a -fj^ my e,cos(r-i) 



r 
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. f 15 135 la , . j: N . 75 2 a ^^ „ 

1425 5 a ,0 y\ I ^^ 9 ^ /o 1 »\ 
5y- m^ — ecos (3 T - I) + :i^ m2 — e cos (3 T -h 

a* ( 8 — j contains the terms 

"^'""''■f '^^''"'^^"'^'"'^^''*^^^"'^^ Seep, 282. 

2? 

-^ contains the following terms : 

. 27 . ^ . r225 , 225 ,T ,^ „, . 2385 , .« . ? 

-f -g-c»cos|+|yg «^--jg-e,2|»»£rcos(2T-|)-f -^ mtfScos{2T + | 

-|- -^ m tf2 e^ cos (2 r — I,) g- « c^ e^ cos (2 «• -|- J,) -f- -s- e' cos 3 5 

-f ^^me3 cos (2^-39- ^^«i<r»e,cos(25 + i) + 155me« £',cos(2r-2|- 
4.1^^e«e,co«(2|-i,)-^»ie«e,cos(2r-25-|-y 

-^^'»ee,*cos(5+2|,)-|-.^«,eif,2cos(2r-5-2y 

189 135 

-f ^2 mee.scos (| - 2^) - ^^ me«,»co8(2 r - 5 + 2^) 

r 45 243 ^l a . f 45 1089 1 a , ,, 

_ J 135 387 .la . .,^,45 a , ,, 

r 15 135 1 a , , ,N . 75 a 

+ iT--r'^/:^"''^'(''+»-»-64"*^i:'*^^' 

2925 « a .„ „. , 255 - a /« , yv 

"128'" ■^'*^°'^^''~^)"*"6r"*"^''^(^''+^) 

An approximate expression for % is given p. 241, which ougl 
to contain the term 

45 

omitted by mistake, and the terms 

57 27 

- g4,»«* a y f; sin (f, - n) - -g^ wa y ^ f^ sin (f + f ; - n) 

instead of 

- 32 wi^ay^^ sin (f^ - n) - ^^ *'>' ^ ^/^^^^ (f + f/ - n) 
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loreover -5^ H — '-—^ contains the term -r- w? e? instead of — w? ef 

-— -- m*^co5(4fT — 2f) instead of t^ ?»' ^' cos (♦ r — 2f). 
I 28 1 ^o 

S contains the following terms : 

. f27«.45 3^ .^r38937 3,225 . 225 „i ._ „. 

-f "{ -g-«' + -g.»»* |«C08 5+-J^ -gY|-»|3^.^^ me'-- j^jne/ Ucos(2t- I) 

, f455 .,2385 l _ ,^ ,»x. J^n ,.315 _i ,_ ^, 

+ I "ie"'" -*--gj-wc« l^cos (2 r 4.5)-!- 1 -g- mS-f -g- me2 |e,cos(2r-i) 

+ {-^m«-i|^me2|e,co8(2r4.y + ~m2e3cos25 

+ ^mVcos(2r-2«+^m2e2co8(2T-h25)-?^m3ee,cos« + W 

4479 147 

+ -^m2e£r,cos(2T-5-iJ--5im3|fe,cos(2r + 5 + i) 

1Q29 9 'il 

H--^-m26e,co8(2r + i-i)--|-m3e,«cos2|,+ ^m«e,2cos(2T-2i) 

-|-^e3co83S + ^mc8co8(2T-3g)- ^me«e,cos (2^ + i) 
4.1^^g3^^co8(2r-25-y-|-^me»e,cos(25-i) 

- ^i»e2e^co8 (2t - 2i+ i) - ^t»«e,2cos(| + 2^) 

-|-^wee,2cos(2T-5-2?,)+^mee,«cos«-2i) 

135 , xo if.oK\.33 . . ,2925 . ,. ^, 

- 32 mee,«cos(2r-5 + 2y +-g-i»4cos4r + -j^m8cco»(4r-.|) 

2025 „ „ _ «-. . f 45 219 



, 2025 „ „ ,. o»x . r 46 219 ,1 a 

^ * /o r\ ^35 a / t I'x I ^ a ^ 

- Ygm — ccos(2t-|)- ^t» — ccos(r-f 5) + jgm— e,coB(T-.5,) 



b2 
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13 3 1 1 

-f y -j -g- m sin (2 r - «) -f Y « «n (5 - «i) + y e sin (IH- n) V 

j-|-6«+{Ym8+l|^me»}cos2r+{yc2 + 3if»'|£rco8| 

AKf 147 3 

+ -g2-m«ecos(2r-9+ -j^ m'ccos (2r + ^ - ym'e^cos?, 

-hym«e,co8(2r-U--|-^"^/COs(2r + i)-|-|-e2cos2| 

45 63 

-f-g-me«co«(2T-2|)--g-mee,cos(5-fi) 

-f -g-mce,co8(2r— 5— t)+-g-w«e/C08R— S,) — ^mee cos(2r-H 

. ^^ 02. 45 a 1 

+ -Q-e^cosdg — r^m — cosr V 
o 16 a^ I 

{g2 41 3 

- y sin «» + 32*"^ 8in(2r - «) -f Yg»i2 sin (2 r + «) 

9 15 ^ 

+ -^mesln (2 «• - 5 — n) -|- y^mcsin (2r-5-|-n)-hjg»icsin(2r + 5- 

3 3 7 

— -g-me^sind,— n) — -g-TOe^sin({, -f- n) -f -g-me,sin (2t — ^ - ») 

- |-mc>n (2 r-l-5, - „) 4--^ sin(2i - n) -h -|-e«sin (25+ .») 

45 a.. ^ 15 a.,,xl 

-32'^^""('-*'^-32'^7i;''''(^ + *')} 

_.e»-|-Ym2+3m2cos2r + -^«itfCos(2r-a + ye2cos25| 

+ lm2£fsin«+n) + ^m2esin(2r-|-«) + ^m«esin(2r-H«) 
H-gjm3csin(2T4-5-i,)-|--g-»|2e8in(2r+5 + «)-^m«^,sin(i-i) 



* This term is calculated correctly in p. 236, but is wrongly transcribed p. 241. 
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- ^m^e, sin (i+ + ^'^'^/Sin (2 r - ?, - n) -\-~m^e, sin (2 r - i -f- «) 



64 ' ^^ ' ' ' 64 -/-"^-^ ^ "^^32 
-gj- «n2 e, sin (2 r + i-u)- g^i 



131 3 



+ {Y-^'»}*^'«n(2i-«)-|--|-^^sin(2g+«) 

+ -^me2 8in(2T-2|-i,)+^me2sin(2r-25 + n) 

9 27 

-f-gj»ie"8in(2T-f2|-i»)-ywee,sin(^-|-|,- n) 

3 21 

— ^mee,fdn{^'\- 1, -^^ n) -\- -j-me e,sm (2 r ^ 5 — ^ — «) 

-I- jgj»ee,sin(2T-5-|, + n)-|gme^>n(2T + |-f|,- n) 

27 3 

-f. y me e.sin (5 - I, — «) -I- — wee^sin (I - I, -I- «) 

9 15 

— —me e^sin (2 r — i-fl,— i;) — |gOTec,sin (2r — {-[-{^-f «) 

7 9 9 

+ YgOTee,8in(2T-|-|-|,-n)-^wic,2sin(2t-i»)-^OTe,2 8in(2J,-f «) 

+ |ii»e,2sin(2T- 2|,-n) - ^me/sin (2r + 2i-,) 



9 45 



||g TO- sin ^4 r — «; -f- j^ TO- e sin (4 r — I — «) I 
iSe cos S >• 



^herefore Z contains the following terms : Tenna 

° contained in 



r963'_405_^ _3 ^ 125 j. ??5 _.???. i. I t^ 
U28 128 4 "^ 4 4 ' 64 "'" 256 "*" 256 "*" S J^ ^ 

-|--j«i2e/ I 7sin *) 

rl37. 9\ 4,/ 1941 441 657 3 9 1011 9 1 

ll2"*"32/*^ "^ I IT ""64 "•■ 128 " T • 33 "♦" T28 "♦" 1 6 J *" ^ 



z 



({ 



15 o «1 . 



sin (2 r -f *>) 



45 . 1971 . 1845 45 



-T^ + 



16^ 512 ' 512 



,1845 45 9 1 3,/ 27, 9 » . 3 . 3 1 ^ 
+ 5l2- 32 + 32/ •»' + i-l6 + T-T-^T+Tr* 



405 
""128** 



«' l" e y sin (S — 
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Terms ^ 
mtainedin 



J J 38937 19 9 27 5389 -[ 3 
"T"! 1"" 1024 8 "*"16"^ 8 ■*"1024J •* 

j_ / - ??? J. iL a. ^^ _ 1?? _u ?? J- 1^ X. A -L ??? a. ^ I 

"♦"t 32 ■*" 128 "*" 8 32 "^64"*" 32 ''"64'*"l28'*'32j "* 



+ 



{ W"*"^} '"^^ P''"(^' ~ ^ " ") 



, f r38937 67 , 45 . 21 1 . 
+ |\l^r"" ■8+32 + 16/'* 

r225 45 4^.46 45 135 135 T ^ 
+ 132"*"32"" 32+32 82*^ 128+ U f ^^ 



z? > esii 



-^i»6,»}^e8in(2r-.i + «) 



+ J;»155 67 1 1 53891 
^[l 32^8^16^32^1024/ 



m^ 



r_^ 81^ 405 81 46 ^ 27 \ 
+ I 128 +128+ 32 +16 + 32+64 + 128/ "** 



45 1 

-h gj «» <?/* y « sin (2 r -f I - «) 

J r455 , 19 . 211 3./ 

jiw + T + Igl'^'+i 



a.^ jzi^-u — J-- L 8_Lj2385 9 135 135.135 
-r-1lQo-|-e-|-T5r'»+i T28" "♦■ 32 ■*■ 32 + "64" "^ 128 



S}-} 



+ 6r/'"'^r'''^(^*+^+» 

9 . 63 . 189 81 9 1 ♦ 



r 9 63 189 81 9 1* . . .^ . 



, f 9 ,189 ,63 9 81 \ ^ wj: ^ ^ 
+ \ ""16+ 32 +S" T~ 16/ *"" '''^(^+ "^ 

, r 315 . 21 . 315 , 63 . 21-i 3 .,„ ^ , 



* See p. 236 for the terms in .^ multiplied by m^ of the arguments XSSy 156, 1 
and 159. These are required from the nature of ibe dKriaors 10 order to procure 
terms in x of those arguments multiplied by m^. 
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. ^_^_^-.^l ;,,e»^,sin(2r-|-i-».) Tennf 

16 32 32 8 J / V -r*/ y containedia 



91 9 1 ,. r 135 45 451 „1 -^^o .!r_i_ \ 

T6-l6}'^'+{-T6-32-32}*^^7^'''**"(^"-^-^-^''> 



9 1 * 



17 . 441 , 69 , 3 , 369\ , o ., ,« l 02 ^ 



2 ^ 64 ^128^ 4 ^128 J 
147 . 9 . 9 . 27 



,315 9 135 171"! - • « , . \ 
+ 128 - 8 - 128 - 128; ""^ "'*'" (^-^ «' - "' 

28 - T- 128/ ""'^" («+«' + '> 

179 189 21 , 135 , 1101 1 , . ,„ , , . 

63 , 135 , 631 , . , y » 1 \ 

''T"*"T28'^64J '^"^^ ^"'^■"^"*"*'^ 

J-|--J}^^^^/Sin(2r + |+i-h«) 

051 135 9 ,315 , 63 \ J - ,. . > 
M " I28 " 8"*" 128 + 128 J '^^^'""(^ " ^ " •'^ 

" T"'" 128/ ^^^^'^^ (5 - i + »») 

, 189 . 3 135 393)^ . . ,, ,, , ^ , 
■^128^-T"'i28"l28r^ '^''"'(^''■"^+^-'') 

87 ^ 9 135 9 I 3 . .^ 2 . V , X 

28 ■♦■T" 128" 64/ '^ '*'"'" (^'•-^ + ^ + '') 

029 ,189 ,63^11011 « wo j^ if ir x 
6r+ 128 "•■ T"*" 128'/ '^'^'''"(^'' + ^"'^"'') 

1351 2 a . , , 219 5 a . , . , 

-256/ '"^''""('"-''^" 32'^^ ''''"(''+•') 



135 . 45 
64 



z 



* For tenns of the arguments 161, 163, and 240, see p. 46, 



Tenn* 
contained in 



300 
45 45 . 135 



"^ i"32" 64"^ 64 1*":^ ''''*" (^-^ + '') 
^ . /135 135 1351 a . , . r x 

+ i32~" 64 "" 6r/*"7;;^^*'''(' + ^-'') 

. r 135 45 45-1 a .,.,.. ^ 

45 a 45 a 

~ 38 "" ^ ''''"" ^^ ~ ^ ~ "^ "'' 32 " T *'''"" ^' "■ ^' "'"'^ 

, rl5 135 1 a . , . . V , rl5 135 la . , . , 

, r 53 ,27 .3 4«5 1 , . ,„, , 

+ l~ i6 + T + T" 128™; ';''*■" (3^-") 

r 135 159 81 45 135, 2791 ...» ,, , 

, fl35 135 135 45 ,136 451 . ,0 fix ^ ^ 
+ il28+64-32-32 + 128-32|'"'''""(^''-'^ + ''^ 

, r27 . 159 , 27 1 . . ,0 . or ^ 
+ i64 + i28 + l28}'»'^'"""(^' + ^^-») 

, rl89 27 189 81-1 „ . ,„,,, , 
+ \16 -32- W- 16/ *"' ''''™^^« + ^ - "^ 

, r 189 27 63 9 1 . • ,ar^x ^ \ 

, r 105 . 63 105 , 631 . • /o or » 
+ {- -16- + 32- 32 + 8-}""^''''»"(2'-2«-«'-') 

, rl05 315 , 1051 » . ,0 ax r , ^ 

+ iTff-32+m/"'*^*'''*'»(*'-^*-^ + ») 
+ {-§- J}»»e»e,ysin(2r + 25 + J,-») 

, r 189 , 27 . 189 , 811 , • /o« r " x 
+ i-T6+32 + -S- + l6/""^'''''""<^^-«'-'') 

. ri89 , 27 , 63 , 9 1 . . ,0, , . , 
+ iT6+^ + 32+T/'"'^*'''*'"(^^-^ + ''^ 

+ {il-S+S-?}""'''^'^(*'-2«+«'--) 

+ {-IS+S-S}""*''/*^(^'-'« + ^ + ''^ 

+ {^+§}««'«/y«^(ar+2?-i-.) 
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r 189 27 1 ., • /r I ox \ Terms 

-r -j gj^ - gj J- wi ^ ^/- ? sin (? + ^i - »») contained 

z 

-|-^nie^,2ysin(2T-5-2|, + «)-|^mire;ysin(2T + 5 + 2i + »») 

- ^mc^.^ysin (2r - $+ 2|, f „)+ ^m^e,2ysin(2r -f ? - 2 i - «) 
, r 75 135 \ 2 a .... X , 75 „ a . ., , x 



+ 



J/ 33 , 57 , 1231 , . f405 . 135 . 135 1 , J . ,. x 

|i-l6 + 32+ 64 I '^'+1128+256 + 256} ^'^-^7 ''""('"-"^ 



f33 9 1 w. ^ ^ ^ /1^71 , 27 ^ 1845 . 27 

+ iT6 + 32r'*'''^*"(^' + '')+i5T2 +T+5T2+556 

2925 1 

. r45 2925 135-1 3 ... „ . . 
+■ 132+ 256 +25~6}'"^''""(^''-^+''^ 

, r441 9 _L 27 1 3 . ,. . g ^ 
"^i256 + 32+256}'"^^""(^^ + ^"''^ 

4- {32 + 16} '"'^/^^'"(^'^ -«'"*')+{- 32" le} ''*'^/y»'"(^'' + i *») 

. r 2025.135^405.1351 , - . ,. o. n 

+ i-256- + l28+ 61+256}'"' ''''"(^"' ^^ " "^ 

r2025 6751 2 . • m or_L ^ 
+ i^56'+256}'""''*"^^"-^^+''^ 

, r 135 135 1 . 

+ i"l28""i28}'" '''^'*"^^''"^ + ^'""''^ 

+ {'l28+l28}'~'''''''^"(^''-^''^'-'') 

In addition to — the latitude of the moon contains the folio 

a 

terms : 



I 

I 
\ 



302 



7 sin 



. J 179 ^ , w'e,* rl31 . . 189 , • 5 , «1 
""•'|-288"' +~2 +{18"* +T6'**' ■5-m«e;|cos2r 

. r33113 - 75 -i ,^ «n./101 a. 405 .T .g. ... 

"^ |l536*^ 16'**'' I*" ^^ ^""^^^ IW +"64 "** J *^^ "^^^ 

-f4-"»*«^c<»2|-i^m2«2cos(2r-20+~*»**«^co8(2r+25) 
3 4 £ 

" 64 "»***/*^ K + i) +"6r *»^«^/*^«»(^'' - 5 - ?/) - ggm^tf «f,cos (2 r+Hi) 
+ ^'»'^^/<^os(5-i)-^m2ee,c<)s(2r-5+U+f^m2ee,co3(2r+IH) 

- ^m68ir,cos/25 + |,)+^«^^2«/C08(2|-5,) - §meir,2cos« + 2i) 
+ ^meir,2cos(2r-5-2U + gi»ee,Scos«^2i) 

— ggi»eir/co8(2r — H-2|,)-(--g-«*co84T-fj^mSircos(4T — I) 

+ ^m2e2co8(4T'' 2© 



81 5 a . 25 2 a ,1 

_ __^2_ cosT+^i«2_ cos3r| 



16 a^ d4 fl, 



+ y I Y»ism (2 T - «) -f ye sin (| - f») + y csin (54- »»)} 

j{ym3+^me2}cos2T+-|-y + ym2|ecos5 + ^m«ecos(2r-9 

-f Y^m2gcos(2r + 5)--2 »n2e^cos{,4-ym2e,cos(2r-5,) 

- -o-«/C0s(2<r-f 5,) + e2cos2 5-^OTe^^(5 + |,) + -5-OTce,cos(2r-S-U 



+ -g.OTef,cos(5-|,) - -g-mee,cos(2T-5 -f |^) -|_ _. c3 cos 3 g 



} 



{gs 41 3 

- y sin n + ^TO^sin (2 t - .») f ^nC^^m (2 r + i») 
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-i-^ me sin (2 r— 5— «) + yg m ir sin (2 t — ^ -|- «) -f j^m e sin (2 r + | 

3 3 7 . 

— g m tf^ sin (1^ — j») — -^me^sin ( J/ + »») + "o" ♦» «/ sin (2 r — |^ — u) 



-«) 



8 



8 



8 



- -|-me,sin(2T + 5/ - «) + -|-^'"" (2|- I.) -i--g e^sin (2|+ „) 

45 a . . . 15 a . , . vl 

-32'^^''"<''-'')-32'"-^""(^ + '')| 

|^4-m2cos2T-f ?g m«cos(2r - |)-f e2cos2|| 



J e» . . r5389 3,3 . , 15 » 1 . ,« 
y|._.8,n,-f|^^m8 + 3^m62 + ^me;|sin(2r- 

+ terms which are recapitulated in p. 296, > 

<ecoslV 



•») 



Hence the latitude contains the following terms: 

. fr_179_19_41 3^1 4. r_^_JLj.i, -i 135 m 
\\ 288 32 64"'' 32 J *" + | 64 2 "*" 6 '"•12'" 64 ^ 256 

231 . 3 



+S-M}'-+"^}- 



sin v 



+ I «147 + { - 



131 . 41 



189 . 561 33 . 1 . 23 . 291 

64 



36 "•" 192 /'""*" t 32 ^ 128 " 64 "* 4 "^ 128^ 



69 



+ Bl}^'^ + T'"'^'' 



1 



^ y sin (2 r 



«) 



f r989 . 131 . 1 



Terms 
thelatitui 
the mo( 



. J r989 , 131 1 \ ,, r855 ,189 99,187 1 , 337 . 3 i ,. 
"+■11384+ 36 +32/ '^ + il28 + '32— 64 + 128" T+ l28+ le} *^ "^ 



+ {-S-4}-- 



► ysin (2 T-|- »») 



-f 



jr 226 5_61 615^15 £1 r 15 l^J 1 1. 

\\ 64^512^512 32^32/'"^ I 1^+16 l^t^if'' 



f 



r405 135 1 «1 

i 128- 128 r* ^7 



e y sin ($ — »j) 

c2 



304. 



Term m 
le latitude 
the moon. 



«r . J/^^73 99 45 9i 3^ r 3 1 3 1 
"'+ 1 1128 -256+266 -¥}'"'+ {--8 - 16- T- T 



+ 



16 



}"} 



e y sin (I + ir) 



[ r9433 33113 1 _ 19 , Aj.5???l 3 
■^ 1 1 256 3072 "*" 8' 24"^ 8 "'■3072 J ^ 

"^ L 32 16 "^32 128 "*■ 64 ■*" 128 "^ 32 J '^ 



, r 496 , 75 , 15") ^1 . ,_ „ , 

"^i" 64+32+32/ ^^/j'^y^nCar-r- ••) 



f f 67961 . 33113 19 . 5 . 7 



^1 I 3072 ^3702 8 ^32^16/ '"^1 128 16^128 32^64/ 

"^{"32"32}'"W'^'^"(^''-^ + '') 

r r2317_101 1 19 1 5389. 
^ 1 13072 32 ^ 8 ^ 8 ^ 32 ^3072/ 



m 



r^_40545 9 ___^,3^,_?_,16'l 

+ 1128 128+16 + "8 128 + 64 + 128 + 32 J 

r 15 15 1 

^{61 + 32}-^''^ 



me* 



<■ eysin (2t4-|— «) 



J/5^ .151.1? L\ ZiJ^t^^^ 15 

1 132+ 32 +24 "^16/ *" +1160+128+16 



15 ji5^ 45| 
^32^128^64/ 



mes 



► e y sin (2 T -|- 1+ »») 



+ 



J ^ r21 1 3 1 3, r21 63 27 3-. .1 ..„ . 

|^i««+|32-l6-r6;'" + 132+32- 16" t}''*'^! "''''''' (^-"^ 

f f3 L Zl i^/^_L?l ^ 2^ 

+ |2:i56H- ^32" 16-16/'^* +132+32" 4 - 16 

- lis} ^^^r^'y^^"(^/ + '') 

r / 157 9 .7 , 3 1 , . r 

+ 1^-15?+ {- i6—32 + 48+r6r" +1 



35 105 21 

8 + 32 + '8~ 



+i}'^"'}'''''^ 



sin (2t — l,- n) 



305 
ri05 , 35 , ; 



■ +S}— }".»""(»•-!, + .) 

^1 '"■'"us 33 16 ra| "*" I B ~32~32 

-- |-}»«"l<.J-in(»-ti,-.) 

, r r 109 91 3 1, r 15 15 15 15 1 ,1 
+ ■[ l" IB-IS-ISJ "+ l-M-T-32-321 "■]'•» 

+ {S + l + i + 4+T}-- •'"('"•) 

. f ^15 187 41 3 Mil ... ,„ OS \ 
+ {-.-^-l + fi+l-^}-—(— = + •) 

r 333 837 105 9 45 57 1 , „ ft . r 

"*" I 16 "'' 128"*" 138" 8" "128 "198/ " '''^^'''*' " 
r S57 837 3 21 1 , j,„ , , , , 

71 1269 63 ^45 3671 . - ,9 _ i - 

8 IM 138 e'*'l2B"*"l28J '^''■^ * ^ 

r691U69 21.45,311 .,, ,,„,,,_, ,. , 

f 11 33 53 3 1311 , 

^T + H" 158- T" 138/ ""■'•'■ !'• + ' + *'-•' 




306 



*«— in , 
Um latitude of ~r 

the moon. 



+ 



+ 
-I- 



r 3 . 97 . 63 . 1 45 131 1 , . ,« if i if a 

73 97 , 3 45 3 \ , ... . . u , x 

-32" 128+ 8— 128-64/'" '''^''°(^'-^ + ^ + ') 

27 231 63 . 21 , 367\ . - ro ^ ,, ^ ^ 

8 6r+128+ 8+128|'"^'''''""(^^ + ^ ^' "'^ 

21 ,231 . 7 ^21"! 2 . - , „ „ . . 

»i8i-Y}'»"^/'r"n(2r 2i-„) 



1425 ,81 45 1 3 a . , , 

-256+32 256/^'^^"'*^^-'') 

-32-32/'^ i;''"'^('+*'^ 

, 15 451 » . / , X 

45 15 ^ a . . y , \ 

16 135 4S\ a . , , , n 

*«»- 16- -64 - 64/ ""''■S:"°(^ + ^-"> 

45 15 15 15") » . , , r ■ ^ 

-64-r6-64-64/'"*»'-^""('' + ^ + '^ 

45 15-1 a . / y \ 

^-32|«*,y-"n(r-?,-,) 

15 , 15i » • / >• , \ 

32 + ^}<»«,y-"«'('-i + ») 

15 5 , r 185 . 45 1 1 • . , , , ^ 
8-- T + {- -I6+T6 }■ " f '''^"°^' + ^- «> 

5 , 6 . r 45 451 1 a • / , . , N 

T+T+ {-16- 16/"';*'''^ ""("+«' ^--^ 

13 9 , 3 . 1 , r 135 1351 1^ . „, ^ 
48-T6+ 4 +T+ {- 128- 188/ "* J **'"""^3«-'') 
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135 21 3 21 3\ . . ,^, . g . . 

2203 + ig - 32 + g- } »» ^^ ^/ O' *'" (2 '^ - ^ 5 - ^/ - *») 

~ 64 "16-32} ♦»«'''/y^°(2r4.25 + |,-«) 

21 3 63 27 1 « * /ay y \ 

^^" "g'"*"l6"*"32"*'l6| "'^^^/rs>n(2|- J,-«) 
135 21 3 . 21 . 3 -I 2 • /o« jf . ^ 

"^^^ l6"^32"""8'} '»«'«/y®»"(2''-2^ + i- ") 

45 15 1 

^210+ 32 - 32} »" ^^^/^sin (2t - 25 + 1, 4. h) 

li + ^+4} '""''''' ''"(^''"*-^^"^'-'') 

-32+64-64/ '"'''^""^^■»"^^' "^ 

153 255 ^511 « . ,0 2! oi' 

If +^} '"'"'''' *''*(^^-^-^^' + '') 
-^-^}«ee,«ysin(2r+l + 2i-»») 

32-64+64}'^^^'^""«-^^-'') 



the moon, 



53 105 27 9 93 45 1 

32+128+128+ 8 "^128" 08/'"^''''" (^''-^^- ") 

45 105 , 15 . 45 151 _, . „ 

32-128 + 32+128 32/ ^^r«n (2'' - 3^ + «) 

1 3 27 9 1 

"§■ + 32+ 128+128 H^''''^°(^' + ^^-*') 

,21 3 63 27\ 2 . /ov . V X 

220i-l--g- 1^-32- i6/'''^^Oysin(2|-f|,-«) 



808 
9 . 63 9 



Term* in , r 9 . 63 9 "1 
the latitude of -T < "o "•" 51 + 57 f "* ^ ^/* **" (5 — 2 1|, 4- »») 
the moon. I ^ "^ "* J 

+ {-r6 + g4-^}'""'''*'"(2T-€, + 2i-,) 
r 45 451 

. f 95 25 45 l , » . ,„ 
+ 1-256-128-256/'" ;:*'"('''-'') 

+ { 118 + I^ } "■' J '"■■" (^ ' + ••) 

, J r213 7 , 19 , 4n fl35 , 45 , 45 , 45 \ . 1 . „ 

+ |t512-l6 + 32 + 64]''"+ 1256 + 64 + 256+256/'" ^'J*"''''^ 

r 26 7 3 1 
+ 1156+ 16 + 32 /'"''"'" (*' + ") 

, r219 495 ,561 615 , 9 ^ 9 1 ..,,,, 
+ il28-256 + 5T2+6i2 + T+256/'"^''""('''-^-'') 

r 57 , 495 45 15 1 
+ 164 + 256 + 256 + 32/"' "''*"'(*'-^+'') 

{9 99 3 9 1 
64 + 256 + 32 + 256/ '"''»"^" (*' + «- ") 

, ri05 . 21 7 1 , ... , . 
+ 1156+ 32 + T6J '"''»■""(*'■ ~ ^~ "^ 

+ {-266-3l-S}'"''''"''°(^" + ^-') 

r 225 , 135 , 45 1 „ , . ,. „, ^ 
+ r-r28+ 64+2r6/'»''^'"""(*^-*« -) 

+ {5^2 + S-8+r6}'»— (--^^+«) 

. r 105 105 , 1051 2 ' rA t: ^ ^ 

Hence the latitude of the moon contains the following terms 
r 487 4 103 2 2 . m^en . 



S09 



^ ni95 . ^ 1929 a . 55 . ,-1 • ,„ . v 
^ i_n52'" +728""* '^-32'" ''/^•'°(^' + ''> 

[148] 

r 5 » 51 *j, ^ 135 ,\ . ,^ , 
^ |- 8'«'-S2'» +-64 '»^/*'y^">(^-'>) 

[149] 

. r 5 , . 189*, "1 . ,^ 

J--J^--c«+ — Bi8j^eysm(f+,) 

[150] 

{881"*^ 3 * 315^ 1 

[151] 

, r47801 a 165 , 75 »1 . ,^ ^ . , 

+ |l536'^-64-'"' 16'"''/''y"°(^^-^ + '') 

[152] 

. r2893*3 , 405* , , 45* ,-1 • ,„ . ^ v 

■*"ll586'" +128'"' +64*""'/''y*'"(^^+^-''^ 

[153] 

{287 ^^S'^ ^ 

-jgf»»*+ jgQ m c» j' -f y sin (2 T + f + ))) 

[154] 

^ I'm "^ "•" W ""^ J ''^"" (2t - ?/ + n) 

[158] 

. r 1127 3 135 »\ • /o _L t . s 

\~ 384" "32 '"«^J-«iys«»(2T + f,+ ,) 

[160] 

[162] 

303* 
^^m'e'Ysia{2T + 2f -ij) 

[165] 

[166] [167] 



* The terms marked with an asterisk are inconsistent with M. Plana's expression. 

n 



Tenntis 

the latitude 

the moon 



SIO 

Temt IB 405 « 171 

SS^" - -^m^ee,YSin(( + ?, + ,) + L^m*ee,Y»m (3 r - 1 - ft - ,) 

[168] [169] 

42S 

■*■ le'"*'*''^*'" (2t - f - ft + ,) 

[170] 

- — m*ee,ysm{2T + f + ft — ,) 

[171] 

- —m^ee,ysm{2T + f + ft + ,) + _ n.»ftf,y sin (f - ft - i|) 

[172] [173] 

+ — m'ee,Y sin (S- ft + 1)- -j-OT'cc^ygin (2t- f +ft-i|) 

[174] [175] 

49 

- j^ w^ ^^/y sin (2t - f +f/ + i|) 

[176] 

19 
H- -^wi^e^^y sin(2T + 0^0^-,,) 

[177] 

49 

+ — w*e<?^ysin(2T + f-fy +if) 

[178] 

187 
+ 32-»»'<^<*ysin{2T-2ft +,) 

[182] 

411 , a . , . 83 - a . , , . 

-T28'"^:^''"<^"'')-T6'"^:5;"°^^ + '') 

[185] [186] 

135 a •/,>.. \ 15* a . , ^ . 

- -Qi^^^r — ^^^i-f + i + "l) -f-YQ^e^y—smiT - (, -r,) 

[190] ' [191] 

IS a • , . k 

[192] 



* Tiie tenns marked with an asterisk are inconsistent with M. JPlana's expresmn* 



I 



511 

[193] 

^ f5 45 \ a . , ^ , 
-h \ 4-- -g ^J ^i7— sin (r + f^ + 17) 

[194] 
. ri7 135 \ o . ,^^ , 

[195] 

4 - 67* 

+ y^rsin(3f4-n) + — w^e^r sin (2r - 3f - n) 

[196] [197] 

15 1 

-f — w^y$in(2r — 3f + ij) + ym^ysin (3t + 3f — ij) 

[198] [199] 

405 , . ,ov V 

- 6^^^^/ysin(2f + f^-hi,) 

[202] 
27 

[205] 

+ — ^^^^^7 8^(2$ — f^ + )|) + — w^e/ysin(2T-f 20 — f/— ij) 

[208] [211] 

27 9 

■-Yg^^^/'rsin(? + 2f,-ij) - — w^^«ysin(0 + 2f, + ij) 

[213] [214] 

4- — we^^27sin(2T — f - 2f^ — ij) 

[215] 

255 
+ -^ w^^,*sin(2T — £ — 2f, + 11) N. 

[216] 

^ ^^^^/Vsin(2 T -H + 20, - i») + ^fnee,^y&in (f - 20,-n) 

[217] [219] 

d2 



theUikitdd 
Uiemoei 



312 
9 



tbemoon. 4r o 

[220] [221] 

45 

[222] 
[223] 

[231] [232] 

. r621 4 *05 , g"! ... . 161 4 . ,. ^ X 

+ ^5^2 '*'256 J '^^^"^ ''^"^256 ''^"^^ "^''^ 

[241] [242] 

207 * 357 * 

+ g^wi®eysin(4T — f— ij) + — m^^y sin (4t — f + ij) 

[243] [244] 

21 385 

+ 32 ^'^y sin (4t + f - »)) +256*^^^'^^^'^ (*'r — 0^ — ij) 

[245] [246] 

— Q^rn^e^y sin {4iT -f f^ — ij) + _- ;» ^ y sin (4 r — 2 f + n) 

[247] 

45 
32 



m* ^ ^^ y sin (4 T — f + f / — ij) 



105 
"*"S2 ^* ^ ^/r sin (4 T - - f/ -ij) 

I have ascertained that the only terms in the preceding expres- 
sion inconsistent with the expression for the latitude given by 
M. Plana are those marked with an asterisk. 

It may be worth while to remark that the terms in g multiplied 

by OT^^ and m^e^, found from the last expression for Z> agree 
with those obtained more easily in p. 81 by the method of the va- 
riation of the elliptic constants. 



* Hie terms marked with an asterisk are inconsistent with M. Plmna's eiprenion. 



,.«.^ii^i^rf_. 



51S 

rv - /^® ^^ ® J- ^ 3 405 ,675 ^ 693 , 9 l , , , 9 , . 

^~ll58""l28"T"^4 "T" 64 +256"'"256"^"8 / •" ' + j «'^/' 

9 9 

Let g= 1 + ~TO« + ^w'^* + Bm^ef 
(l - -^ + &c.) g« - 1) = -?-»,««« + |. m»«,' 

2 8 

Example of the Calculation of s^^, 

{1 Q*T Q -A 

1123 



96 



m^ y sin (2 t + ij) 



Let 2ri48 = — w*^ + — wi^ H- ^ 7/1* See p. 241. 



|8-12m-|-~m2| | ^n^2^.|-«8^ ^^4 J = 



1123 
96 



m< 



Equating coefficients 



21 61 1123 989 

^^" 2 ■'■32*' 96 384 

„ r989 131 1\ 4 

Hence 5,4s=|335+^ + 32)m^ 



7195 4 



1152 

Hence the latitude contains the terms 

{11 a , 59 o , 7195 4\ ' (o ^ \ 
T6^* + 2i^ +1152^|^^^"(^^"^'»^ 

Substituting 7 ( ^ "" ^ ) for y in my expression, agreeably to 

7195 
the remark in p. 248, for the coefficient of m\ instead of --— 

^ 1152 



314 

"-— is obtained, which is identical with the result given by 

M. Plana. 

In various instances where the corresponding term of the order 
me^ or mef e in the latitude would arise from a further approxi- 
mation to the value of z^ ^^ is equal to zero in the preceding de- 
velopment; thus, (seep. 298,) 

^ 315 . 21 , 315 , 63 21 ^ 

^^^^=" T6""^16"^^ + l'"^32 = ^ 

I have not thought it necessary to give at length the expression 
for z as in p. 24 1, but the coefficient of the corresponding term in 
z is always placed first amongst the terms constituting the expres- 
sion for terms in the latitude which begins p. 303. 

Where the terms in the expression for the latitude, p. 309, are 
marked with an asterisk, I have failed in arriving at M. Plana'» 
coefficients. I do not impute error to M. Plana; my computation 
may be in fault ; but where I have succeeded in arriving at the same 
figures I think error is extremely improbable. 

I shall now revert to the consideration of terms in the reciprocal 
of the radius vector and of the longitude. 

Calculation of terms in (X^), the coefficient of e sin f in the 

expression Jbr the longitude. 

Considering only the constant portion of the equation 

2dt^ raj dr 

and taking r -^ — = 2 R 

r a r fJt* 2 4 

In extending the last equation to other terms a must not be 
confounded with a. 

r a/x 

^I-^ + HEot" +&C. Seep. 134. 



S15 

The relation between the constants h and a is to be obtained 
from the equations 

d ^ "^ (1 + s^f d¥ ^ irF~ ~7""^T"^V'*^==^ 



a^ L« «L /*di^j, r /»d^j 1 



In order to obtain the term in A* multiplied by m' y* it is suflS- 
cient to take 

= 2/tr S/tr^^ 4- 



« '^ a dl* 

2> 



I +-g-jysinij + — mysin(2T — ij) 
With the addition of the terms already found, 

»• = '"■{■ -''-''-''/-W"'-W'»'''-fll'»V} 



n = 




B being the unperiodic or constant term in -t—. 

Some of the terms in the value of n can be easily obtained by 
the method of the variation of constants. See M. Poisson's M6- 
moire sur le Mouvement de la Lune, p. 69, Equation (F.). More- 
over 



a 
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A=^M{i-|-^-|^r 



Y 8 ^ 8 



The term in h multiplied by m^ was found in p. 135. 

I shall now endeavour to obtain the terms in the reciprocal of 
the radius vector and in the longitude, of Argument 2 multiplied by 
m*e^j m'^e^e, and m^y'^e. 

Since in the elliptic theory 

— =l-|-^(l— -1. + &c. j cos f + &c. 

and since the constant quantity denoted by e in this work is such 



a 



that the coefficient of cos f in the expression for — has still the 

same form when the disturbing function is taken into accounti then 
considering only terms belonging to Arguments and 2, 

— = 1 --^ + T^^*- -rm^e''- —m^ef H----»i*y" 
r 2 16 4 4 ' 4 



-f ^1 -— Wcosf. 

€L a 

Multiplying this expression for — by — , 

a , , w* 179 4 , 1 o , 

+ -Tl — ^+-^m*+ -^wi'^ -^m^ef — T^^y^ >-^cosf. 
Neglecting for the present terms multiplied by y\ 






-1-4 2 + _7»2-f — ^2 ^ _ ^^«^2 ^_^2e^« LtfcOSf 



+ -7" ''^ ^ COS (2 T — f ) 

4 
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It is sufficient in order to obtain the terms in the longitude of 
Arg. 2 muhiplied by rr^ (? and m^ ef e to take 



w-r-^M -{}-'—%- 



384f 
m« . 15 



803 2 2 



— --ef — TT rnc^ cos 
2 ' 8 



(2T-2f)J- 



d^^Jo.^2 ^^. r341 5 1 803 _ 2251 2 



{I-'} 



TW^if^* 



ecosf 



= -< 2 + w* — 7" + -5- 'w* ^ 4- "H" ^* ^/^ f ^ ^^s f 
c = 1 - 4 »»* + -5- ^^^^ - "F ^'^* + |-^V*- See p. 80. 

-| 1 + -7- w^ — -^ rn^ e'^ '\' — m^ e^y e sin f 
= 4 2 + — »i2 - -|- + — m« ^2 _|_ _. ^2 ^il ^ sin f 

If a 8 — and M A — / -t— , d ^ i-are restricted to mean the terms 
in — and in A — / -r— % d t which are multiplied by y\ and if 

— I and — ^ represent the terms in those quantities inde- 
pendent of y* ; 

In order to have the terms of Arg. 2 multiplied by e^ y^ and 
nfic^ it is sufficient to take 

E 
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+ -32 wi'r^cosf 

n/* L */ dx' J 2 4 ^ 128 '^ 

=l+-sl — ;r^ >^cosf a 8 — = -m^y'^cosf 

narj L8J r 4' 

.^<=h{-T+'-t-'r}-'- 

. flOd . 1 .91 45 9 6 3 1 . J ^ 

+ l32 + 2 + 192"64"64-6-T/'^^J^*^^*^ 

= ^2 + _^/ + — mVj^cosf. 
Uniting terms previously obtained 

+ — ^'r*-g^»»'y*j^^sinf. 

The coefficient of ^ sin in the expression for the longitude, ac- 
cording to M. Plana, is 

2 + T^~"4 "^^^" -T^"' 2 +16'^ "32^*^ 

and of e cos £ in that for — is 

r 

, , TO» c* 1067 „ , *S g 9 y* , ^3 » . 265 , , 
^ + 6— T --96" *" ^ -T"* ^' 4 + 32^y^ -38i'»V. 

I fear that my values are inconsistent with those of M. Plana. 
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In order to distinguish M. Plana's constants from mine, I inclose 
the latter between brackets, and as the coefficients of cos in the 

value of — , of sin in x' and of sin i} in the latitude must be the 

T 

same, 

er^ = {e) (r^) ^ \ = (^) (Ni) y Sy^ = (y) {s^^)* 

The second equation gives 



{^-4 



„ , 285 „ «' . 15 , o . 15 o . 



= (e){2 + |m»-g«.»-if-17m«(0-^".«^; 

{fffi 64,5 y«"l 

The third equation gives 

{»n* 57 1 



{ 



The following equation of condition must also be satisfied : 

5 2 285 3 5« J5 , 4 



15 2.a^l.«..«_|7^,^,1 



+ __;„2^; + --eV 



w2 645 3 (f) 1067 p,2, 45 



\ ^ 6 128 8 96 ^ ^ 8 ' 



e2 
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45 , 2 (y«) . 23, 2 «. 63 2, ,.^ 
-T^"' 2 "*'r6('^^""32^^^V 

In order that the values of r^^ ?\^, and ^145, found in this trea- 
tise, may be consistent with {r^)j (Ag), and (^146)9 the present equa- 
tion must obtain, which does not appear to be the case. 

The numerical value of the coefficient of one inequality (that of 
sin in the longitude is of course to be preferred) at least, must be 
determined empirically, in order to ascertain the numerical value of 
the eccentricity, which may then be substituted in the coefficients of 
the other arguments. Theory cannot dispense with the accurate 
empirical determination of the arbitrary constants. This of course 
can only be effected by a careful discussion of observed longitudes 
and latitudes in the manner explained, Theorie Analytique du System 
du Monde, vol. iii. p. 523. But in order to employ this method it 
is necessary to possess in the first instance exact analytical ex- 
pressions, embracing all quantities of the order in magnitude of the 
corrections desired in the elliptic elements. This condition is not 
yet accomplished in the Lunar Theoiy ; perhaps it never will be, on 
account of the extreme difficulty of carrying the approximation to a 
sufficient extent in figures devoid of uncertainty. This difficulty at 
present can only be avoided by attempting to determine empirically 
more coefficients than would be required for the complete numeri- 
cal solution of the problem, if the analytical formulae could be 
safely trusted. I suggested the importance of this determination, in 
the present state of the Lunar Theory, at the last Meeting of the 
British Association for the Advancement of Science, held at Bristol. 



Calculation of terms in the longitude of arguments 24? and 27. 
In p. 219 I have given the following equation : 



52 



dX^_ ^(l +s^) j^__ |x dr^ r^ do ., 

Multiplying the equation 



jt>. 
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2d/*r a •/ dr 

2 
by -y- and adding the result to the former equation I obtain 

dx^_ A(l f 5^) ft^ Sjt_ d^ r^ d r^ 

-2T(rT?pd?+x|V^^ + — d7) - (^> 

By treating the equations in p. 218 after the manner explained 
in the Theorie Analytiquej vol. i. p. 490, it is easy to arrive at the 
following equation. 

d.Sx' d{2rd.ar + ^rdr} 
d/ Ad? 



-if^z-^-'-^-Tr-^] 



dJB , .id.JA' 



...(C) 



M. de Pont^coulant has employed this equation in order to deter- 
mine the coefficient of m in the equation 77 of the longitude. See the 
Comptes rendus des Seances de V Academie desScienceSj 1837, No. 8. 

When the terms multiplied by y* are neglected 

d . gx d {2rd.8r H- 8rdr} 
dt M? 



+ 



i.{3/.«.lx|^-lr[^] 



d^ , n d. ax 



[/'h?-'] 



dt 
This is the equation (T), Mec, Celeste, vol. i. p. 256. 
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No doubt equation (C) is to be considered as a transformation 
of equation (A) or (B) ; but the equations (A) and (B) are rigo- 
rous and generally applicable, while the equation (C) is only ap- 
proximative, and depends upon the neglect of ($ r)\ S r $ A, &c. 
I shall now endeavour to calculate terms in the longitude belonging 
to arguments 24 and 27 as examples of the appUcation of equa- 
tion (C). In these instances $r and Sx may be considered as in- 
cluding all terms multiplied by e^. 

Argument 24 results from tne combinations 

{0,24} {1,23} {2,12} {3,11} {8,6} and {9,5}- 
Argument 27 results from the combinations 

{0,27} {1,26} {2,15} {3,14} {8,7} and {9,5}. 

Hence it is sufficient to take in S r, the terms multiplied by m* 
belonging to arguments 5, 6, 7, 11, 12, 14, 24 and 27, and those 
multiplied by m belonging to arguments 23 and 26. 

I find 

Jr = — m^e,cosl, - y m'f^cos (2 r - t) -f -^-e, cos (2 r + I) 

. f21 , 741 ,1 frir^^J 35 1045 -1 ,^ , -. 

■^ { " T^ ~ "eT "*^} *^'^ ^^" ^^■*" {s '^ "^ 64 '»^}^«/Cos(2r-HU 

21 21 

+ -^me^e,cos (2 i -f |,) - -g- m e^e^cos (2| - I) 

OR 15 

-f -^mc««,cos(2r-.25-t)- ^ m e^e, cos (2 r - 2^-^-1) 

2 rd .8r . dr^ 

-d7- + r/^'" 

r r 35 , 35 1 , r 105 205 315 7 
= |l~T+16/"+\ 4 -6r-64-T 

,1045^^315 7 \ .1 , - ,„ or !!x 

+ TM+HS ^" 4 I "'f '^'''""(*'- ''^-^') 

, r r 16 15 1 , / 15 55 315 1 
+ |1 8 "le/^+l.- 4'-64+ 6T+2- 

65 315 11 «« ' ,e% A...v\ 
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[24] 

[27J 
R =««{-J-+|-co.2r } {^«»«,8in(3r-i) 

+ Jl «» «, sin (2 r + J,) + g «• «, sin C2 «+ i) 
-^^«»«>n(2r-2{-6)-?le»e,8in(2«-i) 
+ [|e»e>n(2r-3{ + t)]. 

r 9 3 

3 21 3 1 

+ y «,C08i-f -^«,cos (2r - O - -j-«,cos (2 r + 5,) I 

{^e3sin2r-^€«sin(2r-2|) + ^^e,sin(5 + i) 

+ ^6^,sm(2r-|-|,) + ^ee,sin(5-0--8-«^/«n(2r-5+i)} 

-yce,cos(|-h|,)--|-ee,cos(2r-$-y-yee,cos($-y 

+ |.ge,cos(2 r - 1+ i)}^ e8in(2 r - 5) 

+ |- m*Bin2r { - yg ^Se.cos (2r - 5,) -h^«»e,cos(2r + C) 
«-^^^e»e,cos(2| + Q-^.2^,co8(28-t)| 

+ m*{--|-esm(2r-5) + -|-«8in(2r-B + ~^,sin(2r--i) 
3 If 75 21 

- _e^,cos(2 T - I - ^) - -j««,co8(J - {,) 4-_ee^cos (2 r - 5 -I- IJ I 

+ ^4 j:^e2sm(2r-20-~ce,8m(2r-.|-i)-f.-j.ec 8in(2 r-5 + y| 

{15 1 

-yeco8(2r-0-3e,cos{,| 
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^ r_106_189_105 189 45 45 
~ L 32 64 16 "*■ 32 ~32' 16 

315 . 189 45 \ -^ . ,^ ^^ ^, 

■*■ 132"^ 64"*" 16"^ 32 32 16 

315 ,189 451 .„ . ^. o« , vv 



[24] 



[27] 



105 



yd «= - ^m8^e,cos(2T - 2f - f,) 



171 



32 



2rd^ 
dr 






8r_35 
r 



- - w 15 

-f- = ^m c«e^co8 (2r- t) - jg ««* e^cos (2r -j- {,) 



21 35 21 

15 63 

4- -g-«icc,cos (2t - l + l^) + Yg««8e^cos(2| -h {,) 

-jgmc«e,co8(25-i)-f^me8«,cos(2T-25-fc) 



-w 



16 



15 



-jgm<r3e,C08(2r-25 + W 



8r TrdiZ 



trd/21 r 35 189 35 1891 



. f 15 , 189 . 15 1891 , „ 
+ {32+-64+T6-^}^'^^'^(^'-25 + W 



21 



= — ^m^ ^ ^^ cos (2 T — 2 f - 0^) 



64 



99 



""iii^^^^iCOS (2t - 2f + f,) 



64 
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_/^^d/==-|-'*«co«2T-.|-m«ecos(2r-0+^%co8(2r + « 

-~fiie«cos(2T-aO + -|.m«e»co«(2r + 25) 
— =s —3m^e,CMl, — j-meefCOB^l + i,) -|--^fiiee/C08(2r — i — I,) 

d ^ * * 

. -f _m e«e,co8 (2 5 - i) 

[ r^^A^l^^- J 316,189,451 .^ ,. .^ ^. 

. f316 189 , 45\ . . ,- o« . «x 



Hence finally 



105 . m 

32 



'^={{-f6+?},"-^{«'-W + 

[24] 

J fl5 151 / 77,135 513 

■•■Itn 4/""*" t "32 ■•"■»" 38 

,477 99 861-1 A , . ,„ «. , .^ 
+ 16 - 64- 64 } "^1 '^*'""<''' ~ '*+^^ 

[87] 

= {^m + ^'m*}««e,sin(2T -2f-f,) 

[24] 

+ {- jf »» + ^»««}<*^,8in(2T- 2f + f,) 

[27] 

The coefficient of argument 24 agrees with that of M. Plana, 
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but M. Plana has -^ instead of —^ argument 27. 
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On Bttrckhardfs Expressions for the longitude and latitude of the 

Moon. 

The places of the moon given in the Nautical Almanac are at 
present derived from Burckhardt's Tables de la Lune (Paris, 1812), 
which were constructed by the aid of more than four thousand ob- 
servations. The form in which they are presented renders it diffi- 
cult to deduce from them expressions for the longitude and latitude 
of the moon comparable with theory. 

The following is the explanation given by Burckhardt of the 
construction of tne tables : 

<<£poques 1801, le 1^ Janvier k minuit, m^ridien de Paris, et 
Tanomalie etant comptee du p6rihelie: de la longitude, 3' 2 1 ^S&S1^5\ 
de Tanoraalie, 6' 25° 29' 37"4; du noeud, 0» 13° 54' 58"7. 

^^ Mouvemens en cent ann^es juliennes de la longitude^ 
10*7°52'53"5; de-Panomalie, 6" 18° 49' 5"3 ; du noeud, 4« 14^ \Qf 1"2. 



Equations de la longitude, oz!( a = an. O ; As an. D ; 
D = long, D — long. O; 8 = long^i D + suppl^m. noeud. 



Equat 
1 
2 
3 
4 
5 
6 
7 
8 



10 

11 

12 
13 
14 
15 



659"3sina-7'asm2a 
. 147"3 sin (2 D - a) 
57'7 sin (2 D + A) 
-r 190"3 sin (2 D - A -a) 
+ 109"4sin(A-a) 
- 83"8sin(23- A) 



+ 



-f- iv;r 4sin ^ a — a; 

- 83"8sin(23- A) 

- 59"2 8in(23-2D) 

- 70"6sin(A + a) 

- 0"38in2(A-f a) 
-h 23"5 sin (A - D) 



-h 23"5sin(A 
-I- 57"9 sin 2 (A - D) 
- 2"3 sin (A -h D) 
4"3sin2(A-f D) 
2"3sin(D-a) 
7"3sin2(D-a) 
17"7 sin (2 D + a) 
18"4 8in(2D- A + , 

- 12"2sin(4D- A) 

- 10"08in(2D-2J-|- A) 






o) 



Equat 
16 

17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 

32 



-h 13'7 sin (D -f a) 

- 6^68in(23-2D + A) 
f 6'7sin(2D- A -9a) 

- 4"6sin(2A-2D-a) 
+ 7"4sin2(3- A) 
+ 2''8sin(2A-2D-|-a) 

- l"8sin(23-2D-ha) 
-f 2"lsin(2D-h A-a) 

1"1 sin (4 D - 3 A) 



+ 

+ r'lsin(4D-3 A) 

+ 0"9sin(3A-2D) 

- 0"9sin(2D- A-f 2fl) 
+ 0"8sin(2.A-a) 

- 0'7sin(A-f 2 a) 
+ 0'7sin(A-2a) 

- l"lsin(?-. S) 
-h 0"48in2(i - i) 



0"48in2(i 

(? - 
2(S-^ 

- 7"0 sin suppl. ft 



-h 0"48in2(i - i 
-I- 0"8sin(? - 2^) 
- 0"2sin2(S - V) 



" Les argumens suivans se corrigent en y ajoutant la somme des 
Equations pr^c^dentes : 
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irection : + 4825"5 sin (2 D - A) -f S5"5 sin (4. D - 2 A) 

nomalie • / "*" 22692"4. sin A + 777"! sin 2 A -f 37"2 sin 3 A 
{ -f 1"8 sin 4- A 

>n;of;^« . /- 122"7 sin D + 2138"6 sin 2 D + 2"9 sin 3 D 
iriauon . ^ ^ ^,j ^.^ ^ j^ 

6duction: — 412"2 sin 2 ^. 



I 

II 
III 

IV 
V 
VI 



18518"3 8in5-.5'7 8in3 3 
^- 526"2 sin (2 D - 3) 
— 8"0 sin long, vraie }) 



Equations de la latitude. 



-f U'7sin(3-A) 
- 25"9sin(3-a) 
+ 23"98in(J + a) 



VII 

VIII 

IX 

X 

XI 

XII 



+ 22"4sin(2D-3-fl) 
- 10"! sin (2 D - 3 -f a) 
+ 27"0 sin (2 A - D) 

5"lsin(3-h2A-2D) 



I (3 + 2 A 
2"5sin(2D+ " 



+ 5"! sin, 

A -3) 



+ 2"5 sin (2 D + A - 3] 
-h 16"3sin(A + 3-2D) 



*' Dans les argumens de la latitude, c'est la longitude vraie de la 
06 dans son orbite qu'il faut employer : quant a la parallaxe, 
i suivi la theorie de M. Laplace." 

Hence if S denote the sum of Burckhardt's small equations ; E, 
e evection ; A, the anomaly ; V, the variation ; and R, the reduc- 
m, using the words, evection, anomaly, variation and reduction in 
e same sense as M. Burckhardt, then, in the notation of this 
^atise, 

= - 57"7 sin (2 t + f ) - 659"3 sin f^ f 14.7"3 sin (2 t - f^) 

- 1 7''7 sin (2 T + H) - 57"9 sin (2 t - 2 f ) - 4."3 sin (2 t -h 2f ) 

- 70"6 sin (f + ii) + 190"3 sin (2 t - f - f^) 
+ 109"4 sin (f - f^) - 18"4 sin (2 t - f - f^) 

+ 2"1 sin (2 T + f - Ji) - 7"1 sin 2f^ + 7"3 sin (2 t - 2 H) 

- 0"9sin(2T-3f)~2"8sin(2T-2f-f,)+ 0"8sin(2f-f,) 
+ 4"6 sin (2 T - 2 f + f^) - 0"7 sin (f + 2f^) 

+ 6"7sin(2T-f-2f^) + 0"7sin(f-2f^)-0"9sin(2T-f + 2f^) 

- 0"3 sin (2 f + 2 f ,) + 59"2 sin (2 t- 2 ij) + 83"8 sin (f - 2 ij) 
+ 6% sin (2t - f - 2 1,) - 10"0 sin (2t + ? - 2 1,) 

+ 1"8 sin (2 T - f, - 2 1,) - 7"4 sin (2 f - 2 ij) - 23"5 sin (t- f ) 

- 2"3 sin (t 4- ?) + 2"S sin (t - f,) - 13"7 sin *(t + f^) 

- 12"2 sin (4 T - f) + 1"1 sin (4 T - 3 f) 

F 2 
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E = 
As 



R = 



482S"5 sin (2 T - ? + S) + 35"5 8in (4t -2f + 2S) 
22692"* sin (f + S + E) + 777"! sin (2 J + 2 S + 2 E) 
+ 37"2sin(3f+ SS + S E) + 1"8 sin(4f + 4 S + 4 E) 
- 122"7sin(T+S+E+A)+21S8"6sin(2T+2S+2E+2A) 
+ 2"9sin(ST+8S+8E+SA) + 9»lsin(4T+4S+4E+4A) 

-412"2sm-{^2g{n/ + S+ E + A + V}]-. 



cprenion 
' tbelongi. 
udeofthe 



According to Burckhardt's expression for the longitude, 
x' = n/ + S + E + A + V + R 

=r { - 1 - 3-2 + 266-4 --2 + 2138-6 - 1-2 - 25-8 --1 } sin 2 r 



+ 
+ 
+ 

+ 

+ 

•f 
-h 
-f 
4- 



•7 + 22692-4 - -1 - 3-1 - -6 + -3 - -2 - -6 - 60-0 + -2 + -9 - -2} sin? 
4825-5 - 3-2 - -2 - -9 - -3 - -1 - 235-2+1-4} sin (2 r - {) 
-67-7 - -2 + 18-2 - -9 - -2 + 235-2 - -4 - 1-4 } sin (2 r + Q 

- 659-3 - 2-2 - -2 - 3-9 - 6-0 - -1 + -2 - 1-5 - -2 - -1} sing, 
147-3 -f 1-2 -f -4 + 10-5 -h -1 + -4+6-8 + -1} sin (2r - I) 

- 177 - -8 - -4 - 1-0 - -4 --1 - 6-8 - -1} sin (2t+ |,) 

- -7+777-1 - -4 - 5-5 + -6 - -1 - 2-7} sin2| 

- 57-9 + 265-4 - -6 + 12-9 + -4 - 8-0} sin (2 r - 2 1) 

- 4-3 - 3-2 + 1-3 + 12-9 + 8-0} sin (2 r + 2 J) 

- 70-6 - -2 - -1 - 36-3 - 1 - -4 + -2 - -2 - 2-0 - -1 - -1 } sin (5 + 1) 
190-3 + 7-7 + 8-2 - -2 - -8 + -7 + -4 } sin (2 r - I - 5,) 

-. IH) - -8 - -7 - -4 } sin (2 r + 5 + &) 

109-4 + 1-7 - 1 - -1 + 36-3 + -1 + -2 - -2 --2 + -2 + -1 + -1 } sin {I - 

- 18-4 - 7-7 - 1-0 + -2 + -8 - M - -4} sin (2r - | + 5,) 
2-1 + -1 + 8-2 + -7 + -1 + -8 + 1-1 + -4} sin (2 r + 1 - I) 
-7-1 -•l--l}sin2|, 

7-3 + -4 + -1} sin (2 r - 25,) - -Isin (2r+ 2{,) 
-•1 +37-2- -3 - -2 - 1 - -8} sin3$ 
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J- ( - -9 - 3-2 + 18-2 - -1 + -9 - -4 - -5 } tin (2 T - 3 Burckhard 

^ * exprenk 

}. f»r the loD 

8in(2r + 8|)+ {- 3-9 - 2-5 - -1} «n (26+ £) tudeoftl 
^ moon* 

^ I « M+ -8 - -4 + 10-5 + -4 -f -5 + .1} sin (2 r - 2{ - t) 
+ {.8 + 6-0 + •1+2-6- -2 -•!} sin (2i-i) 

+ { 4-6 - 1-2 + -4 - -4 - 1-0 + -1 - -1 } sin (2 r - 2 6 + 6/) 

+ {-l + -5 + -l+-l}sin(2r+26-W+{--7--4--l}8inU + 2i) 

+ { 6-7 + -l + -4 } sin (2 r - 6 - 2 1) 

+ { -7 + -1 + -4 } sin (5 - 2 i) + { - -9 - -1 } sin (2 r - 6 + 2 i) 

+ 48in(2r + 6-26,) + l-88in46+{--2 + l-3}8in(2r-4g 

-•2sin(35 + i)+{--2+-7}8in(2r-36-|,)+-4 8in(3?-|,) 

+ •28in (2r- 3i - W - -San (26 + 2|,) + •4sin (2r - 2| - 26) 

4. {„ -1 - 4-6 - -6- 412-2 + -2 + 60} sin2ii 

+ {69-2 + 1-0 + -4 - -5 - • 1+ 1-0- 4-7} sin (2 t- 2ii) 

4. { - -1 - 1 -0 - 4-7 } sin (2 r + 2 «) 

+ {83-8 + -7--4--1--1 -•3-46-2 + -3}sin(6-2if) 
4.{«.3-.-l--l-46-2 + -3 + -3}sin(6 + 2ii) 

+ {6-6 + 8-3--6-9-2 + -l}Mn(2T-6-2ii) 

+ {^-9 + -6-9-2 + -l} 8in(2r-6 + 2ii) 

+ { - 10H)+-1 +3-3 + -9 + -6 - -4} sin (2 r + 6 - 2ii) 

^ |- -6 - 4} sin (2r + 6 + 2ii) + 1-3 sin (J, - 2ii) 

+ 1-3 sin (i + 2 «) + { 1 -8 - -3 } sin (2 r - 6, - 2 n) 

-.3sin(2r-|,+2«) + {-7-4--l + 4-6 + 2-5-l-6}8in(26-.2n) 

+ {-2-6-l-5}8in(26 + 2ii)+{-4+-2-l'0--4}sin(2r-26-2ii) 

+ { - 1-0 + -1 - -1 + 1-0 - -4} sin(2r - 2^ + 2 «) 

_|- { « -6 + -2 + -1 + -1 } sin (2 r + 25 - 2ii) 

^{.2 + -l--l}8ina + 6,-2n)+{-2 + -l--l}sin(6 + 6 + 2«) 
+ {.l--4}sin(2T-5-|,-2t,)--4sin(2r-6-6, + 2«) 

- -3 sin (? - i - 2 «) - •38in(6- 6, + 2 «) 
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reason 

"rfSf" 4- {-2 - 1-3 - -1 - 1227 + -4 + -1 - -1 } an T 
ooo. 

+ { - 23-5 - 1-4 + 67 } sin (r - -f- { - 2-3 - 67 + -2 } sin (r + 
+ {2-3 - -2 - -1} sin (*-&)+ {137 -f -2} sin (t + I) 
+ {- 1-3 - -2 - 1 - -1} sin (r- 2© -f {- -1 - -2} 8in(r +2?) 
+ {--2+-l--l}sin(r-5-i) + 78in(r + | + |,) 

+ 7 sin ( r - 5 + i) -f • 1 sin ( r + 5 - W 

+ {2-9 - -1 - 1} sin3 r -f {- 1-4 - -2 --5} sin (3 r - J) 

-f {-1 + -5} sin (3 r + + -1 sin(3 r+ 1) 

-f {-•2-f •l--l}sin(3r-2i)--lsin(3r-5-y 

+ -2 sin (3 r - 5 + 0+{- 7 -7 + -2+ 6-5 + 27 + 9-1} sin 4 r 

-f { - 12-2 + 1-6 + 1-9 - -3 + -3 + 5(H) - 20 - -6} sin (4 t - y 

^ { - -1 + -3 + -2 - -6 + -2 -f 2-0 -f -3} sin (4 r + 1) 

+ { -1 + -2 4- 1-6 -f -1 + -1 } sin (4 r - 5) 

- -2 sin (4 T + 5,) -h {35-5 - 7 - 5-5 - -6 + 27} sin(4 r - 2 ^ 

-•lsin(4r + 20+{l7H--l+-l + -2— 2 + 2'0+-l4..l}sin(4T^J-y 
+ { - -2 - -2 - -2 - -1 } sin (4 r - I - i) + -1 sin (4 r - 2 1,) 

+ {•6--l}8in(4r-2ii)+ (-'4 + -3] sin(35 - 2ii) -•! sin (2 r - 4 i,) 

-f {1-1 - 7 - 1-5 + 1-9 - -3 - -2 -u -1 -f -3} sin (4 T - 31) 

4- {7+'l -•l--l}sin(4r-|-2ii) 

- -1 sin (4 r -h 5 - 2 «) + { - -2 - -1 + -1 } sin (4 r - 2 5 + {,) 

-f {2-2 + -l + -l--2 + -l}sin(4r-2|-i)+{-l + -l}sin(4r-5-2U 

-•lsin(4r-3|-^) + {-l--2}sin(4r-40-f {-'1 + -1} sin (4r-3{-y 

- -1 sin (4 r - 3? - I) + -1 sin(4 r - 4Q - -1 sin (4r - 3^ - I) 
4.-lsin(4r-35-h{,)+-lsin(4r-.25-2i) 

+ {--l--l}sin(4r-25 + 2,)+{-lH--l--l}sin(4r-.2J-2i,) 

- -1 sin (4r - 5 - I- 2ii) + {- -1 - -1 + -4} sin (6r - 
+ {-6 + -4} sin (6 r -2a + -1 sin (6r- 3© - •28in(| - 4«) 
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Retaining only the more considerable equations, (the coei!k;ients ^ngj£j|>(^ 



>f MM. Plana and Damoiseau are written underneath for the con- ezpnMioii 

• i* • V for the longli. 

lenience of comparison, ) tude or tST 

moon witll 
tboteofMlft 

= 2373'4 sin 2 r -i. 22639*7 sin f + 4587"0 sin (2 t — f ) iSlSJSi 

2370-3 [I] 22641-6 [2] 4585-6 [3] 

23700 22639-7 4589-6 

+ 192-6 sin (g t + f ) - 673*3 sin f^ + 166-8 sin (2t - f^) 
192-1 [4] 668-6 [5] 165-8 [6] 

192-2 673-7 165 6 

- 27-3 sin (2 t + f^) + 768-3 sin 2 f + 212-2 sin (2 t - 2f ) 
23-6 [7] 769-5 [8 J 212-4 [9] 
24-8 768-7 211-6 

+ 14-7 sin (2 T 4- 2 f ) - 109-9 sin (f 4-f/) + 206-3 sin (2T-f-f^) 
14-1 [10] UM [IJ] 209-7 [12] 

14-7 109-3 207*1 

- 2-9 sin (2t + f + f^) + 147-5 sin (f - f,)-27-6 sin (2T-f+f/) 
2-9 [13] 148-1 [14] 28-8 [15] 
3-0 147-7 28-7 

+ 13-5 sin (2t + f - f ^) - 7-3sin2f^ + 7*8 sin (2t - 2fJ 
14-0 [16] 7-9 [17] 7-8 [18] 

14-7 7-3 7-9 

+ 36-2 sin 3 f + 14-0 sin (2t - 3 f) 
86-7 [20] 12-8 [21] 

36-9 12-8 

+ 1-4 sin (2 r + 3 f) - 6-5 sin (2 f + f^) 
3-3 [22] 7-3 [23] 

1-3 7-7 

+ 9-1 sin (2 T-2f-f^) + 9-1 sin (2 f-J^) + 2-4 sin (2 t-2 f + f J 
7-8 [24] 9-6 [26] 1-4 [27] 

9-0 9-7 2-5 



sss 



•gjjjMrf - 1-2 sin (f + 2f,) + 7-2 sin (2t - f - 2f^) + 1-2 sin (f-2 

SrttS. 1-2 [29] 7-S [30] 2-1 [32 

SUlrSf 1-1 7-5 2-5 

war MM. 

KnftMMl 

- l-0sin(2T-f + 2f^)^ l-8sin4f 4- M siii(2T - 4£) 
2-0 [S3J 2-0 [38] -9 [39] 
2*6 2-0 -9 

- 4.12*3sin2ij + 56-S sin (2 t — 2 ij) — 5-8 sin (2t -f 2ij) 
4.11-0 [62] 54-9 [63] 3-4. [64] 
411-7 54-8 5-7 

+ 38*7 sin (f - 2 n) - 454 sin (f + 2ij) — 9-5 sin (2 t— f + 2i| 
37*2 [65'] 45-2 [66] 9*4 [68] 

39"5 45-1 9-6 

-5*6 sin (2t + f- 2ij) + 1*3 sin (f^- 2n) 
61 [69] -1 [71] 

6-6 -0 

+ 1-3 sin (f, + 2 n) + 1-5 sin (2t - f^ - 2 ij) 
•6 [72] 2-3 [73] 

•4 2-9 

- 1-9 sin (2 f - 2ij) - 4-0 sin (2 f + 2ij) — 123*5 sin t 
1-1 [77] 4-1 [78] 122-1 [101] 
1'3 4-0 122-5 

- 18-2 sin (t - f) - 8-8 sin (t + f ) + 2-0 sin (t - f,) 
18.0 [102] 8-2 [103] - -4 [104] 
17-2 8-4 -5 

+ 13-9 sin (t + f^) — 1-^7 sin (r - 2f) + 2-7 sin 3t 
17-2 [105] -8 [106] -9 [116] 

17*6 1-2 -0 

- 2-1 sin (3 T — f ) + 16'1 sin 4 t + 38*6 sin (4 t — g) 
2-9 [117] 14-4 [131] 38-0 [132] 
3-0 14'8 38-6 



3SS 

-f 2-3sin(4T + f) + 2-0 sin (4 T - f ^) + Sl-4.sin (4 t- 2f) 

•8 [133] 1-2 [134] 34*5 [136] 

— -4 -8 31-2 

+ 4-lsin(4T-g-. f^) + •7sin(4T-3f) 
3-8 [138] -5 

3-3 1«4 

+ 2-3siii(4T-2f-f^) + l-0sin(6T-2f) 
1-2 -0 

3-0 -5 

+ planetary terms. 

M. Damoiseau's coefficient of the annual eauation agrees nearly 
with that of Burckhardt, but not with that of M. Plana. 

> 

Burckhardt's expression seems to amount to making the moon's 
latitude 

= 18518"3sin (gx-v)+ 526"2 sin (2 t - ij + S + E +A+V) 

- 14"7 sin (f - ij) - 16"3 sin (2 t - f - ri) 

+ 2"5 sin (2t + f - n + S -f E + A + V) 
+ 25"9 sm(f^ - 1) - S - E - A - V) 

+ 23"9 sin (0, + 1) + S + E + A + V) 

+ 22"4 sin (2t - f^ - ij + S 4- E + A + V) 

- 10"1 sin (2 T + fi + ij + S + E + A + V) 
+ 27"0 sin (2 f - 1) + S + E + A + V) 

- 5"l sin (2t - 2 f - ij) - 5"7 sin 3ii 
X = n/+SH-E + A-fV. 

Lat. = { 18518-3 - -6 - 55-8 - 2-8 -f 27 - 1 } sin n 
4- { - 11-3 + 105-9 -f 2-7 -3-1- 526-2} sin (2 r - «) 
-h {11-3 -h 105-9 - -3} sin (2r + v) 
4- {1-2 + 1012-2 -H 3-8 - 1-5 - 61 - 14-7- 1-5 +-1} sin (2r - ti) 

4- { - 1-2 4- 1012-2 - 1-5} sin (5 4- n) 
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(httdc*! + {6-8 + 205-1 + '4 - -6 - 28-9 + -3 - 16-3} lin (2t-'1-' n) 
+ { - 6-8 + 205-1 - -6 - -1 } sin (2 r - 5 + n) 
4- {- 6-8-1- 8-8 - -2 + -3 + 28-9 + 2-5 +-3 }8m(2r + 5 - «) 
-f {6-8 + 8-8 + -3} «in (2r 4- 5 + n) +{ - 29-9 + 26-9 - -1 - -l} sin (i - i») 
+ { - 29-9 -f 23-9 + -1} sin (5, + •,) 
+ {-2 + 7-4 + -9 + -1 4- 22-4} sin (2 r - 5, - «) 
4- {.2+ 7-4 - -1} sin (2 r- 5,4-1.) 

4- { -2 -. 1-2 - -9 - -1 - 10-1 } sin (2 r 4- 5, - «) 

4-{-.2-1.2 4--l}«n(2r4-5, + i) 

4- { - 27-9 4- 34-5 4- -1 4- 27-0} sin (2? - •,) 4- {27-9 4- 34-5} sin (2? 4- •) 

4-{ll-3 4-9-5 + -l-l-0-.6-l}8in(2r-25-if) 

4- { - 1 1.3 4. 9-6 4. -1 + -1 } sin (2 r - 2 1 4- •») 

4-{-7 4--l + l'<)4--l} 8in(2r4-25-.if)4- {•7 4--l}sin(2r + 2|4-*») 

4- { - 1-6 - 4-9 - -2 - 1-4 } sin (5 + i - «) 

4. {« 1-6 - 4-9 4- 1-3} sin «4-5/4- »») 

4. {-3 4- 9-3 4- -1 4- -3 - 1-2} sin (2 r - 5 - t - n) 

4- { - .34- 9-3 - -3} sin(2r-5 - 5,+ «) + {- -1 - '^} 8in(2r 4- 5 -h t - »») 

4- { - 1-6 4- 6-6 4- 1-3 - -2} sin (5 - 5, - «)* 

4- {1-64-6-6-1-44--1} fdn(l-l+n) 

4-{-.3-l-2--l--3 4.-6}sin(2r-5+5/-»») 

4-{ -3 - 1-2 4- -3} sin(2r- 5 + «/-h •») 

4- {-6 4- -1 4- 1-2} sin (2r 4- 5- i - «) 
4--68in (2r 4- 1 - t + *») - •3sin (2i - •») 

- -3 sin (2 1 4- n) 4- •38in(2 r - 21, - «) 4- •3MII (2 T - 2i 4- «) 

4. { — 6*5 4- -1 } sin (r — «) — 6'5 sin (r 4- If) 

- -8 sin (r- 5 - n) - •8 8in (r - 5+ «) - '^sinCr 4- 5- »») 
-•4sin(e4-54-ii) 4-"68in(r4-|/-»») 
4--6iin(r4-6 + i|)+{l'7 + '« + ^-5}«n(3|-'«)+{H4--5}wn(3J4-f) 
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+ {.e-.-3--3}im(2r-3J-if)+{-6--3-h 8} iin(3r -35+ «) *«'22iK 

finrthelati 

- -Ssin (3^ + L - «) - *38Ui (3| + & + «) tudeorth) 

moon. 

+ -3 8iii(2J-.5,-«) + -3 8iii(25-5, + «) 

^- { « .3 4. -6 -I- 27 } sin (4 r - «) -f { -3 + -6 } sin (4 r -h •,) 

+{- 1^+ 1-5 4- 6-1} 8in(4r - I - •,) 4- {1-2 + 1-6} sin (4 r - 5 + «) 

+ {-l + -l}8in(4r-i-«) + -lsin^4r + 5,-if)+{l-4 + l-2}8in(4r-.2|+»») 

4. { - 1-4 + 1-2 - -1 - -1} an (4r - 2| - «) - 67sin3« + 27 sin (2r - 3 u) 

4. 3-8 sin (5 - 3 «) + •4sin (2 r - 5 - 3 «) 

^ {-•2 4--l}8in(2r + |-3if)4- {'2 + -2} sin (4r-. g - J,- «) 

- -1 8in(4 r - 5 + 5, - •) + -1 sin (4 r - 3 «) + -1 sin (4r - 3 5 - «) 

Retaining only the more considerable equations 

Lat. =s 184.61-7 sin n + 623-4 sin (2t — ij) 4- 116-9* sin (2t 4- »j) 
18465*5[146] 621-5 [147] 101-7 [148] 

4- 993-5 sin (f - ij) + 1009-5 sin (f + ij) 
1000-5 [149] 1010-9 [150] 

4- 165-8sin(2T-f -1)) + 198-6sin (2T-f + ij) 
166-6 [151] 196-2 [152] 

4. 34-5 sin (2t 4- f - ij) 4- 14-9 sin (2 t + f + ij) 
35-0 [153] 14-7 [154] 

— 4-2 sin (^^ — )j) — 5-9 sin (f^ + ij) + 31-0 sin (2 t — f^ — ij) 
4-1 [155] 5-4 [156] 29-5 [157] 

4- 7-5 sin (2t - f^ 4 n) - 12*1 sin (2t 4- f^ - ij) 
7-6 [158] 12-3 [159] 

- 1-3 sin (2 T 4- f^ + ij) + 33-7 sin (2 f-ij) -f 62-4 sin (2 f + >j) 
1.2 [160] 32-3 [161] 62-5 [162] 

4- 14-8 sin (2T-2f -ij) — l-6sin(2r-2f 4- 13) 
16-2 [163] 1-9 [164] 

* There appears to be an error with M. Plana in the numerical conversion. In vol. 1. 
p. 719, line 1, I think + 2(K;347 (4), should be 4-^G'^219 (4), and the coefficient of 
sin (2 £ » ^ + ^ ft /) instead of 101^708, 117'^,580, agreeing with Burckhardt. 

G 2 



t««eorth« 



m^Uiu^ + l-9sin(2r+ 2f - ij) + 'Ssin (2r + 2f 4 ,,) 

2-4 [165] -9 [166] 

- 8-1 sin (f + f, - ,) - 5-2sin (? + f , + ij) 
4-9 [167] 5-3 [168] 

+ 8-8 sin (2 r - f - f^ - ,,) + 8-7 sin (2t - f - f, -h *i) 
8-2 [169] 9-2 [170] 

» 

- -6 sin (2r + f + f^ - ,,) + 6-1 sin (f - g^ — ij) 
+ -9 [171] 5-2 [173] 

- l"4sin(2r-f 4-f, -ij) — •7sin(2r-.f + f^ -f ij) 
1-9 [175] 2-7 [176] 

+ l'9sin(2r + g — g^ — ij) — 5'4sin(r — 13) — 5'5 sin (r + i^) 
1-6 [177] 4-6 [185] 5*0 [186] 

+ 3-7 sin (3 f — ij) + 2*2 sin (3 f + ij) + 3*0 sin (4 r — ij) 
1*7 [195] [196] 1-4 

+ -9 sin (4 r + 1)) + 6*4 sin (4 r — f - ij) 
•4 6-5 

+ 2*7 sin (4 T — f + ,,) 4. 2*6 sin (4 r — 2f -f ij) 
1-4 1-2 

- 5-7 sin 3ij + 2-7 sin(2r — 3),) + 3'8 sin (f ~ 3 ij) 
6-4 2-4 2-8 



Mr. Airy has also executed the troublesome conversion of 
Burckhardi's expression for the longitude independently, and ha- 
ving favoured me with the communication of his results I am inclined 
to think that the expression for the longitude is accurate. These 
calculations are, however, so liable to error, that no reliance ought 
to be placed in the above expression for the latitude until it has 
been carefully verified by some other person. I attach but little 
value to Burckhardt's coefficients. I am not aware that the reduced 
places of the moon which either Burg or Burckhardt employed in 
the construction of their Lunar Tables have ever been published: 
they would be a valuable acquisition to astronomy, and no doubt 
'ley exist somewhere in MS., if not in print. 
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On the Calculation qf >^i ^ and \^» 

{131 7 1 

— - i»* cos 2 T + — m^ cos 4 T > 

{179 131 

— ^ wi* + -7g- w* cos 2 T 



8 
Hence 

dx r . . . 165 
dt 



+ -7;- m^ cos 4 T > 



/o_L 2 165 3 39691 r\ . 

= V "*■ "^ "32" ^ ""TT52 ^ / ^^°'f 

/o ^ s 165 s 39691 4! /, . 3 3 

^ = V + ^-^^ -Tl52^/ V^T^ 



225 „ 4143 . 
32 ^ 128 



} 



5 o -285 . 35747 . 

In order that this value may be consistent with that of M. Plana, 
the following equation ought to obtain 



/^ . 5 5 285 3 , 35747 4I f, . 



645 » 152129 , 



} 



L 2 64 256 J L 3 288 J 

which, however, is not the case. 



765 . 765 

Page 198, line 2 from foot, read + ^-^ instead of — ^^, hence 



256 256 



— 8 i? contains the term 



a« 



a^ 
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6**27 c f^ ^v .. . J f *3667 c ,^ ^v 

-^^j^ wi^e cos(2T-f) ifistead of -g^»»^^cos(2T -f) 

and — = i -:r^* + T^^' + "FT"^^ 

A^V-/ 2685 33113,19^4951 , ,, ^, 

V r ; =" i'nSl-^- 46a8-^-T + Il8/'~'^~*(*^-» 

= 3072 'w^ cos (2t- f ) instead of -j^^w^^ cos (2t-{). 
(See p. 201.) 

Fs contains the terms (See p. 202.) 

r383 . 40193 95\ . .. ^, 

t-l8+1072-16/'""°^(2"-^) 

26915S 5 ,_ J.. 

Uniting to this terms found before, (See p. 122.) 

» 9 ^ 91-..8 . 2657 4 ^ 269155 . 
'^« = ¥'" +16'^-*-T92'" +-92r6-'^- 

T 15 , 187 , . 33113 , . ^ ^ ,. 

Let r, -i-m+-^m» + -jgggm» + ^m*, then 

/15 ,187 ,, 33113 ... ^-1 
i-8'"+32'' +1536"^ + ^'"| 

{-4«+H„« + |^„»+^^4j. (See p. 122.) 

r3 ,.91 ,.2«57 . .2W165 ,-l 

-4 W^-^-'+S-'} il-'+ra'-'+f »^+S'-'} 



15 

8 



-Trm< 



269 J 

-32 '"J 
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Equating coefficients, 

34g05 33099 364243 
512 "*■ 512 "*" 3072 

269155 2657 1001 , 531 _ 38147 _?3?_1?_11Z.?5? 
d2lft ■" "48" "^ 32 "^ 32 768 16 2 4 "^ 16 



. 1450501 
^ = "l843r 



dA ^ r 

nd/"" L 



141J__^_5^_203 U50501 131 
82 2"*"8 48 9216 "*" 18 



+ -^ >• m^ e COS (2 T - f ). (See p. 204..) 

Uniting to these terms found before, (See p. 196.) 

dX ri5 143 2 . 28729 .. 1336805 .I ,^ ^, 

irT^=|T^-*--16'^ +-T6r'^ + "-92l6-^}^^ 

rl5 , 143 , , 28729 , , 1336805 ^1 
^ = i T "•+ TT "•+ "768" •*+ -9216- "' } 

{l + 2«. + ^««-|m.} 

15 263 o , 51817 , , 2223797 . 

If M. Plana's Eccentricity be denoted by (e) 
e = (^) {l - Y - fM »»'} nearly. (See p. 319.) 
Hence, with M. Plana's system of constants, 

ri5 ,263 2^51817 ,,2223797 ,\ /, !»= 645 .i 

^= iT'^'^le'* -^--Tgr^ ^-gMr"* M^"-2-T28'»7 

15 . 263 , . r 51817 151 . . / 2223797 263 96751 . 
= T'^ + T6*^ + l"76r"~8V'" "*" L"li2Tr " 32 "■5I2/'" 

15 . 263 ■. 50377 3 , 1973903 4 

= T^-^l6^ ■♦•^es-^ ■*--9216~^ 
which agrees with the value of Xj given by M. Plana. 



n one V 1 1 24227 a- . i r 18989 4 • 

Page 205, line 1, read iw* instead of m* 

576 57o 

^4= It"* +-r"' +-675-"' / iT+T^+m"*/ 

17 , , 169 , , 33257 . 
= -8'" +2?'" +T728-'"- 

With M. Plana's system of constants 

ri7 ,169 . , 83257 A f , »«« 1 

17 g 169 3 ^ 21421 4 
= T'" +2¥'»^ + T728-'"- 

M. Plana has • 

17 o . 169 3 . 10495 4 

The difference in the numerical coefficient is 2""06 sex. 

The above numerical corrections in pp. 204 and 205 are due 
to M. de Pontecoulant. 



On the Caladation of Xq. 

There are several mistakes in the calculation of A^ (page 225)) - 
in consequence of which I obtained a value inconsistent with that of 
M. Plana. I am indebted to M. de Pontecoulant for notice of 
some of these mistakes. This inequality of longitude is one of the 
most troublesome, in consequence of the nature of the divisor intro- 
duced by integration, which is a multiple of m. 

At the foot of page 222 read for the value of — 8 -^ — 

- f 15 675 .9 5 129 3375 45 
" I 8 "*" 128 "^ 4 4 32 "^ 512 "*■ 4 



2025 675 6750 . o . ,« o^^ 
- 612 --64 -64 I '"^"'^(^'-^^^ 

d R 
Hence it appears that -r-- contains the term 



T *"' " Ysi *"*} '' ''° (2 T - 2 f) 




v 



J 
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a 



{15 4 45 . 8203 4^ ^ ,^ 
"■ "8 "" "32"* " "512 "^ / ^^"^^ (^i- - 2f) 

(See p. 166.) 
Hence — ^<1 ^ = - -gj" 'w'* ^' cos (2t - 2 f) 



(See p. 166.) 

333 
• / (I /c = — 

45 , 561 2 
^^=16'""^"64r'^ 



. Let r^ = — x^^ — -Tg- w^ + -4 1»* 



(4i..«-l){.^m«-^m- + ^m4} = (4«=-6«3){||«^_^,,} 



- 561 135 8203 ^333 

. 19363 

^="""25r 



15 , 



225 o 19363 



r,= --m«-.— m3.__;,^4 



I now employ the equation 



d/ 2r«"*"Ar 2hdfi 



When the fourth powers of the eccentricities are neglected, Arg. 9 
results only from the combinations of Arg. 2 with Arg. 3, 8 with 1, 
and 136 with 1 ; and it will be found sufficient, in order to obtain 
the term of Arg. 9 multiplied by m*, to take 

the terms multiplied by w? in Arg. 1 

.• w? . . 2 

m* . . 3 

w' . . 8 

m^ . . 136 

H 
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1 f pAR 1* 

, A < I -^ — d ^ V gives no term multiplied by m^ of Arg. 9. 

r = r-r»8i- + r8($-iy-r*(8-iy + &c 



IS s * . fS , , 203 ,~l 

— -mStfCosf + \-8»» + gg- »»* i- e cos (2 T — f ) 



■■— __ «t>3 



+ — m* ^ cos (4j T — 2 f ) 



r* =s — 2 <? cos f ^ cos 2 f 

d T 
It will be found sufficient, in order to procure -i-r, to take 

-^a= — "jr^ -^1.cos2t— -I 1 + r, — 2 To — -^ »w8 |- ecosf 

~ \T + '■e - »-8 - -|;roj-c«cos2f 
- Vi36""i28'" J ^'cos(*T - 2f) 

— SB 1 4- ^ cosf + e^ cos 2f AssV'aftCl r-j 



2r 



S43 



f r « , 203 .1 r 1 , m« 41 -1 

I {'■» - '• - T-* - 96 -'} It - "+ 3 - 48 "7 

+ r, {l - „ + J| «»}+«*««„- j| me» CO. (3r - »«) 
/. / 1 j^"** *> il . / 1 . 883 ,1 

lii«*co8(9r-S|) 



~ 16"** " 193"** 









501 - 
128 



+ 4«t^ + ^ni4 + 



16 



192 



383 
64 



nt 



e*cos(2r — 2|) 



-{ 



_ 16 225 
2 ••"" 8 ** 



a„ 



19363 



128 
187 .33113 



w« 



, rl5 , 187 , , 33113 .If, w 41 ,\ 

305 , ^5 , , 501 - , 5 2 
■""64 +"8 +^^'^"*"^ 



128 



, 147 - , 833 J 1 r, . 3 ,243 .1 
+ l92'^"+-g4'"7yi^+T"*+32"*7 

;^5 ^^1-._l/225 187.15 5 « .1351 , 
"^^ IT"" 16/ •* + ITF"" "64 "^SS" 16 ■" 32"^ 64 J '^ 

, J 19363 31085 , 305 501 147 333 2139 10935 1 , 
■^ I 266 " 3W2"*'l28'"356""354'"ra'*' ISff""^ 512 / ** 



* For this tenn and the follQwing, see p. 120 and p. 171. 

H 2 
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45 . 53 ^ , 284689 „ 



The value witli M. Plana's system of constants is 

r45 . 53 2 . 284689 „! ,, ,, 

1t6^-*-T'^ -^-3072"^/{^"-^> 

45 53 o . 276049 , 

= T6^-^T^ +-3072-^ 

agreeing with M. Plana. 

In this investigation certain quantities have been left indeterminate^ 
in order to show more clearly the nature of the reductions which 
ensue, and without which Xg would contain a term independent of 
tn. Without these reductions the term in r^ multiplied by m^ would 
have been required. 

I shall now endeavour to calculate the same quantity A^^ by 
means of an eauation oft^n employed by Laplace, in order to 
afford an example of the application of that method. 

Neglecting s^ in the equation B of p. 321, I find the equation 

d^ '"2r« hr'^2ha'^hdfi 2hdfi 

^ d{2rd8r + dr8r} d» (8 r)» (d . 8 r)« 
hdfi ■•" hdfi 2hdf 



8r = -r«8^ + 1^(8^) -»^(^y) + &«• 

Neglecting (8 r)% (8 — ) the equation may be put in the form 

dSA_ /y ft dV\ r% 1 ^ d{2rd8r + dr8r} 
d / \r' r« ai^J h }■ AT? 
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1\' rSd'r/ 1\« d«(8r)» (d .8r)' 



-T(4)-^f-;('i)^ 



hdf* 2hdfi 



H'f"'-'^}-MJVM'- 



In the elliptic theofy 
r^"" ra d<*"" 



1\8 



8r»-r«8i- + r3(8i-) -r*(8-;-) 

(8r)« = r* A — ) nearly. 

Making a and n eqaa] to unity 

A^ £__d^ 
r» r" d/* 



~0 ~ T**~ ^"O {<co8l+2t«cos85]- 

r* 
This quantity multiplied by -r- gives 



2 9 , r »»' . 225 „-| J. 

+ { _ ^ „> _ ^mj} ^cos(2 r - 2i) + ^ m't'cos (4 r - S«) 
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3 e^ 

r* s= 1 + -5- ff' — f e cos ( — -5- cos 2 1 



r« 



5-1 = {i^'^ + ^w^} C082r+ {|--y}'»*^c«'^S 



+ 



/^^ . / 1 . 187\ , , r 19 . 331131 ,1 ,0 n 

f 2 ,19 a\ o . »»* ^ 

= "I m'-f-gm' >cos2r-f-~ecos| 

rl5 , 156 3 .28249 ,1 .^ ^. 

+ y-ni3e«cos2|+-{^-^m-^«.2J.g2cos(?r-20 

+ ^^»i2e3c08(4T-3|) 

f h^ (i. d^r-| r^ 1 

5 151 o . ri^5 155 . 33751 .I o ,^ ^y. 

»|3 + ^^ wi^^ ^« COS (2 T— 2 f ) 





+ |-|-m3 + ^wA^cos(2T-.2f) 

4- -^»»^ ^ COS (4f T — f) + 7^ »»* ^* cos (4? T — 2 f) 
See p. 55, p. 120 and p. 171. 
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r^ =s 1 — 3 ^ cos f r ss 1 — ^ cos £ — o ^^ ^ f 

8r=-r»8l+r3(8i-)' 

SB — "Im* + g-m'l" cos2t+ I - Y + — wi'J- ecosf 

/IS ,165 , , 27289 .\ /« « 

-\T"' + l2'" +1336 '^/"°'(^^-^ 

- II »»«c»cos 2f - {- -^ m - ^ «« j- «« cos(2 T - 2 1) 

— Tgg w* e« cos (♦ T -r- 2 f ) 

2rd . 8r + drSr 

d/ • 

= <9 — 2 ecosB — e^ cos2 f^ J m^ + — ot^V {2 — 2»i} sin2T 

,15 155 , , 27289 oT f, « . S ,1 • /<» ^\ 

+ -8'"+82"* +T536"^/V-2"' + T'"j""'^^^-^) 

-{-^w- ^»»'} {2 »» - -| ««} e« sin (2t - 2f) 

— < 1 — r »»' f {^sinf + c*sin2f} J < »»' + — IB* Vco82t 
. /15 ,155 , , 27289 „! ,„ „T 



= I -T-g »« + -32 '"'} {♦ *» - 3 "*'} 

^ riS ,155 o , 27289 ,\ f , . „ 
+ \T'« + -32'» +T5S6'"/1"^ + ^'" 



S , , 1 3 , 



} 
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fm^ +^nr>y •^- I + m + ^\ I e«sin(2T - 2f) 



2rd.8r + drir 
hdt 



J 15 , / IS , IS 15S 11 , 
. raiS U 87889 ,166 185 . , 19 5 i .1 . . ,, .,, 

+ {t - T- 3m +16-64 + ^ - 13- w} "• I "^ ""<*'- *«> 

= {l-S«cos{} {ecoe{ + 8«*cos3(} 



d.^r = 8m»8mST+{^_^m»].«BiiJ 

+ {^» + ^»»} {l-8».}«8in(8*-8)4-^»i»»«»'"n8« 

+ ^m»«»8in(4T-8|) 

(d . 3 r)» _ f 5 r36' 11 . 285 8S5-i ,1 . ,„ „,^ 

"OF" = |t"*+ i96+T+ 38 --54 } "*}*'«"(*'•-*«> 

= {|-«« +^m4'Vc«cos(2T-2f) 
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_ f 15 . 45 , , / 999 5 8203-1 ,1 , »„ 

f IS 2 45 . 10521 ,"1 , 

= ^--g-"* --g'" ~ "128" J * '^''^(^^ "" 2^^ 

f 15 - , fas ^ 6 , 5 5 45~1 „ 



■^ 1_2S6 ■^I28"*"64 123 1 28 J" *" j ffi L 2 "*■ "" "* 



f4745 . 501 . 89 483 105211 _J 1 f l_ S 

2 "^8" 



^243 J 



} 



IS 533 , . 96919 , 



riS 135 4 15905 ol r 1 , 3 . 243 -I 

= - 12-"'- -32 "i —256 '" /It + « *" + -eF"' } 



IS ,583 , . 96919 , 
-16"'+ 64-" +-3072-"' 

45 . 53 o . 28469 , 
= 16"'+T'" +3072"^ 



agreeing with the vahie found in p. 344<. 

I have given this example of the calculation of Xg by the exten- 
sion of Laplace'^ equation, not so much with a view of confirming 
the accuracy of tiie result previously obtained as with a view of 
affbrdiiig an example of the application of this method* 



(d Ji). 



If {i\ It) denote the differential of the disturbing function i?, 
with respect to the coordinates x^ y, z of the disturbed body only^ 

, , -,, d JS , d R , . d R , 
(di2)=-j-da:+ j^dj, + -j-d., 

and by the equations of motion, 

d^ .r i/*x J ^ __ ^ 
dT« "^ 7^ "^ "dT^ " 
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d^ z u. z A R 
d /- r^ d 2 

If [d It] denote the differential of i?, considering only n / va- 
riable, then 

d' a*, d'^, and d'^ denoting the differentials of the coordinates x^yj z 
with respect to n^ t only, or with respect to ^ti n / only in the Theory 
of the Moon. I have often employed this theorem in the course of 
this work. I shall now endeavour to effectuate the mtegration in- 
dicated by the symbol / (d R) in certain cases where it may be 

useful. 

The quantities d' .r, d' y^ and d' z contain of course no term of 
which the argument is independent of it^ ^ or f/t n / ; and it is easy 
to show that if X is any function of a:, y^ z only, explicitly the de- 
velopment of the quantity 

Xd'X 

contains no term of which the argument is independent of n^i. 
For let 

X = A cos {i -\-jm) / + A' cos {H +fm)t 
d' X = —J m A sin {i +i m) t + — / m A' sin {f +fm) t 

Xd'X = -^m^ sin (2i + 2jm)t 

g-i m {sin (/ 4- if -\-jm +fm)t 

+ sin {t — a +jm -fm) t} 

A A' 
—fm{sin{i + i' +jm '{-fm)t 

— sin {i — i' -{-jm '^fm)t}. 

Suppose, for instance, the angle 

{i 4- i' +jm +fm)t 

is independent of m /, 

y 4-7=0; 



4 



351 

and it will be seen that precisely in this case the coefficient of the 
sine becomes equal to zero, and so in the other cases which may be 
ima^ned. This nearly self-evident theorem will facilitate the inte- 
gration required. 

I now revert to the theorem 

t 

If we consider any argument independent of Wy /, of course 

d'-^ = 0; 
r 

also, by what has preceded^ 

d a: d' d X _ d .r d d' .r 



= 



dR = [dJl]-j^d>x--j^— 

d<»°-5' d^ 

d« « ,, d z d d' « 
d ^2 At^ 

-. M 7?1 <l{d^d'^} d {dj^d^i/} d{d^d'2;} 
- L^ ^«J j^5 d7^ d^2 — • 

If r' is the projected distance, X' the longitude, as throughout 
tliis work, 

d X = d r cos X' — r' sin X' d X' d y = d r' sin x' + r cos x' d X' 
d'^ = d'r cosX'- r sin X'd'x' d! y = d'r' sin x' + r cosXM'x^ 

d:r d'.r 4- Ay d'y = dr' 61 r' + r'd X^ d'x\ 

i2 
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Also, when the terms only are considered independent of ti^ t^ 
[d/f] = di2 yii\R]=zR 

// 1 TIN n ^^ <!' ^ d V d' V ^^ d'js 



= iJ- 



d /* d7« d /« 



In the elliptic theory d' r\ d' x", d' z are equal to zero, and it is 
obvious that only terms will occur in d' r" of the order of the dis- 
turbing mass ; nor can the term n^t he got rid of in the product 
d r' d' 7-' except by terms in d r' A!r\ neither of which occur in the 
elliptic theory ; moreover, d' r\ d' a\ d' z are multiplied by m. Tliis 
theorem shows that when any argument is considered in the Tlieory 
of the Moon independent of tn n /, which includes, of course, all 

those of long period^ the integration denoted by the symbol /(d J?) 
may be effected, and it shows the nature of this quantity. 

Suppose, for example, it were required to find the term in /(d 72) 

multiplied by m^ in Argument 2 (^), it is sufficient to take 

15 
d r = 2 wi* sin 2 T -f — w ^ sin (2 r — f) 

o 

15 
d r = — 2 wi^ sin 2 T — - m^ e sin (2 t — f ) 

h — i -rrr At=-rni^ cos 2t d'X = — ttIt^ e cos 1 t— f) 

^ dX 4 2 

d.d'r-{A-/^^^l/}d'x={-¥-^-J|}'»^-s^ 

135 4 y, 

16 * 

/(d i^) = 4 gg^ + Yg-1- m^ ^ COS f, as before, p. 54. 

In such an instance there is no utility in having recourse to. this 
method. Now, however, suppose it were required to calculate the 

term in / (d iJ), Argument 77 (2 £ — 2 )j), where the divisor in- 
troduced by integration is a multiple of rv?. 
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It will easily be seen that the only Arguments necessary to be 
taken into account in calculating the quantity d r d' r are 3 and 
69, corresponding to the angles 2 t — f and 2 t -|- f — 2 ij. If we 
consider, for example, the Argument 80 corresponding to the angle 
2 T — 2 -f 2 ij, it is true that this angle by combination witli 3ie 
angle 2 r would produce the argument in question, but then the 
coefficient of* cos 2 t in the expression for r^ is multiplied by the 
square of m* I find without difficulty 

15 39 

r' = — — wi^cos(2t — £) +— w^y*cos(2T + f — ^n) 

[3] [69] 

dr'= - w^sin (2t — J) — — - 7»£?y^sin (2t + f — 2ij) 

d' r=z - w* ^ sin (2 T — f) H~ — ; m* ^ y^ cos (2 T + f — 2 ij 
4? 32 

'585 
d r d' r' = ^— ; m^ e^ y* cos (2 f — 2 ij) 

[77] 
/i- /'*JL"d< = -i^me'cos(2r-2f)-|-m/cos(2T-2,). 

^y Ci A 8 O 

Seep. 184< and p. 263. 

d' A' =- ^wie«cos (2t - 2g)- -f »»/cos (2 T - 2 ,) 
8 o 

/a ^y*^ d /"l d'x^ = l^m^e^y^ cos (2f - 2i,). 

The following expression for z will be found sufficient ; 

3 15 

a = -- m y sin (2 T — ij) + — w ^y sin (2t — f + n) 
o lo 

3 45 

+ jgin sin (2 T + f — ij) + — w ^^y sin (2 T— 2? + »j). 

See p. 24 1 . 

3 15 

d ;2r = — m y cos (2 T — )j) + -- w e y cos (2t — £ + ij) 

3 45 

+ ^wi^y cos (2 T -f f — 1)) + — w^^ycos(2T- 2 f -f ij) 
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3 15 

(V r = — — m^ y cos (2 T — )j) — -- »i^^ y cos (2 T — f 4 ij) 

3 45 

— 5" wi*^ycos(2T + f — 1)) — r^wi'^^ycos(2T — 2f + ij) 

il r d' ;r = — ^^g w®^' y'cos (2£ — 2i)). 

[77] 
In order to calculate R^ I make 

aiid after the proper substitutions in this equation I find 

-R = f^m«^y^cos(2?-2,,). 

The details of the calculation of this coefficient have already been 
published by M. de Pontdcoulant, and therefore it is unnecessary 
to repeat them here. This value of Ryy gives zero for the corre- 
sponding coefficient in / (d'Ti). 

Conversely^ if we adopt the analysis of M. Poisson in order to 
conclude that the coefficient of the argument in / (d li) is equal to 

zero, the coefficient of the corresponding argument in the disturbing 
function R may be arrived at with great facility by means of the 
equation 






z 



THE END. 
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